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e Data with random errors: find the model that best
captures the patterns hidden within the data

 Model:
— not too simple: we want to be able to fit the data
— not too complex: to capture the main patterns

Simple models are preferred, unless the data calls for a
more complex one.

 How can we characterise the complexity of a model?



Spin Models

« Consider a system of|n spins|that takes random values in{—1,+1}
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Spin Models

« Consider a system of|n spins|that takes random values in{—1,+1}

S4
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s ={1,1,-1,1}
§3 ={1,-1,1,—-1}

Data set:

.| [N samples

W) ={1,1,-1,-1} |

§= {5



Spin Models

« Consider a system of|n spins|that takes random values in{—1,+1}
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« What would be the best model for the system, that could
explain what we observe/reproduce similar data”?

S4 Parameters:

{13}



Spin Models

« Consider a system of|n spins|that takes random values in{—1,+1}

S1 892 S3 S4
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ce (N 5 — {g(i)}
® ®© O O g — 11,1, -1, -1}

« What would be the best model for the system, that could
explain what we observe/reproduce similar data”?

S4 Parameters:
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Spin Models

« Consider a system of|n spins|that takes random values in{—1,+1}
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« What would be the best model for the system, that could
explain what we observe/reproduce similar data”?

S4 Parameters:

J124 0 = {h1, 13, J23, J124}




Spin Models

« Consider a system of|n spins|that takes random values in{—1,+1}

S1 82 83 S4 (1) )
EX. O O O O v ={1,1,-1,1} Data set:
, ® O @ O 5@ =1{1,-1,1,-1} N
n — samples
O ®© e e | p(,)
N
® ©¢ O O s —q1,1,-1,—1y || A=

« What would be the best model for the system, that could
explain what we observe/reproduce similar data”?

S4 Parameters:
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Bayesian Model Selection

* The idea Classifying all the possible models in term of their
posterior probability:

P(M;|5)

in order to find the model M that has the highest probability to
be a good model for the system given the data set S

* Difficulty The huge number of models.
Ex. for spin models: — 2" — 1 possible type of interactions
— 2271 possible models

n=2: & models n=4: 32768 models

EX =3 128 models n=>5: 2147483648 models




Bayesian Model Selection

* The idea Classifying all the possible models in term of their
posterior probability:

P(M;|5)

in order to find the model M that has the highest probability to
be a good model for the system given the data set S

* Difficulty The huge number of models.
Ex. for spin models: — 2" — 1 possible type of interactions
— 2271 possible models

e Simplity, using models with only fields and pairwise interactions:
2

Number of possible model ~ 2"

n=2: & models n=4: 1024 models

Ex. n=3: 64 models n=>5: 32768 models




Only fields and pairwise interactions?

e |s it a good idea to restraint the choice to this type of models?
Does pairwise/field interactions play a special role? Are these
models simpler? (less complex)

 They don't seem to play a special role:

Ex. 1rst data set

with n=3 5= {700

BMS
S1 J19 S2
h1C ‘hg
® /3



Only fields and pairwise interactions?

e |s it a good idea to restraint the choice to this type of models?
Does pairwise/field interactions play a special role? Are these
models simpler? (less complex)
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EX. 1rst data set 7— 2nd data set
with N=3 ~ N N n (4
S:{S(Z)} 7 O_:{O_(z)}
01 = 5152S3
092 = S§9
BMS l oo — oy BMS l
S1 J19 S2
h1C ‘hg
® /3



Only fields and pairwise interactions?

e |s it a good idea to restraint the choice to this type of models?
Does pairwise/field interactions play a special role? Are these
models simpler? (less complex)

 They don't seem to play a special role:

Ex. 1rst data set 7— 2nd data set
with n=3 N N n S (q
S:{S(Z)} O.:{O_(Z)}

01 = 5152S3
092 = S§9
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Bayesian Model Selection

 Using Bayes’ theorem:

P(M;|5) =
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—> Rank with the Likelihood P(5| M)




Bayesian Model Selection

 Using Bayes’ theorem:

P(5| M;) Po(M,)

—> Rank with the Likelihood P(5| M)

 Forlarge N, for the spin models, Log-Likelihood :

log P(5| M;) = —Elog (g> —CM—|—O<i>

2 2 N
/ /ocN



Bayesian Model Selection

e Using Bayes' theorem:

P(Mi\§):

—> Rank with the Likelihood P(5| M)

 Forlarge N, for the spin models, Log-Likelihood :

K N 1
log P(3] My) = log (5| M,.07) = - log (?) —cm+0 <N>

/ / o IV / x log NV
Penalty term:
number of parameter K

Penalty term:

Log-Likelihood NEsdrrUT
Log-Likelihood

geometrical complexity




Likelihood P(5| M)

« Consider a model M with K parameters, 6 = (6,,...,0x)

P(§\/\/l):/dK5 P(3]6, M) Py (0| M)

'

set of data

N
N independent\ —S7 11
= 1| P(s7]6,M)
j];[l



spin op. give an example

Likelihood P(s| M)

« Consider a model M with K parameters, 6 = (6,,...,0x)

P(§\/\/l):/dK5 P(516, M) Py(8| M)

'

set of data

N
Nindependent\ A
= | | P(s7]6, M)
j=1

» Probability that the system is in the configuration 37 of the spins:
—

o 625:1 {1 (57) 65 Spin operator:
P(g] ’9 M) — — product of the spins
’ Z/\/l (9 ) involve in the interaction k
Partition function—
S1
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spin op. give an example

Likelihood P(s| M)

« Consider a model M with K parameters, 6 = (6,,...,0x)

P(§\/\/l):/dK5 P30, M) Py(0| M)

'

set of data

N
Nindependent\ VN
= | | P(s7]6, M)
j=1

» Probability that the system is in the configuration 37 of the spins:

,/\
N L e S fe(37)|6k Spin operator:
P(g] ’9 M) — — product of the spins
H ’ Ay, (9 ) involve in the interaction k
7=1

Partition function—

« Probability that the system produces the /N configurations

§={5,...,8V} of the spins



Maximum Likelihood P(s|6*, M)

* Probability that the system produces the Nconﬂguratlons 5 of the

spins: /\ S(d

(8’9 ./\/l) _eN[igi)Q—lOgZM 9)

empirical averageka@) = N Z fk(gﬂ —
j=1



Maximum Likelihood P(s|6*, M)

* Probability that the system produces the Nconﬂguratlons 5 of the

spins: /\ S(d

(8’9 ./\/l) _eN[igi)Q—lOgZM 9)

empirical averageka@) = N Z fk(gﬂ —
j=1

—

« 5(0) is a concave function, as
Hessian Matrix: ~ S”(0) = (89(109165(#))
q.k

?



Maximum Likelihood P(s|6*, M)

* Probability that the system produces the Nconfigurations S of the

sSpins: = TN S(d

(S’H M) _eN[i(i)Q—logZM 9)

empirical averageka@) = N Z fk(gj —
j=1

—

* 5(9) s a concave function, as Fisher Information Matrix
Hessian Matrix: TZ{),{(é’) = —J, 1(0) J(0) = (09,00, log Zm) _,
semi-negative definite semi-positive definite

. P(§ | §,M) passes by a maximum at 9* such that:

{ 55(5*)62 0 (fie)s(0%) = (fu)s
£

ensemble average empirical average




| ikelihood P(s| M) for large N

We can re-write the Likelihood:

—

P(§|M) :/eN[ﬁ(§)§—logZM(§)] Po(g‘M) dK@

Expansion for large IV, using the Saddle-point method in "

Log-likelihood for large N
K N 1
log P(§| M) =log P(§| M, 0%) — 5 log <—> —cm + 0 (-)
\/detJ 9*




Complexity

Given a model M, the family of probability distrioution: {P(f |6, M)}
forms a Riemannian manifold in the space of all distributions.

In this space, each point, parametrised by 5 corresponds to a probabillity

distribution P(5| 6, M)

The natural metric on this manifold is given by the FIM:

—

J(0) = (99,00, 10g Zm1) .
(falk) = (Fa) (Tk)

Varying the parameters of the model from a small d® 6 gives rise to similar
distributions that correspond to nearby points in this space. The small volume

that is formed by the variation d@ is then -
dV = \/detJ(H) d™ o




Complexity

e Choice of the prior on the values of the parameters:
\/det J(6)
[ /det J(4) dK 6

Best choice in absence of any information: its form stay invariant under re-
parametrisation (doesn’t give more importance to any parametrisation).

Jeffreys’ prior PO(§ M) =

Geometrical complexity

cyp = log / \/detJ(_})dKH_)
RE

It is the volume of the entire manifold: Complexity represents how broad the

model is in term of describing various probability distributions.
A model is complex if it can fit a wide range of data. In a way, it also means that

It is a poorly informative model.



—

J(@) — (8@q8§k log Zj\/l)qJC

Partition function

ZM(_)) — Z eszzlfk(g)Qk
s={x1}"



—

J(0) = (05,00, log Zm) _,

Partition function

K
Znm(0) = Z H e/r (50 Trick: fe(8) € 11, +1}
s={£1}" k=1 eekfk(g) — Cgsh((gk) [1 —+ fk(E') tanh(ek)]

 We can re-write the partition function:

Zm(0) = Zo(0) |1+ Z Htanh(@u) , where Zy(0) = 2" H cosh(8,,)
el puel peEM

L = Set of loops of the model

Loop = a set of operators of M such that the product of all operators
of the setis = +1

EX. o8 1 loop of 3 operators:

83‘ ’52 L = {{5282782783}}




—

J(0) = (O, 0y, log ZM)QJ_C

Partition function

K
Zm@0) = N e % Trick: fe(8) € {~1,+1}

§={+1}" k=1 ok i (5) — cosh(0x) [1 + f1(5) tanh ()]

 We can re-write the partition function:

Zm(0) = Zo(0) |1+ Z Htanh(@u) , where Zy(0) = 2" H cosh(8,,)
el puel peEM

L = Set of loops of the model

e The structure of ZM(§) depends only on the structure of loops L :
— the number of loops
— the length of each loop
— how the operators are in relations through the loops
—> Models with the same loop structure has the same Complexity



Gauge [ransformations

e [t exists a certain number of transformations that conserve the loop structure of

the models: ~
they are the bijections that map the a set of 71 spins S to another set of

7. spins o (while conserving the structure the operators that can be created with
this spins)

e Gauge Transformations (Automorphisms of the group of operators): they

conserve the geometry of the model
1

EX. X 6

4 . .
20/O \ / Interactions
4
B , 15 loops
X4 @ S9 = 0103 Xl
1 S3 = 010904
® 51.= 010504 7 loops of 3 interactions
3 2 3 2 . .
/ loops of 4 interactions

\ o4 / : :
s1= 01 51= 0102 1 loop of 7 interactions

So = 0903 S2 = 0104

53 = 0304

$3 = 0204 ><4
S4 = 01020304 /.\ S4 = 010304
3 2




Gauge [ransformations

e |t exists a certain number of transformations that conserve the loop
structure of the models: they are the bijections that map the set of
spin s to another set of spin sig, while conserving the structure of

all the operators

e = (@Gauge Transformations (Automorphisms of the group of
operators)

e TJotal number of Gauge Transformations for a system with 1 spins:

kY Ex.  Ngr(3) =168
Ner(m) =[] @ =2) Near(4) = 20160

1=0



Complexity Classes

 (Gauge Transformations (GT) allow us to partition the space of models
into classes of models that are images from one to another by GT.

o Within a class models have
— the same geometrical properties (loop structure)
— the same complexity
—> “Complexity Classes”

» The cardinality of a class is necessary < Ngr(n) andis more
precisely given by the invariants under GT

EX.
x4
3 2

o/o\ ” Class with 15 models

V2] V2] w» v,)
[~ w (%) —
[ T T
9 9 9 9
~

»
N w
S
| I
[\V]
) X
—

[ |
T |



classe

Complexity for n=4

‘ 32768 models, only 46 complexity classes ‘
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1 triangle = 1 class of complexity
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Complexity for n=4

‘ 32768 models, only 46 complexity classes ‘
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Complexity for n=4

* 3
‘ A
A
A A _
A
RSN
¢‘ A _
N . A
. ®
/ ’. |
. A
Models with |
K independent
parameters
cpm = | M|logm =

10 \ 12 “ °

Complete models




Complexity

« (Complexity is the characteristic of a model that can account for a broad range
of data:
— the most complex models: where all parameters are independent
— the simplest models: the complete models

 Models are partitioned into complexity classes, in which models are
connected by Gauge Transformations and share the same geometrical
structure (loop structure, same invariants)

e |f there were a way of choosing the best model in term of its internal geometries
this will highly reduce the number of models that should be tested
Geometries of the models are directly related to the patterns that are hidden
Inside the data.

e Complexity is not monotonic with the number K of parameters:

log P(§| M) =log P(§| M, 0%) — glog <g> —cm + 0 (%)

Depending on the values of N, which method should we adopt?



