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Subject : Peierls instability in one-dimensional metals

Introduction : Some metallic compounds are organised as weakly coupled one-dimensional (1D)
chains. It is possible to show that the 1D metallic phase is unstable below a critical temperature
TPeierls under a periodic distorsion of the lattice with wavevector q = 2kF , where kF is the
Fermi wavevector of the 1D metal : despite the cost in elastic energy, it is more favorable for the
system to open a gap ∆ at the Fermi level, what put the system in an insulating phase. At the
same time the lattice distorsion induces a modulation of the electronic density called a charge
density wave. It is the aim of the problem to study this metal-insulator transition from above
(T > TPeierls) by analysing the response of the electronic gas.

A. Compressibility of the 1D electronic gas.– We provide a continuous description of
the electronic gas (we forget the lattice of atoms) : electrons are free and occupy usual 1D

plane waves ψk(x) = 1√
L

eikx of energy εk = k2

2m , with k ∈ R and where L is the length of the

line (hence the wavevector is quantified). We set ~ = 1. We will forget the spin and will treat
electrons as spinless fermions.

1/ We consider the density operator for a single electron n̂(x) and its Fourier component n̂q =
e−iqx̂, where x̂ is the position operator for one electron. Give the matrix element 〈ψk |n̂q|ψk′ 〉.

2/ Compressibility of the electron gas.– Suppose that a perturbation is introduced under
the form of a scalar external potential V (x, t) = 1

L

∑
q Vq(t)e

iqx. The perturbation reads

Ĥpert(t) =

∫
dxV (x, t) n̂(x) =

1

L

∑
q

Vq(t) n̂−q , (1)

where n̂(x) is now the density of the electron gas. The compressibility characterizes its response :

〈n̂(x, t)〉V = 〈n̂(x)〉+

∫
dt′dx′χ(x− x′, t− t′)V (x′, t′) +O(V 2) (2)

i.e. 〈n̂q(t)〉V = nL δq,0 +
∫

dt′χ̃q(t− t′)Vq(t′) +O(V 2), where n = 〈n̂(x)〉.
a) Express χ̃q(t) as an equilibrium correlation function.

b) Express its Fourier transform χ̃(q, ω) =
∫

dt χ̃q(t) eiωt as a sum over contributions of plane
waves. Analyse its analytical structure. Interpret the position of the poles of the integrand.

3/ Static compressibility.– In the rest of the problem we will consider the static response

χT (q)
def
= χ̃(q, 0) at temperature T .

a) We denote fk ≡ f(εk) the Fermi-Dirac distribution. Show that

χT (q) = − 1

L

∑
k

fk − f−k−q
εk+q − εk

= − 2

L

∑
k

PP fk
εk+q − εk

(3)
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b) At zero temperature T = 0, we can use that 1
L

∑
k fk →

∫ kF
−kF

dk
2π , where εF = 1

2mk
2
F is the

Fermi energy. Compute explicitely χ0(q).

c) Show that limq→0 χ0(q) is related to the density of states at Fermi level ρ0 = m
πkF

. Analyse
χ0(q) for q → 2kF and q →∞. Plot carefully χ(q)/ρ0 as a function of q/(2kF ).

4/ Static response at q = 2kF for finite T .– We assume that the chemical potential
is independent on temperature, µ = εF ∀ T . The divergence of χ0(2kF ) originates from the
neighbourhood of k ∼ −kF in the sum (3). When q ∼ 2kF , it is therefore justified to linearize
the spectrum as εk − εF ' −vF (k + kF ) and εk+q − εF ' vF (k + q − kF ), where vF = kF /m is
the Fermi velocity ; hence we may simplify the sum in Eq. (3) as

1

L

∑
k

PP fk
εk+q − εk

−→
q∼2kF

r
∫ −kF+kc
−kF−kc

dk

2π

1

eβ(εk−εF ) + 1

1

εk+q − εk
, (4)

where kc is a cutoff (a scale over which the linearization of the spectrum is justified).

a) Compute χT (2kF ) for small temperatures kBT � εc
def
= vFkc and deduce that the divergence

of χ0(2kF ) is regularized by thermal fluctuations (use integral given in the appendix).

b) Assuming that χT (q) ' χ0(q) far from 2kF (when
∣∣ q
2kF
− 1
∣∣ & kBT

εc
), give a sketch of χT (q).

B. Coupling between electrons and lattice distorsions.– If δn(x) = 〈n̂(x)〉V − n denotes
the variation of density, the change in energy of the electron gas due to the introduction of the
potential V (x) can be expressed as

δEelec =
1

L

∑
q

V−q δnq =
1

L

∑
q

χT (q) |Vq|2 (5)

1/ Discuss the sign of δEelec.
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temperature superstructure is provisionally in-
terpreted as being dynamic, rather than static,
in nature one arrives at the picture of K,Pt(CN), -
Br„~3H,O as being a 1D conductor which is un-
dergoing a transition" from a high-temperature
metallic state—with a giant Kohn anomaly —to a
low-temperature Peierls insulator.
As is well known, ' the theoretical giant Kohn

anomaly characteristic of a 1D metal results
from the logarithmic divergence at 2k F of the
wave -vector-dependent dielectric constant of the
conduction electrons. If the latter picture of
K,Pt(CN'), Br, , ~ 3H,O is correct, it should show
up as a pronounced anomaly in the room-temper-
ature phonon spectrum of this conductor.
It is the purpose of this Letter to report the re-

markable observation —made by means of coher-
ent inelastic neutron scattering —of such a giant
Kohn anomaly in the longitudinal acoustic phonon
spectrum of K,Pt(CN), Br» SH,O.
The measurements were made on the triple-

axis neutron spectrometer at the reactor FR2 in
the neutron energy loss mode of operation. Both
"constant-Q" and "constant-u" types of scans
were performed. Incident energies between 15
and 45 meV were used. The mean resolution was
about 5% in incident energy and about O.lq, „ in
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FIG. 1. Representative phonon groups observed in
"constant-~" scans. The second peaks at q =0.59 in the
scans at 3.08, 4.06, and 5.09 meV are due to the occur-
rence of a Kohn anomaly.

momentum transfer. The size of the available
single crystal was 0.4 cm'. All measurements
were made at room temperature. Figure 1 shows
a series of "constant-~" scans at the (004) recip-
rocal lattice point in the [001] direction. Besides
the expected phonon group at low q values a sec-
ond peak shows up at q =0.59q „.This second
phonon group is observed at the same q values in
a number of scans for different h~ values above
3 meV. The two phonon groups come close to-
gether at 5.5 meV, and at still higher energies
only one group remains.
On the other side a series of "constant-Q"

scans in the range of the anomaly clearly estab-
lished a q-dependent decrease of the phonon fre-
quency which is characteristic for a Kohn anoma-
ly. Figure 2 shows a plot of the LA phonon
groups measured in the [001] direction. The
most prominent feature is the anomaly at q = (0.59
+0.02)q,„,„. Measurements in off-symmetry di-
rections, e.g. , along [0, 2, q], show an anomaly
at the same value of q, and therefore prove that
this effect is due to a one-dimensional property
of the material.
Our resolution was not sufficient to resolve the

two phonon groups to be expected in the range of
the anomaly. Within the experimental error, the
position of the anomaly is in agreement with the
estimated value q=0.6q ~ (see the following
paragraph) for the position of the Kohn anomaly.
In the estimate it was assumed that the d,2 band
looses 0.3 electrons per Pt ion because of the
oxidation by Br.
From the present measurements it is difficult
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F~G. 2. I A phonon branch of K2Pt(CN) 4Bro 3'3H20 in
I001] direction at room temperature. Solid line, fit of
the simple free-electron model discussed in the text.
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Figure 1 – Kohn anomaly in the phonon spectrum of the quasi-1D conductor
K2Pt(CN)4Br0.3 · 3H20 at T = 300K. From : B. Renker et al, Phys. Rev. Lett. 30, 1144 (1973).

The potential V (x) is caused by a lattice distorsion characterised by some elastic energy Evib.
We consider a simple model of cristal : N = L/a identical atoms of mass M with lattice spacing a.
Elastic energy can be expressed in terms of the displacement of the n-th atom ξn = 1

N

∑
q ξ̃qe

iqna

Evib =

N∑
n=1

1

2
Mω2

0 (ξn+1 − ξn)2 =
1

N

∑
q

1

2
Mω2

q |ξ̃q|2 (6)

2



where ωq = 2ω0 | sin(qa/2)| is the phonon dispersion relation. Displacement of atoms is respon-

sible for the potential � seen � by the electrons, therefore ξ̃q and Vq are related. We assume :

Vq =

√
λ a

M

2
ωq ξ̃q , (7)

where λ is a constant characterizing the electron-phonon coupling.

2/ Writing the total energy characterising the lattice distorsion as δEelec+Evib = 1
N

∑
q
1
2MΩ2

q |ξ̃q|2,
deduce the renormalised phonon dispersion relation Ωq as a function of ωq, λ and χT (q). Assu-
ming weak coupling, λρ0 � 1, give a sketch of Ωq as a function of q for different temperatures.
Discuss the experimental data (Fig. 1).

3/ Show that our approach can only be valid above a certain critical temperature, denoted
TPeierls. Express this temperature in terms of εc, λ and ρ0. More difficult : interpret physically
what occurs for T = TPeierls.

+ Appendix :
• Convention for Fourier transform in dimension d :

fq =

∫
Vol

dr e−iqr f(r) & f(r) =
1

Vol

∑
q

fq eiqr −→
Vol→∞

∫
dq

(2π)d
fq eiqr (8)

• Consider two operators Â and B̂ sums of one-particle operators, as Â =
∑

i â
(i). If 〈· · ·〉 is the

grand canonical averaging, we recall the useful relation〈
[Â , B̂]

〉
=
∑
α

fα 〈ϕα |[â, b̂]|ϕα 〉 =
∑
α, β

(fα − fβ) aαβ bβα where fα =
1

eβ(εα−µ) ± 1
(9)

and the summations run over individual (one-particle) stationary states. aαβ = 〈ϕα |â|ϕβ 〉 is a
matrix element of the one-body operator.
• We give the integral ∫ x

0

dy

y
tanh y ' ln(

4

π
e−Cx) for x� 1 (10)

where C = −0.577215... is the Euler-Mascheroni constant.

+ More about quasi-1D conductors :
Beyond our simplified model : couplings between chains play a crucial role in order to stabilize
the low temperature ordered phase (remember Mermin-Wagner theorem).
Few references :
• R. E. Peierls, Quantum theory of solids, Clarendon, Oxford, 1955.
• G. Grüner, Density waves in solids, Perseus, Cambridge, 1994.
• For a recent overview : P. C. Snijders & H. H. Weitering, Electronic instabilities in self-
assembled atom wires, Rev. Mod. Phys. 82, 307–329 (2010).

Solutions at http://www.lptms.u-psud.fr/christophe_texier/

(Cf. list of problems on the page of the course and section H.5 at the end of the notes).
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