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Master 2 iCFP

Ondes en milieux désordonnés et phénomènes de localisation – Examen
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Subject : Role of contacts in magnetoconductance measurements

Introduction : In the lectures, we have analysed the weak localisation correction to the conduc-
tance of a wire of length L connected to two large contacts (Fig. 1, left). We recall that the weak
localisation correction is given by

∆R
R2

= −∆g =
2

L2

∫ L

0
dxPc(x, x) (1)

where g is the dimensionless conductance [in unit of (2se
2)/h] and R = 1/g the dimensionless

resistance [in unit of h/(2se
2)]. The large contacts can be modelled by imposing Dirichlet (absor-

bing) boundary conditions at the ends of the wire, say x = 0 and L, when solving the equation
for the Cooperon (

1/L2
ϕ − ∂2x

)
Pc(x, x

′) = δ(x− x′) , (2)

where Lϕ is the phase coherence length.
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Eq. (6). Eq. (6) reads then
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where ns is the impurity concentration in ppm and
f ðT=TKÞ the universal dephasing rate due to magnetic
impurities, recently calculated by NRG [13]. As a and b are
determined at relatively high temperatures (T4200mK;
see Fig. 6), the only adjustable parameters are the Kondo
temperature TK and the impurity concentration ns. In the
following, we will simulate the temperature dependence of
the phase coherence time by assuming the presence of a
small amount of magnetic impurities of concentration ns

and a Kondo temperature TK.
We will limit the analysis to our own data (sample Ag1

and Au1) which cover the largest temperature range. The
same analysis could be done for all other existing data and
one would arrive at the same conclusions.

A typical SEM picture of one of our samples is shown in
Fig. 7. They are fabricated by standard electron beam
lithography and lift-off technique. The metal (Au or Ag) is
evaporated directly onto the Si wafer without adhesion
layer. Special care has been taken for the sample design

such that there is no influence on the phase coherence due
to the 2D contact pads [41]. The resistance is measured via
a standard four-probe measurement technique using a
lock-in amplifier in a bridge configuration. This is
necessary as the resistance variations to be measured can
be as small as 10&5210&6 of the absolute value. The
resistance measurement of the sample is made in a current
source mode: a voltage generated from a signal generator
(typically at a frequency of 13Hz) is fed into the sample
(for instance, at contact 1) via a high resistance, typically of
the order of 102100MO. The voltage across the quantum
wire is then measured between contacts 2 and 5 (contact 6
is at ground) and amplified by a home-made preamplifier
(EPC1) situated at room temperature [42]. This voltage
amplifier has an extremely low-noise voltage of about
0:4 nV=

ffiffiffiffiffiffiffi
Hz
p

. We also take special care of the stability of
the amplification stage. Very stable resistors ð1 ppm='CÞ
are used for the current source. In order to avoid radio-
frequency (RF) heating due to external noise, all measuring
lines are extremely well filtered [43]. At the sample stage we
have an attenuation of about &400 dB at 1K. We have
tested the efficiency of the attenuation by injecting a RF
signal of frequency of 25GHz with an amplitude of 25 dB
into the sample cell. Weak localization measurements at
30mK for sample Ag1, where there is still agreement with
the AAK theory, have not been affected by such a
procedure. All experiments have been performed in
thermal equilibrium which means that the applied voltage
across the entire wire is kept such that the inequality
eVpkBT is satisfied at all temperatures.
In order to verify that the electrons of the samples are

cooled down to the lowest measured temperatures, we
measure the Altshuler–Aronov correction to the resistivity
at very low temperatures [2,44]. As this correction is
temperature dependent, it allows us to determine the
effective electron temperature of our samples in situ. For
the measurements, we apply a magnetic field of 40mT in
order to suppress weak localization correction to the
resistivity.
In Fig. 8 we plot the resistance correction as a function

of 1=
ffiffiffiffi
T
p

for sample Au1. The resistance correction follows
the expected 1=

ffiffiffiffi
T
p

temperature dependence down
to 10mK. Fitting the temperature dependence of the
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Fig. 7. SEM picture of a typical quantum wire used in our experiments.
The current is fed into contact 1 and the voltage is measured at contacts 2
and 5. Contact 6 is set to ground.

Table 2
Fitting parameters extracted from Eq. (6)

Sample R ðOÞ D ðcm2=sÞ atheo ðns&1 K&2=3Þ aexp ðns&1 K&2=3Þ bexp ðns&1K&3Þ

Au2D – 135 – 0:16 0:1

Au1 1218 241 0:28 0:38 0:08
AuMSU 1080 135 0:4 0:75 0:08
AuEGB 135 – 3.2 0.16
Ag1 2997 105 0.37 0.52 0.05
Ag6Na 1440 115 0.55 0.67 0.05
Ag6Nc 1440 185 0.31 0.35 0.05

Note that the experimental values of aexp differ slightly from the ones given in the original experiments. This comes from the fact that we fit all data such
that a good agreement is obtained for the data at high temperatures ðT4200mKÞ.

L. Saminadayar et al. / Physica E 40 (2007) 12–2418

Figure 1 – Left : Sketch of a wire connected to two large contacts. Right : The long wire
under study is connected to several macroscopic contacts (the white squares) through long wires
(� Lϕ).

Many experiments however use a different setup and the sample is in general connected
to many contacts (Fig. 1, right). Choosing to measure the voltage between various pairs of
contacts allows to analyse different parts of the sample (here a long and narrow silver wire). The
drawback is however that the presence of the contacts may affect the result of the measurement
as quantum corrections are nonlocal properties involving electronic trajectories which explore
the sample over the typical length scale Lϕ. The aim of the problem is to study this effect.
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1/ Preliminary : solution of the diffusion equation in 1D.– We solve the diffusion
equation (2) on the line for various boundary conditions.

a) We first consider the diffusion equation on the infinite line (x, x′ ∈ R) and find the solution
vanishing at infinity : solve (2) for x > x′ and x < x′. Show that the matching around x′ is

Pc(x, x
′)
∣∣x=x′+

x=x′− = 0 and ∂xPc(x, x
′)
∣∣x=x′+

x=x′− = −1 . (3)

Deduce Pc(x, x).

b) We now consider the diffusion equation on the semi-infinite line (x, x′ ∈ R+). We consider
the case where a Dirichlet boundary condition is set at the origin. Solve (2) for x > x′ (with
Pc(x, x

′) → 0 as x → ∞) and for x < x′ (with Pc(0, x
′) = 0). Apply the matching (3). Plot

neatly Pc(x, x) and compare to the solution in bulk (result of 1.a).

c) Finally we consider the situation modeling the wire connected at two large contacts (Fig. 1,
left). Solve (2) for x > x′ (with Pc(L, x

′) = 0) and for x < x′ (for Pc(0, x
′) = 0). Match the

solution around x′ according to (3). Plot Pc(x, x) in the limit L� Lϕ.

2/ Two-terminal measurement.– Using the solution obtained in question 1.c describing the
wire of length L, show that the weak localisation correction is

∆R
R2

=
Lϕ

L

[
coth(L/Lϕ)− Lϕ

L

]
. (4)

Analyse the limiting behaviours : first the weakly coherent regime Lϕ � L (keeping the two
leading order terms) and next the coherent regime Lϕ � L. Plot ∆R/R2 as a function of L/Lϕ.

3/ We recall that the classical (Drude) dimensionless conductance can be written as the ratio
of two lengths gclass = ξ/L where ξ ∼ Nc`e (up to a factor of order unity). Recall the physical
meaning of the length ξ. What is the expected behaviour of the conductance of the fully coherent
wire (Lϕ → ∞) when L � ξ ? When is the diagrammatic treatment used to derive the weak
localization correction valid (for ξ/Lϕ large or small) ?

Four-terminal measurement.– In order to analyse the role of the contacts, we now consi-
der the device of Fig. 2, where the central wire (labelled b) has a length L. The connecting
wires (named a, c, d & f in the figure) are long, i.e. remain much longer than the phase
coherence length : la, lc, ld, lf � Lϕ.
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Figure 2 – A four-terminal measurement R4T = V/I with long connecting wires (� Lϕ).

We denote by R4T = V/I the resistance obtained from the measurement in the four-terminal
configuration, as represented in Fig. 2. One can show that the weak localisation involves an
integration of the Cooperon in the central wire (wire b) :

∆R4T

R2
4T

=
2

L2

∫
wire b

dxPc(x, x) . (5)
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The difference with the calculation for the two-terminal measurement is only that the Cooperon
now takes different values (non zero) at the boundaries of the wire.

4/ Solution of the diffusion equation on a star graph.– We propose a simplified analysis
of the weak localisation correction ∆R4T /R2

4T for the device of Fig. 2, which requires to solve
the diffusion equation (2) in a star graph (Fig. 3), i.e. Na infinite wires issuing from the same
point. We associate a coordinate x ∈ R+ to each wire i ∈ {1, · · · , Na}.

...

...

...

...

...
..
.

... 0

x’x
i

j

Figure 3 – A star graph with Na wires.

a) If the two coordinates belong to different wires : x ∈ wire i and x′ ∈ wire j with i 6= j, give
the x dependence of Pc(x, x

′). Using the symmetry Pc(x, x
′) = Pc(x

′, x), deduce the expression
of the Cooperon as a function of x, x′ and Pc(0, 0), the value at the origin.

b) If x, x′ ∈ wire i, the presence of the δ(x−x′) in (2) is important. Show that the solution can be
obtained by adding to the solution obtained previously the contribution Lϕ sinh(x</Lϕ) e−x>/Lϕ ,
where x< = min (x, x′) and x> = max (x, x′).

c) In order to determine the value of the Cooperon at the origin Pc(0, 0), one should specify a
boundary condition. Conservation of the diffusion current at the vertex leads to

Na∑
i=1

∂xPc(x ∈ wire i, x′)
∣∣
x=0

= 0 . (6)

As a result, show that

Pc(x, x
′) =

Lϕ

Na
e−(x+x′)/Lϕ +δi,j Lϕ sinh(x</Lϕ) e−x>/Lϕ for x ∈ wire i & x′ ∈ wire j . (7)

d) Give the expression of the Cooperon at coinciding points Pc(x, x) and plot neatly this function
for x ∈ R+.

e) What happens in the case Na = 2 ? Physical interpretation ?

5/ Weakly coherent regime L� Lϕ.– The previous calculation has shown that the Cooperon
is Pc(x, x) ' Lϕ/2 far from the vertex (i.e. at distance � Lϕ), while it deviates from this bulk
value when approaching the vertices (i.e. the boundaries of the central wire b in Fig. 2) and
takes the value Pc(x, x) ' Lϕ/3, as Na = 3 wires issue from the vertex.

a) Plot the Cooperon Pc(x, x) in the wire b, for x ∈ [0, L].

b) Calculate an approximate expression for the weak localisation correction (5). Give the two
leading order terms of an expansion in Lϕ/L� 1.

c) Compare to the result of question 1.

6/ Coherent regime L� Lϕ.– The analysis is simpler : considering Lϕ →∞ is equivalent to
L→ 0, therefore the Cooperon in the central wire b should be almost uniform.

a) Using (7) for x = x′ = 0, deduce the value of Pc(x, x) for x ∈ wire b.
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b) Deduce an approximate expression for ∆R4T /R2
4T . Comment the result.

7/ Gathering the results obtained in questions 5 and 6, plot the weak localisation correction
∆R4T /R2

4T as a function of L/Lϕ and compare to the plot of ∆R/R2 drawn in question 2.
What can you conclude for the role of the contact wires ?

8/ The classical term of the four-terminal resistance is R4T = L/ξ, where ξ ∼ Nc`e. Express
the relative correction ∆R4T /R4T . Is it small or large ?

9/ The effect of the long contact wires has not been studied for the weak localisation, ho-
wever measurements have been performed for the fluctuations. Calculation gives : δR4T ∼
(Lϕ/ξ)

3/2
√
L/ξ for L & Lϕ and δR4T ∼ (Lϕ/ξ)

2 for L . Lϕ. Show that these expressions agrees
qualitatively with the data of Fig. 4. Analyse the corresponding behaviours for the conductance
fluctuations δR4T /R2

4T and compare with the results obtained above for the weak localisation
correction ∆R4T /R2

4T .
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Figure 4 – Fluctuations of the four terminal resistance. δRϕ denotes the fluctuations for a wire
of length L ∼ Lϕ. Experimental data from A. Benoit, C. P. Umbach, R. B. Laibowitz and R. A.
Webb, � Length-independent voltage fluctuationsin small devices �, Phys. Rev. Lett. 58, 2343
(1987).

+ Pour en savoir plus

• The role of the voltage probes in quantum measurements has been emphasized in : M. Büttiker, Voltage
fluctuations in small conductors, Phys. Rev. B 35, 4123–4126 (1987).

•Weak localisation correction in networks (and in particular how the Cooperon must be integrated) was
studied in : C. Texier & G. Montambaux, Weak localization in multiterminal networks of diffusive wires,
Phys. Rev. Lett. 92, 186801 (2004).

• A detailed discussion of the role of contacts on the weak localisation correction was provided in :
V. Chandrasekhar, P. Santhanam and D. E. Prober, Weak localization and conductance fluctuations in
complex mesoscopic geometries, Phys. Rev. B 44(20), 11203–11220 (1991).

• Measurements of fluctuations in small wires were reported in the review : S. Washburn and R. A.
Webb, Aharonov-Bohm effect in normal metal. Quantum coherence and transport. Adv. Phys. 35, 375–
422 (1986).
See also : A. Benoit et al, Phys. Rev. Lett. 58, 2343 (1987) ; W. J. Skocpol, et al, Phys. Rev. Lett. 58,
2347 (1987).

Solutions disponible sur la page du cours, http://www.lptms.u-psud.fr/christophe_texier/
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