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Wave in random media and localization phenomena – Exam

Wednesday 8 june 2016

*** Duration : 3 hours ***

You may use the lecture’s notes (any other document is prohibited).
Don’t be afraid by the length of this document, many questions are to help you ©.

Subject :
Anderson localization of cold atoms

in a disordered speckle potential

Introduction : Atomic ultra-cold matter waves may interfere, as exemplified by the develop-
ment of atomic interferometry during the last 20 years. This problem studies how to create a
specifically tailored disorder acting on the external motion of cold atoms and how such a disorder
may influence this motion, with emphasis on Anderson localization.

In the first part, you have to calculate the statistical properties of a ”speckle” pattern created
by a coherent laser beam transmitted through a diffusive glass plate. In the second part, you
have to use these statistical properties to study the dynamics of a cold atomic gas placed in such
a speckle pattern. The two parts are essentially independent.

Part 1 : Statistical properties of a speckle pattern

We consider the situation depicted in figure 1, where a monochromatic laser beam (approximated
by a plane wave with wave-vector k0 along the z-axis) is diffracted by a square aperture (side L)
in the plane z = 0. We will assume that all light sources have the same polarization, so that we
can forget about light polarization and describe the electromagnetic field by a single complex
variable E .
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Figure 1: A monochromatic laser beam along the z-axis is sent on a square aperture
of size L in the z = 0 plane. We consider the di↵racted field at large distance in the ~k
direction, close to the initial direction (paraxial approximation).

We consider the situation depicted in figure 1, where a monochromatic laser beam
(approximated by a plane wave with wave-vector k0 along the z-axis) is di↵racted by a
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Figure 1: A monochromatic laser beam along the z-axis is sent on a square aperture of size L
in the z = 0 plane. We consider the diffracted field at large distance in the ~k direction, close to
the initial direction (paraxial approximation).

Fraunhofer regime.– In a direction close to the z−axis (in the paraxial approximation) one
can use the Fraunhofer formula, relating the amplitude of the field at the level of the aperture
(z = 0), denoted A(x, y), to the amplitude of the field diffracted in the ~k direction (with
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kx, ky � k0 and kz ≈ k0) :

E(~k) =

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy A(x, y) exp [i(kxx+ kyy)] . (1)

A. Warm up : diffraction by a square aperture.– We want to study the amplitude of the
wave diffracted by a square aperture, in the absence of any diffusive plate, i.e. A(x, y) = A
is constant. Compute E(~k) and the corresponding intensity I(~k) = |E(~k)|2. It may be useful to

introduce the so-called sinc function : sinc(x)
def
= sinx/x.

B. Diffraction by a diffusive plate.– We now add on the square aperture a diffusive glass
plate whose effect is to modify the phase of A(x, y) differently at each position (x, y). We assume
that the phase (mod. 2π) is a random variable, homogenously distributed in [0, 2π[, and which
is moreover uncorrelated between different positions.

1/ Distribution of the electric field.– Justify, with these hypotheses, the following average
values:

〈A(~r)〉 = 0

〈A(~r)A(~r ′)〉 = 0

〈A(~r)A∗(~r ′)〉 = A2 η2 δη(~r − ~r ′)

where δη is a (normalized, i.e. integral=1) 2D Dirac “distribution” of width η in each direction
(x and y).

Explain why the wave E(~k) diffracted in direction ~k is a complex random variable with a
Gaussian distribution with zero mean, 〈E(~k)〉 = 0.

Hint : you can discretize expression (1) as E(~k) = η2
∑N

n=1A(~rn) ei~k·~rn , where ~rn are N = (L/η)2

discrete and regular positions on the square (hence 〈A(~rn)A∗(~rm)〉 = A2 δn,m), and use a well-known
theorem of probability theory.

Justify that X = Re(E) and Y = Im(E) have the same variance and are uncorrelated.

2/ Rayleigh law.– Deduce that the intensity I(~k) = |E(~k)|2 is distributed according to an
exponential law :

P (I) =
exp (−I/I0)

I0
for I > 0 (2)

where I0 is the average intensity. What is the most probable intensity ? Compute the variance
of the intensity.

3/ Field correlations.– We are interested in the correlation function of the diffracted ampli-
tude and intensity in different directions ~k and ~k′.

a) Show that 〈E(~k)E(~k′)〉 = 0. Compute the correlation function 〈E(~k)E∗(~k′)〉 and express it as
a function of ∆~k = ~k − ~k′, L and I0.

Hint : use the hint of question 1/.

b) Using the Wick’s theorem, show that:

〈I(~k)I(~k′)〉 = I2
0 +

∣∣∣〈E(~k)E∗(~k′)〉
∣∣∣
2

(3)

c) Show that one recovers the variance of the intensity previously computed. Extend the argu-
ment for the higher moments 〈I(~k)n〉. Compare with the Rayleigh law found above.
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4/ Spatial speckle pattern.– The setting under study can be used in order to create a spatially
(instead of angularly) correlated laser intensity.

a) Explain briefly how, using a lens of focal length f , it is possible to create such a potential in
a convenient plane. If we denote by ~r = (x, y) the coordinate in this plane, how a variation of
direction ∆~k is related to a variation in position ∆~r in this plane (we recall that kx, ky � kz ≈
k0) ?

b) Suppose that one puts a gas of non-interacting cold atoms in this plane, and that the laser
frequency ω = c||~k|| is quasi-resonant with an atomic resonance transition at frequency ω0.
Briefly explain the relevant mechanisms of the atom-light interaction and why, if the detuning
δ = ω − ω0 is large compared to the width Γ of the atomic resonance, the speckle pattern acts
as an effective “optical” potential V which depends on the position ~r of the center of mass of
the atom. Show that the correlation function of the potential is given by :

〈V (~r)V (~r + ∆~r)〉 = V 2
0

[
1 + sinc2

(
∆x

σ

)
sinc2

(
∆y

σ

)]
(4)

where σ is the correlation length of the speckle. Express σ as a function of the laser wavelength
λ = 2π/k0, L and f . Considering the approximations used in the calculation, what is the order
of magnitude of the shortest correlation length achievable ?

C. Diffraction by a Gaussian aperture.– We now consider the case where there is no
aperture, but the incoming laser beam has a Gaussian distribution of amplitude in the z = 0

plane : |A(x, y)| = A exp
(
−x2+y2

2r20

)
.

1/ By following the same lines as in question B.3/, deduce the field correlation 〈E(~k)E∗(~k′)〉 in
this case.

2/ What would be the corresponding correlations replacing Eq. (4) ?

Part 2 : Cold atoms in a 1D speckle potential

We want to study the dynamics of one atom of mass m exposed to a spatially disordered
potential V (~r) whose correlation function is given by eq. (4). We assume that some external
constraint forces the atom to move only along the x-axis, so that the entire dynamics is one-
dimensional with Hamiltonian :

H = H0 + V (x) =
p2
x

2m
+ V (x) (5)

with 〈V (x)〉 = V0 and

〈V (x)V (x+ ∆x)〉 = V 2
0

[
1 + sinc2

(
∆x

σ

)]
(6)

A. Structure of the Green functions

1/ a) We introduce the retarded Green function G0(E) = 1/(E −H0 + i0+) (we omit the “R”

index to lighten). Express the Green function in k-space, G̃0(k, k′;E)
def
= 〈φk |G0(E)|φk′ 〉,

Hint : φk(x) = 〈x |φk 〉 = (1/
√
L)eikx denotes a plane wave in finite volume L, with quantized wave

vectors k = 2nπ/L for n ∈ Z, and orthonormalisation 〈φk |φk′ 〉 = δk,k′ (thus
∑

k ↔ L
2π

∫
dk).
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b) Recover the corresponding expression in x-space,

G0(x, x′;E) =
m

i ~2kE
exp(ikE |x− x′|) where kE

def
=
√

2mE/~ . (7)

2/ Recall the relation between the Green function G(E) (for Hamiltonian H), G0(E) and V .
Briefly explain the notion of average Green function G(E). The self-energy Σ(E) is the operator
such that :

G(E) =
1

G−1
0 (E)− Σ(E)

(8)

Recall the Dyson equation satisfied by Σ(E). Give a physical argument to explain that the self
energy is diagonal in the momentum representation : 〈φk |Σ(E)|φk′ 〉 = Σ(k;E) δk,k′ .

3/ We consider the weak disorder regime |Σ(k;E)| � |E|. We assume that the self-energy
is a smooth function of k and E. What is the physical interpretation of Re

[
Σ(k;E)

]
and

Im
[
Σ(k;E)

]
? Show that the average Green function in x-space can be written as :

G(x, x′;E) ≈ G0(x, x′;E) exp

(
−|x− x

′|
2`(E)

)
, (9)

where `(E) can be expressed in terms of Σ(kE ;E). What is the physical meaning of `(E) ?

B. Born approximation.– It is possible to perform a diagrammatic expansion of Σ(k;E) in
powers of the disorder strength V0. Up to second order, it is :

with hV (x)i = V0 and

hV (x0)V (x0 + �x)i = V 2
0


1 + sinc2

✓
�x

�

◆�
(6)

A. Structure of the Green functions

1/ a) We introduce the retarded Green function G0(E) = 1/(E �H0 + i0+) (we omit the

“R” index to lighten). Express the Green function in k-space, eG0(k, k0; E)
def
= h�k |G0(E)|�k0 i,

Hint : �k(x) = hx |�k i = (1/
p

L)eikx denotes a plane wave in finite volume L, with quan-
tized wave vectors k = 2n⇡/L for n 2 Z, and orthonormalisation h�k |�k0 i = �k,k0 (thusP

k $ L
2⇡

R
dk).

b) Recover the corresponding expression in x-space,

G0(x, x0; E) =
m

i ~2kE

exp(ikE|x � x0|) where kE
def
=

p
2mE/~ . (7)

2/ Recall the relation between the Green function G(E) (for Hamiltonian H), G0(E)
and V . Briefly explain the notion of average Green function G(E). The self-energy ⌃(E)
is the operator such that:

G(E) =
1

G�1
0 (E) � ⌃(E)

(8)

Recall the Dyson equation satisfied by ⌃(E). Give a physical argument to explain that the
self energy is diagonal in the momentum representation : h�k |⌃(E)|�k0 i = ⌃(k; E) �k,k0 .

3/ We consider the weak disorder regime |⌃(k; E)| ⌧ |E|. We assume that the self-energy
is a smooth function of k and E. What is the physical interpretation of Re

⇥
⌃(k; E)

⇤
and

Im
⇥
⌃(k; E)

⇤
? Show that the average Green function in x-space can be written as:

G(x, x0; E) ⇡ G0(x, x0; E) exp

✓
� |x � x0|

2`(E)

◆
(9)

What the physical meaning of `(E) ? Express it as a function of ⌃(kE; E).

B. Born approximation.– It is possible to perform a diagrammatic expansion of ⌃(k; E)
in powers of the disorder strength V0. Up to second order, it is :

⌃(k; E) ' +
k k k

k0

k � k0

k

1/ Explain the meaning of the various parts of these diagrams.

2/ Compute ⌃(k; E) at first order in V0. Interpret the result.

3/ Write the integral expression for the second order term (the so-called “Born ap-
proximation”). Show that the imaginary part of the “on-shell” self-energy (that is for
kE =

p
2mE/~) is given by :

Im⌃(kE; E) ' � mV 2
0

2~2kE

[C(0) + C(2kE)] (10)

4

(10)

+kk
⌃(k; E) ' k k

k0
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Figure 2: Numerically computed inverse localization length for a 1D particle in a disor-
dered “speckle” potential, versus. the parameter k�. The dimensionless plotted quantity is
(�/⇠loc) (~4/m2�4V 2

0 ) in linear scale (left plot) and log scale (right plot), for two values
of the disorder strength V0m�2/~2 = 0.01 (black curve) and 0.05 (red curve). The dashed
green curve is ⇡(1 � x)/x2. Taken from [1].

8

(10)

1/ Explain the meaning of the various parts of these diagrams.

2/ Compute Σ(k;E) at first order in V0. Interpret the result.

3/ Write the integral expression for the second order term (the so-called “Born approximation”).
Show that the imaginary part of the “on-shell” self-energy (that is for kE =

√
2mE/~) is given

by :

Im Σ(kE ;E) ' − mV 2
0

2~2kE
[C(0) + C(2kE)] (11)

where C(k) is the Fourier transform of the correlation function of the potential

V 2
0 C(k)

def
=

∫ +∞

−∞
dy
[
〈V (x0)V (x0 + y)〉 − 〈V (x0)〉2

]
e−iky (12)

Deduce the expression for 1/kE`(E) where `(E) is the scattering mean free path. Which physical
phenomena are respectively associated with C(0) and C(2kE) ?

C. Localization length

1/ Preliminary : a Fourier transform.– By a simple argument (no need of an explicit
calculation), justify that C(k) deduced from (6) is a triangle function ∝ (1−|k|/a) θH(1−|k|/a),
where θH is the Heaviside function, and give the width a.

Hint : Fourier transform of the sinc(x) function is the “door” function π θH(1− |k|).
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2/ a) Explain why, when placed inside the 1D speckle potential, a cold atom is expected to be
Anderson localized. When scattering by the disorder is isotropic (C(k) is independent on k),
recall (without justification) how the localization length ξloc is related to the scattering mean
free path `.

b) When scattering is not isotropic (i.e. forward and backward scattering have different prob-
abilities), the simple relation discussed in 2.a must be understood as a relation between the
localization length ξloc and the transport mean free path `tr. The transport mean free path `tr is
obtained by changing C(0)→ C(2k) in the expression of the mean free path ` (we now simplify
the notation as kE → k and omit the E dependences).

c) Show that the inverse of the localization length is given by :

1

ξloc
' πm2 V 2

0 σ (1− kσ) θH(1− kσ)

~4k2
. (13)

d) Fig. 2 shows the numerically computed inverse localization length 1/ξ
(num)
loc versus kσ [1].

Comment this figure. Especially, what is the problem around kσ = 1 ? How should the above
analysis be adapted in order to explain the numerics for kσ > 1 ?

Figure 2: Numerically computed inverse localization length for a 1D particle in a disor-
dered “speckle” potential, versus. the parameter kσ. The dimensionless plotted quantity is
(σ/ξloc) (~4/m2σ4V 2

0 ) in linear scale (left plot) and log scale (right plot), for two values of
the disorder strength V0mσ

2/~2 = 0.01 (black curve) and 0.05 (red curve). The dashed green
curve is π(1− x)/x2. Taken from [1].

e) Discuss briefly what happens if a Gaussian laser beam (see section Part 1.C) is used in place
of a square aperture?

D. (Bonus) Experimental results Using a cold atomic cloud of Rubidium and a speckle
optical potential, Billy et al. [2] have observed 1D Anderson localization. Figure 3 shows the ex-
perimental results, where the measured localization length is plotted versus the disorder strength.
The energy of the atoms was such that kσ ≈ 0.65 and σ ≈ 0.26µm. Comment these experimen-
tal results. What is the order of magnitude of the product k`? What will happen if the same
experiment is performed in 2D or 3D?
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Figure 3. Localization length vs amplitude of the 
disordered potential. Lloc is obtained by an exponential fit to 
the wings of the stationary localized density profiles, as shown 
in Fig. 2. The error bars correspond to a confidence level of 
95% of the fit (corresponding to ± 2 s.e.m.). The number of 
atoms is Nat = 1.7 x 10

4
 (µin = 219 Hz). The dash-dotted line 

represents formula (1), where kmax is determined from the 
observed free expansion of the condensate (see Methods). 
The shaded area represents uncertainty associated with the 
evaluation of kmax and the evaluation of σR. Note that the 

limited extension of the disordered potential (4 mm), allows us 
to measure values of Lloc up to  about 2 mm. 

An exponential fit to the wings of the density profiles yields 

the localization length Lloc, which we can compare to the 

theoretical value
13
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valid only for kmax σR  < 1 (m is the atomic mass). To ensure 

that the comparison is meaningful, we first check that we 

have reached a stationary situation where the fitted value of 

Lloc no longer evolves, as shown in Fig. 2. In Fig. 3, we plot 

the variation of Lloc with the amplitude of the disorder, VR, for 

the same number of atoms, i.e. the same kmax. The dash-

dotted line is a plot of Equation (1) for the values of kmax and 

σR determined as explained above. It shows quite a good 

agreement between our measurements and the theoretical 

predictions : with no adjustable parameters we get the right 

magnitude and general shape. The shaded area reflects the 

variations of the dash-dotted line when we take into account 

the uncertainties on σR and kmax. The uncertainty in the 

calibration of VR does not appear in Fig.3. We estimate it to 

be not larger than 30 %, which does not affect the agreement 

between theory and experiment. 

An intriguing result of ref 13 is the prediction of density 

profiles with algebraic wings when kmax σR > 1, i.e. when the 

initial interaction energy is large enough that a fraction of the 

atoms have a k-vector larger than 1 / σR , which plays the role 

of an effective mobility edge. We have investigated that 

regime by repeating the experiment with a BEC containing a 

larger number of atoms (1.7 x 10
5
 atoms and µin / h = 519 Hz) 

for VR / µin = 0.15. Figure 4a shows the observed density 

profile in such a situation (kmax σR = 1.16 ± 0.14 (±2 s.e.m.)), 

and a log-log plot suggests a power law decrease in the 

wings, with an exponent of 1.95 ± 0.10 (±2 s.e.m.), in 

agreement with the theoretical prediction of wings decreasing 

as 1/z
2
. The semi-log plot in inset confirms that an 

exponential would not work as well. To allow comparison, 

we present in Figure 4b a log-log plot and a semi-log plot for 

the case kmax σR  = 0.65 with the same VR / µin = 0.15, where 

we  conclude in favour of exponential rather than algebraic 

tails. These data support the existence of a cross-over from 

exponential to algebraic regime in our speckle potential. 

Direct imaging of atomic quantum gases in controlled 

optical disordered potentials is a promising technique to 

investigate a variety of open questions on disordered 

quantum systems. Firstly, as in other problems of condensed 

matter simulated with ultra-cold atoms, direct imaging of 

atomic matter-waves offers unprecedented possibilities to 

measure important properties, such as localization lengths. 

Secondly, our experiment can be extended to quantum gases 

with controlled interactions where localization of quasi-

particles
26,27

, Bose glass
14,15,28

 and Lifshits glass
29

 are 

expected, as well as to Fermi gases and to Bose-Fermi 

mixtures where rich phase diagrams have been predicted
30

. 

The reasonable quantitative agreement between our 

measurements and the theory of 1D Anderson localization in 

a speckle potential
 
demonstrates the high degree of control in 

our set-up. We thus anticipate that it can be used as a 

quantum simulator for investigating Anderson localization in 

higher dimensions
31,32

, first to look for the mobility edge of 

the Anderson transition, and then to measure important 

features at the Anderson transition that are not known 

theoretically, such as critical exponents. It will also become 

possible to investigate the effect of controlled interactions on 

Anderson localization. 

Figure 3: Localization length for a cloud of cold Rubidium atoms in a disordered “speckle” optical
potential, versus the strength V0 (here noted VR) of the disorder. Experimental parameters are
such that kσ ≈ 0.65 and σ ≈ 0.26µm. The experimental results with error bars are the blue
points, the prediction of eq.(13) shown by the red dash-dotted line. The shaded area reflects the
uncertainties on the parameters. Taken from Ref. [2].
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