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1T-TaS2:  Example of competing order

ARTICLES

of the diVerent phases at ambient pressure and their possible
evolution under pressure. We will address each of the above posed
questions separately.

MELTDOWN OF THE MOTT PHASE

The standard way of influencing the Mott phase is to aVect the
ratio between the Coulomb repulsion and the bandwidth. These
two relevant energy scales correspond to the parameters U and t of
the single-band Hubbard Hamiltonian, usually used to consider the
Mott transition,
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where ci,� and c†
i,� are the destruction and creation operators of an

electron at site i and with spin �, and ni,� = c†
i,� ci,� is the occupation

operator. For the special case of the triangular lattice of David
stars in 1T-TaS2, t and U map to the overlap of the electronic
wavefunctions defined by the deformation localized at David stars,
and the Coulomb interaction of the electrons above the gap within
the same David star, respectively.

The qualitative understanding of the observed phase transition
comes from the insight that pressure changes both the relevant
energy scales, by decreasing the swelling of the planes related
to the David-star deformations in the CDW state. In particular,
by reducing the deformation, the pressure diminishes the CDW
gap and increases the screening capacity of the electrons below
the gap (that is, the interband contribution to the dielectric
function). Similarly, the pressure also weakens the potential that
defines the local wavefunction, thereby increasing its extension
and the wavefunction overlap integral. Both these mechanisms
simultaneously increase t and decrease U , leading to a decrease in
the ratio U/t . The Mott-state melting occurs naturally at a critical
value of this ratio28.

NATURE OF THE TEXTURED PHASE

The NCCDW phase has been subject to numerous experimental
and theoretical investigations at ambient pressure. Previous
theoretical approaches invoked mainly phenomenological
treatments, based on sophisticated versions of the Landau-type
functional, leaving out the microscopic details29,30. However,
the main mechanism behind the creation of the textured phase
has been established to lie in the tendency of the system to
maximize the electronic gap at a given deformation amplitude
by (inter)locking the deformations at (three) commensurate wave
vectors, counteracted by the remnant part of the electrons in the
states above the gap. This leads to a microscopic mechanism for
domain formation, common to many electronic systems with
(charge- or spin-) density waves close to commensurability31.
Essentially, the discommensurations in the textured phase host
the electrons that do not fit below the gap that exists in the
commensurately ordered domains. Notably, however, the size of the
domains in 1T-TaS2 is substantial, containing several hundred TaS2

units within each layer. Therefore, long-range Coulomb forces are
expected to control the charge transfer involved in the domain size
and organization32. This important aspect was omitted in former
theoretical treatments of the NCCDW phase in 1T-TaS2.

We fully include the Coulomb aspect of this charge transfer,
when considering the formation of domains in the NCCDW phase
in 1T-TaS2. The two limiting degrees of this charge relocation leave
the domains either as a lightly (self-)doped Mott state, or fully
depleted. We compare the Coulomb energy per particle involved
in the formation of fully depleted domains, Ec, with the electronic
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Figure 3 The temperature–pressure phase diagram of 1T-TaS2. The Mott
localization is suppressed, closely accompanied by the melting of the CCDW phase
at a pressure of 0.8 GPa; the lattice structure in the latter phase is composed of
interlocking David stars. The NCCDW phase extends over the pressure range of
1–7 GPa, and may be visualized as roughly hexagonal domains suspended in an
interdomain phase, indicated in grey. The first signatures of superconductivity
appear from the NCCDW state, and remain roughly at 5 K throughout the entire
pressure range of 3–25 GPa. In the pressure range of 8–25 GPa, the system is
metallic over the investigated temperature range when above the superconducting
transition temperature. The drawings above and below the phase diagram indicate
the probable deformation patterns in the system at low temperature, as discussed in
the text. Darkly shaded parts denote the parts with the static deformation in the form
of David stars, whereas in the light-shaded areas the deformation is considerably
reduced or completely suppressed.

energy gap � in the domains. The case of Ec ⇠ � implies a
Coulomb-controlled textured phase. The alternatives, unrestricted
by the long-range Coulomb forces, relate to Ec ⌧ � and Ec � �
signifying fully depleted and slightly doped Mott phase domains,
respectively. Figure 4 shows the results of a calculation, for diVerent
domain sizes and organization in successive layers. The calculation
(see the Methods section) is carried out for a kagome patchwork
with two diVerent stacking alignments. Stacking A considers an
axial alignment of domains and interdomain triangles in successive
layers, and has been experimentally observed in 1T-TaS2 (see
Fig. 4, Stacking A). The shifted positions of the domains between
adjacent planes resemble a closely packed face-centred-cubic
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Sipos et al., Nat. Mat. 7, 960 (2008)

Tcdw ~ 300 K!
Tsc  ~    5 K



La2-xBaxCuO4: Example of intertwined orders

M. HÜCKER et al. PHYSICAL REVIEW B 83, 104506 (2011)

stripe order (SO) satellite reflections, the stripe correlations
between the planes, the melting of the stripe order, and the
compatibility with the generic stripe phase diagram. Further-
more, there is a great lack of information for x > 1/8 because
crystal growth becomes progressively more challenging with
increasing x.

These are the issues addressed in the present study on
La2−xBaxCuO4 single crystals with 0.095 ! x ! 0.155. We
have characterized the CO with high-energy single-crystal
x-ray diffraction (XRD), by probing the associated lattice
modulation.13,14,17 That a modulation of the electron density
truly exists has been demonstrated previously in Ref. 19 for
La1.875Ba0.125CuO4 by means of resonant soft x-ray scattering.
We have investigated the SO both in the traditional way, with
neutron diffraction (ND), as well as in a less conventional
way by tracing a recently identified weak ferromagnetic
contribution to the normal state magnetic susceptibility.51

The various structural phases have been studied mostly with
XRD, and to some extent with ND, and the SC phase was
analyzed with shielding and Meissner fraction measurements.
As a result, we obtain the temperature versus Ba-concentration
phase diagram displayed in Fig. 1. One of the key features
is that CO exists over the entire range of x that we have
studied, including the two bulk SC crystals with the lowest and
highest x and maximum Tc on the order of 30 K. According
to our quantitative analysis, the stripe order for these end
compositions is already extremely weak, while it is most
pronounced at x = 1/8. In the underdoped regime the CO
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FIG. 1. (Color online) Temperature vs hole-doping phase dia-
gram of La2−xBaxCuO4 single crystals. Onset temperatures: Tc of
bulk superconductivity (SC), TCO of charge stripe order (CO), TSO

of spin stripe order (SO), and TLT of the low-temperature structural
phases LTT and LTLO. At base temperature CO, SO, and SC coexist
at least in the crystals with 0.095 ! x ! 0.135. For x = 0.155 we
identified CO but not SO, and observe a mixed LTT and LTLO phase.
In the case of x = 0.095, very weak orthorhombic strain persists at
low T . For x = 0.165 we have measured Tc only, before the crystal
decomposed. Solid and dashed lines are guides to the eye. Although
TCO, TSO, and TLT for several x were also determined with XRD and
ND, most data points in this figure are from magnetic susceptibility
measurements. Here, only TSO for x = 0.095 is from ND and TCO

and TLT for x = 0.155 from XRD.

always disappears at the low-temperature structural transition,
and for three crystals we can show that it melts isotropically.
On the other hand, the onset of bulk SC left no noticeable mark
in our CO and SO data.

The rest of the paper is organized as follows: In Sec. II we
describe the experimental methods and the choice of reciprocal
lattice used to index the reflections. In Sec. III we present four
subsections dedicated to our results on crystal structure, CO,
SO, and SC. In Sec. IV we summarize the doping dependence
of the various properties as a function of the nominal and
an estimated actual Ba content, compare our results with the
literature, and in Sec. V finish with a short conclusion.

II. EXPERIMENTAL

A series of six La2−xBaxCuO4 single crystals with 0.095 !
x ! 0.155 has been grown at Brookhaven with the traveling-
solvent floating-zone method. Previously reported results on
some of the compositions, in particular on the x = 1/8 crystal,
have demonstrated a very high sample quality.20,34–36,44,51–55

Because the compositions of the single crystals can deviate
from their nominal stoichiometry (see Ref. 56), it has been
vital to measure the structure, stripe order, and SC on pieces
of the same crystal. In Fig. 2(a) we show the unit cell of the
high-temperature tetragonal (HTT) phase, with space group
I4/mmm. Although the supercells of the low-temperature
phases LTO (space group Bmab) and LTT (space group
P 42/ncm) have a

√
2 ×

√
2 larger basal plane rotated by 45◦,

we nevertheless specify the scattering vectors Q = (h,k,ℓ) in
all phases in units of (2π/at ,2π/at ,2π/c) of the HTT cell with
lattice parameters at ≃ 3.78 Å and c ≃ 13.2 Å.57 In order to
express the orthorhombic strain s in the LTO phase, we will
refer to the lattice constants ao and bo of the LTO supercell,
which are larger than at by a factor of ∼

√
2.

The XRD experiments were performed with the triple-axis
diffractometer at wiggler beamline BW5 at DESY.58 To
create optimum conditions for studying the bulk properties
in transmission geometry, most samples were disk shaped
with a diameter (∼5 mm) significantly larger than the beam
size of 1 × 1 mm2, and a thickness (∼1 mm) close to the
penetration depth of the 100 keV photons (λ = 0.124 Å).
Counting rates are normalized to a storage ring current of
100 mA. To evaluate the x dependence of a superstructure
reflection relative to x = 0.125, we have normalized its inten-
sity with an integrated intensity ratio I (0.125)/I (x) of a nearby
fundamental Bragg reflection. For example, to normalize
the (1,0,0) and (2 + 2δ,0,5.5) reflections, we have applied
the factors I(200)(0.125)/I(200)(x) and I(206)(0.125)/I(206)(x)
of the (2,0,0) and (2,0,6) Bragg reflections, respectively.

The ND data for x = 0.115, 0.125, and 0.135 were
collected with the triple-axis spectrometer SPINS located at the
NIST Center for Neutron Research using beam collimations
of 55′-80′-S-80′-open (S = sample) with fixed final energy
Ef = 5 meV. The x = 0.095 crystal was studied at triple-axis
spectrometer HB-1 at the High Flux Isotope Reactor, Oak
Ridge National Laboratory, using beam collimations of 48′-
48′-S-40′-136′ with Ef = 14.7 meV. The cylindrical crystals,
with a typical weight between 5 and 10 g, were mounted
with their (h,k,0) zone parallel to the scattering plane. Doping

104506-2

at 46 K. Note that our spin-liquid state is distinct from the
much-discussed quantum spin liquid.29

At lower temperatures, a gap develops. The curves
through the data in Fig. 2 correspond to

!!!"" = 0.16#1 + tanh$E − Eg

#
%& , !2"

with Eg=0.5 meV at 30 K and 0.7 meV at 5 K. For more
detailed characterization of the temperature dependence of
the gap, we compare !! at 0.5 and 1.5 meV vs temperature in
Fig. 1!c". The values are comparable between Tco and Tso,
indicating a modulated spin-liquid state throughout this re-
gime. Near Tso, !! !0.5 meV" starts to decrease, while !! !1.5
meV" stays roughly constant, indicating the opening of the
gap. This gap is intriguing since a spin gap frequently ap-
pears in the superconducting state at least for optimal doping
and above.51,52 A spin gap associated with superconductivity
!especially such a small one" should be reduced by an ap-
plied magnetic field.53,54 We tested this possibility in a sepa-
rate experiment50 and found no significant change in !! !0.5
meV" due to application of a 7 T field at 30 K. We conclude
that the gap must be associated predominantly with spin an-
isotropy in the spin-ordered state. This conclusion is consis-
tent with the observation of a spin-flop transition at H
=6 T.42 Furthermore, the observation of almost-gapless spin
excitations for Tso$T$Tco is consistent with the appearance
of anisotropy in the bulk susceptibility for T$Tco.42

D. Resistivity and magnetic susceptibility

The resistivity data shown in Fig. 3!a" are taken from Ref.
32. This particular plot emphasizes the fact that there is a
sharp drop in %ab at Tso but no corresponding change in %c.
New low-field susceptibility data, corrected for density and
shape anisotropy, are shown in Figs. 3!b" and 3!c"; the
normal-state susceptibility at 60 K has been subtracted to
allow plotting on a logarithmic scale. Results are shown both
for field-cooling !FC" and zero-field-cooling !ZFC" measure-
ments. Panel !b" shows that a diamagnetic response appears
at Tso when the magnetic field is applied perpendicular to the
planes !inducing screening currents within the planes"; there
is no such diamagnetic onset when the field is parallel to the
planes !requiring screening currents between planes". These
signatures are all consistent with the onset of 2D supercon-
ducting correlations at Tso.

The c-axis resistivity just starts to turn down at T1
!!

'34 K and drops more quickly below T2
!!'29 K; there is

a corresponding small step in %ab at T2
!!. Comparing with the

susceptibility, we see that !" becomes irreversible at T1
!! !FC

and ZFC results diverge" and there is a small drop in the FC
response at T2

!!. There is also an onset of a diamagnetic re-
sponse in !(. The combination of responses at T2

!! suggests
that it represents the onset of superconductivity in small 3D
grains. Clearly, these grains do not form a percolating path,
as both %ab and %c remain finite after the grains become su-
perconducting. !Note that even at 10 K, the !( ZFC response
is still much less than 0.1% of full shielding, consistent with

a tiny 3D superconducting volume fraction." The FC !" re-
sponse saturates below T2

!!, suggesting that the 3D supercon-
ducting grains pin magnetic vortices.

At the apparent Berezinskii-Kosterlitz-Thouless !BKT"
transition, TBKT'16 K, discussed in Ref. 32, %ab goes to
zero, while %c remains finite. !The identification of the tran-
sition as BKT-type is supported by nonlinear transport be-
havior reported in Ref. 32." The ZFC !" is already 20% at
this point, which is reasonable for the onset of 2D supercon-
ducting order throughout the sample. The c-axis resistivity
finally goes to zero at T3D'10 K, where !( starts to slowly
decrease. The final onset of bulk 3D superconductivity is
Tc'5.5 K. Note that the ZFC !" is already nearly 70% of
the full response at Tc.
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FIG. 3. !Color online" !a" In-plane resistivity, %ab !circles", and
resistivity perpendicular to the planes, %c, divided by 103 !squares".
!b" Magnetic susceptibility measured with the field perpendicular to
the planes and !c" parallel to the planes for an applied field of 2 Oe.
! has been corrected for shape anisotropy and the offsets !to allow
plotting on a logarithmic scale" are 4&!"!60 K"=4.2'10−4 and
4&!(!60 K"=1.6'10−5. Vertical gray lines denote relevant tem-
peratures, with labels at the top.
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at 46 K. Note that our spin-liquid state is distinct from the
much-discussed quantum spin liquid.29

At lower temperatures, a gap develops. The curves
through the data in Fig. 2 correspond to

!!!"" = 0.16#1 + tanh$E − Eg

#
%& , !2"

with Eg=0.5 meV at 30 K and 0.7 meV at 5 K. For more
detailed characterization of the temperature dependence of
the gap, we compare !! at 0.5 and 1.5 meV vs temperature in
Fig. 1!c". The values are comparable between Tco and Tso,
indicating a modulated spin-liquid state throughout this re-
gime. Near Tso, !! !0.5 meV" starts to decrease, while !! !1.5
meV" stays roughly constant, indicating the opening of the
gap. This gap is intriguing since a spin gap frequently ap-
pears in the superconducting state at least for optimal doping
and above.51,52 A spin gap associated with superconductivity
!especially such a small one" should be reduced by an ap-
plied magnetic field.53,54 We tested this possibility in a sepa-
rate experiment50 and found no significant change in !! !0.5
meV" due to application of a 7 T field at 30 K. We conclude
that the gap must be associated predominantly with spin an-
isotropy in the spin-ordered state. This conclusion is consis-
tent with the observation of a spin-flop transition at H
=6 T.42 Furthermore, the observation of almost-gapless spin
excitations for Tso$T$Tco is consistent with the appearance
of anisotropy in the bulk susceptibility for T$Tco.42

D. Resistivity and magnetic susceptibility

The resistivity data shown in Fig. 3!a" are taken from Ref.
32. This particular plot emphasizes the fact that there is a
sharp drop in %ab at Tso but no corresponding change in %c.
New low-field susceptibility data, corrected for density and
shape anisotropy, are shown in Figs. 3!b" and 3!c"; the
normal-state susceptibility at 60 K has been subtracted to
allow plotting on a logarithmic scale. Results are shown both
for field-cooling !FC" and zero-field-cooling !ZFC" measure-
ments. Panel !b" shows that a diamagnetic response appears
at Tso when the magnetic field is applied perpendicular to the
planes !inducing screening currents within the planes"; there
is no such diamagnetic onset when the field is parallel to the
planes !requiring screening currents between planes". These
signatures are all consistent with the onset of 2D supercon-
ducting correlations at Tso.

The c-axis resistivity just starts to turn down at T1
!!

'34 K and drops more quickly below T2
!!'29 K; there is

a corresponding small step in %ab at T2
!!. Comparing with the

susceptibility, we see that !" becomes irreversible at T1
!! !FC

and ZFC results diverge" and there is a small drop in the FC
response at T2

!!. There is also an onset of a diamagnetic re-
sponse in !(. The combination of responses at T2

!! suggests
that it represents the onset of superconductivity in small 3D
grains. Clearly, these grains do not form a percolating path,
as both %ab and %c remain finite after the grains become su-
perconducting. !Note that even at 10 K, the !( ZFC response
is still much less than 0.1% of full shielding, consistent with

a tiny 3D superconducting volume fraction." The FC !" re-
sponse saturates below T2

!!, suggesting that the 3D supercon-
ducting grains pin magnetic vortices.

At the apparent Berezinskii-Kosterlitz-Thouless !BKT"
transition, TBKT'16 K, discussed in Ref. 32, %ab goes to
zero, while %c remains finite. !The identification of the tran-
sition as BKT-type is supported by nonlinear transport be-
havior reported in Ref. 32." The ZFC !" is already 20% at
this point, which is reasonable for the onset of 2D supercon-
ducting order throughout the sample. The c-axis resistivity
finally goes to zero at T3D'10 K, where !( starts to slowly
decrease. The final onset of bulk 3D superconductivity is
Tc'5.5 K. Note that the ZFC !" is already nearly 70% of
the full response at Tc.
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FIG. 3. !Color online" !a" In-plane resistivity, %ab !circles", and
resistivity perpendicular to the planes, %c, divided by 103 !squares".
!b" Magnetic susceptibility measured with the field perpendicular to
the planes and !c" parallel to the planes for an applied field of 2 Oe.
! has been corrected for shape anisotropy and the offsets !to allow
plotting on a logarithmic scale" are 4&!"!60 K"=4.2'10−4 and
4&!(!60 K"=1.6'10−5. Vertical gray lines denote relevant tem-
peratures, with labels at the top.
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Cuprates: Superconductivity and Pseudogap

ARPES Fermi surface!
in pseudogap phase



Incoherent → nodal metal on cooling

Y.S. Lee et al., PRB (2005)



AF domains and nodal metal evolve cooperatively

Hücker et al., PRB (2008) Gor’kov+Teitel’baum, PRL (2006)

RH!
ρ!
χ



• Correlations in pseudogap phase develop 
from incoherent metal!

• No general theory for such correlations!

• Consider LBCO, where a specific kind of 
ordering occurs
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1/8 problem LTT

LTO

Moodenbaugh et al., PRB (1988)
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Charge and spin stripe order



La2-xBaxCuO4

Hücker et al., PRB (2011)

M. HÜCKER et al. PHYSICAL REVIEW B 83, 104506 (2011)

stripe order (SO) satellite reflections, the stripe correlations
between the planes, the melting of the stripe order, and the
compatibility with the generic stripe phase diagram. Further-
more, there is a great lack of information for x > 1/8 because
crystal growth becomes progressively more challenging with
increasing x.

These are the issues addressed in the present study on
La2−xBaxCuO4 single crystals with 0.095 ! x ! 0.155. We
have characterized the CO with high-energy single-crystal
x-ray diffraction (XRD), by probing the associated lattice
modulation.13,14,17 That a modulation of the electron density
truly exists has been demonstrated previously in Ref. 19 for
La1.875Ba0.125CuO4 by means of resonant soft x-ray scattering.
We have investigated the SO both in the traditional way, with
neutron diffraction (ND), as well as in a less conventional
way by tracing a recently identified weak ferromagnetic
contribution to the normal state magnetic susceptibility.51

The various structural phases have been studied mostly with
XRD, and to some extent with ND, and the SC phase was
analyzed with shielding and Meissner fraction measurements.
As a result, we obtain the temperature versus Ba-concentration
phase diagram displayed in Fig. 1. One of the key features
is that CO exists over the entire range of x that we have
studied, including the two bulk SC crystals with the lowest and
highest x and maximum Tc on the order of 30 K. According
to our quantitative analysis, the stripe order for these end
compositions is already extremely weak, while it is most
pronounced at x = 1/8. In the underdoped regime the CO
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FIG. 1. (Color online) Temperature vs hole-doping phase dia-
gram of La2−xBaxCuO4 single crystals. Onset temperatures: Tc of
bulk superconductivity (SC), TCO of charge stripe order (CO), TSO

of spin stripe order (SO), and TLT of the low-temperature structural
phases LTT and LTLO. At base temperature CO, SO, and SC coexist
at least in the crystals with 0.095 ! x ! 0.135. For x = 0.155 we
identified CO but not SO, and observe a mixed LTT and LTLO phase.
In the case of x = 0.095, very weak orthorhombic strain persists at
low T . For x = 0.165 we have measured Tc only, before the crystal
decomposed. Solid and dashed lines are guides to the eye. Although
TCO, TSO, and TLT for several x were also determined with XRD and
ND, most data points in this figure are from magnetic susceptibility
measurements. Here, only TSO for x = 0.095 is from ND and TCO

and TLT for x = 0.155 from XRD.

always disappears at the low-temperature structural transition,
and for three crystals we can show that it melts isotropically.
On the other hand, the onset of bulk SC left no noticeable mark
in our CO and SO data.

The rest of the paper is organized as follows: In Sec. II we
describe the experimental methods and the choice of reciprocal
lattice used to index the reflections. In Sec. III we present four
subsections dedicated to our results on crystal structure, CO,
SO, and SC. In Sec. IV we summarize the doping dependence
of the various properties as a function of the nominal and
an estimated actual Ba content, compare our results with the
literature, and in Sec. V finish with a short conclusion.

II. EXPERIMENTAL

A series of six La2−xBaxCuO4 single crystals with 0.095 !
x ! 0.155 has been grown at Brookhaven with the traveling-
solvent floating-zone method. Previously reported results on
some of the compositions, in particular on the x = 1/8 crystal,
have demonstrated a very high sample quality.20,34–36,44,51–55

Because the compositions of the single crystals can deviate
from their nominal stoichiometry (see Ref. 56), it has been
vital to measure the structure, stripe order, and SC on pieces
of the same crystal. In Fig. 2(a) we show the unit cell of the
high-temperature tetragonal (HTT) phase, with space group
I4/mmm. Although the supercells of the low-temperature
phases LTO (space group Bmab) and LTT (space group
P 42/ncm) have a

√
2 ×

√
2 larger basal plane rotated by 45◦,

we nevertheless specify the scattering vectors Q = (h,k,ℓ) in
all phases in units of (2π/at ,2π/at ,2π/c) of the HTT cell with
lattice parameters at ≃ 3.78 Å and c ≃ 13.2 Å.57 In order to
express the orthorhombic strain s in the LTO phase, we will
refer to the lattice constants ao and bo of the LTO supercell,
which are larger than at by a factor of ∼

√
2.

The XRD experiments were performed with the triple-axis
diffractometer at wiggler beamline BW5 at DESY.58 To
create optimum conditions for studying the bulk properties
in transmission geometry, most samples were disk shaped
with a diameter (∼5 mm) significantly larger than the beam
size of 1 × 1 mm2, and a thickness (∼1 mm) close to the
penetration depth of the 100 keV photons (λ = 0.124 Å).
Counting rates are normalized to a storage ring current of
100 mA. To evaluate the x dependence of a superstructure
reflection relative to x = 0.125, we have normalized its inten-
sity with an integrated intensity ratio I (0.125)/I (x) of a nearby
fundamental Bragg reflection. For example, to normalize
the (1,0,0) and (2 + 2δ,0,5.5) reflections, we have applied
the factors I(200)(0.125)/I(200)(x) and I(206)(0.125)/I(206)(x)
of the (2,0,0) and (2,0,6) Bragg reflections, respectively.

The ND data for x = 0.115, 0.125, and 0.135 were
collected with the triple-axis spectrometer SPINS located at the
NIST Center for Neutron Research using beam collimations
of 55′-80′-S-80′-open (S = sample) with fixed final energy
Ef = 5 meV. The x = 0.095 crystal was studied at triple-axis
spectrometer HB-1 at the High Flux Isotope Reactor, Oak
Ridge National Laboratory, using beam collimations of 48′-
48′-S-40′-136′ with Ef = 14.7 meV. The cylindrical crystals,
with a typical weight between 5 and 10 g, were mounted
with their (h,k,0) zone parallel to the scattering plane. Doping

104506-2
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t t  
t t t t  
3x4- . . . . .  

Figure 4. ( ( I )  A charged domain wall separating spin domains of opposite antiferromagnetic 
order parameter. (b) If domain walls are ‘broken up’, spin frustrations emerge and 
these events are excluded in the mean-field theory of sublattice parity order. (c) It is 
still possible for the shape of the stripe to fluctuate by constraining its trajectory to 
only NN and NNN links. (d) A typical configuration is the kink and the movements of 
these kinks are an important source of kinetic energy. (e)  An example of an undirected 
string configuration. ( f )  A typical directed string configuration. 

regard very differently from particles. In the quantum theory of particles, the con- 
tinuum limit can be reached by defining the theory on a lattice, taking subsequently 
the limit of the lattice constant going to zero. This is in general untrue for strings and 
the richness of high-energy string theory is in the last instance associated with the 
true continuum limit. In the stripe context, the problem starts out with tight-binding 
electrons moving on the crystal lattice. Hence, whatever else happens, the ultraviolet 
(UV) is lattice regularized and this turns out to be a most important condition 
determining the long-wavelength dynamics of the fluctuating stripe. String theory 
on a lattice is easy. It coincides with the statistical physics of crystal surfaces which 
appears to be completely understood (van Beijeren and Nolten 1987). 

Eskes et (11. specialized on the particular lattice strings which are of direct rele- 
vance in the present context; neighbouring ‘holes’ are connected by nearest- or next- 
nearest links on the lattice. Subsequently, Morais-Smith et al. (1998) (see also 
Dimashko et al. (1999) and Hasselmann et al. (1999)) studied a model with much 
weaker constraints, finding the same fixed points a t  long wavelengths, which suggests 
that the constraints are microscopic details that are unimportant for the universal 
long-wavelength physics. Eskes et al. managed to enumerate all possible phases of 
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Other approaches

Coulomb-frustrated phase separation
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FIG. 2. The half-width m of a striped phase plotted versus
4L/Q for K 0.
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FIG. 1. Types of ground states. (a) Phases consisting of
stripes of m up and m down spins. (b) Checkerboard phases of
size (2&2n). (c) Stripes with one row of zeros.

In order to describe the phase diagram obtained by this
procedure, the periodic states will be characterized as
(M, xM„)phases, where M and M„arethe sizes of the
unit cell in the x and y directions, respectively. Thus the
Neel state is a (2X2) phase, whereas a phase consisting
of positive and negative vertical stripes each of width m,
as shown in Fig. 1(a), corresponds to (2m&1) for m
1,2. . . . . The checkerboard phase shown in Fig. 1(b) is

specified by (2&2n).
First consider K 0, for which the model has only one

free parameter Q/L. There are no stable phases contain-
ing macroscopic numbers of sites with average spin equal
to zero. When v L/Q is decreased from infinity to 0.355,
the system passes through a succession of striped phases,
from m oo tom 1, as shown in Fig. 2. If 4L/Q is de-
creased further, the system passes from (2X 1) to the
N eel state (2x 2) via a series of (2& 2n ) checkerboard
phases, illustrated in Fig. 1(b). This second staircase is
much narrower, being confined to a region 0.33 & VL/Q(0.35. A thorough study did not reveal any intervening
phases between the regular stripes and the (2X 2n)
checkerboards. This wil) be discussed in greater detail
later.
If K&0, states containing zeros are even less favor-

able, and the phase diagram is the same as for K 0.
This is no longer true when K is positive, and then it is
necessary to use two parameters Q/K and LlK to specify

2Nl

H g rr;rr;V(i —j), (3)

5.0

40

3.0

2.0-

1.0

0.00.0

000
000

1.0 2.0
Q/K

I

3.0 4.0

+—+-
-+-+

5.0

FIG. 3. Phase diagram for E&0. The structures of the
ground states are marked symbolically. The approach to the
L/K axis proceeds via an infinite sequenm of striped phases (not
shown).

the phase diagram. In this case, new phases consisting of
stripes of width 2m separated by stripes of zeros, as illus-
trated in Fig. 1(c), appear for Q/K and L/K small.
When Q/K and L/K are large, the phase diagram is simi-
lar to the case of K 0. The complete phase diagram for
K )0 is shown in Fig. 3.
Since the relevant states are doubly periodic with

periods M, and M„along the x and y directions, respec-
tively, it is possible to obtain a deeper understanding of
the phase diagram on the infinite lattice by reducing the
problem to an effective model within the (M, xM„)unit
cell. The argument will be presented for the striped
phases, which are of greatest interest here. They corre-
spond to M, 2m, M„ 1, and, in-cell, the model is a
one-dimensional spin-half Ising model on a periodic lat-
tice of 2m sites. The effective Hamiltonian may be writ-
ten
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Pairing and superconductivity from stripes
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S.A. Kivelson, E. Fradkin, & V.J. Emery, Nature (1998)

in which points on the stripes are labelled by a stripe
number, j, and by a position x along the stripe direc-
tion. Then the stripe configuration is described by the
transverse displacement in the y-direction, Yj(x), of the
jth stripe at position x. (See Fig.1.) Because of the spin
gap, the only other low energy degrees of freedom involve
fluctuations of the charge density, ρj(x), on each stripe,

ρj(x) = ρ̄ + ρ0 cos[
√

2πφj + 2kF Lj(x)], (2)

Lj(x) =

! x

0
dx′

"

1 + (∂x′Yj)2 + Lj(0) (3)

where φj(x) defines the phase of the CDW with wave vec-
tor equal to twice the Fermi wave vector kF and Lj(x)
is the arc-length along stripe j. The quantum dynamics
of this system is equivalent to a theory of the longitudi-
nal (φj) and transverse (Yj) vibrations of coupled elastic
strings. Technically, this defines the fixed point Hamilto-
nian for the smectic phase. (A substrate potential would
inevitably lock the smectic phase to a wave vector com-
mensurate with the underlying crystal lattice, and hence
the transverse modes would be gapped.12)

x
1

2

 3

 4

j

Y(x)

FIG. 1. Schematic representation of a smectic stripe phase.
The coloured circles represent periodic stuctures along the
stripes, which are forced out of phase by the transverse fluc-
tuations

The coupling between the CDW’s on neighbouring
stripes is of the form

Hc =
#

j

!

dxV (∆jY ) cos[
√

2π(∆jφ) − 2kF (∆jL)] (4)

plus higher harmonics. Here Lj is the arc-length defined
in Eq. (3), ∆jF ≡ Fj+1 − Fj , and the function V [∆jY ]
reflects the fact that CDW’s on adjacent stripes are more
strongly coupled where the stripes are close together than
where they are far apart. When this coupling is strong,
it will drive the system into a fully-crystalline state. Fi-
nally, there is a term in the Hamiltonian representing the
Josephson tunnelling of (superconducting) pairs of elec-
trons between stripes. The tunnelling matrix element

J (Y ) ≈ J0 exp[αY ] (5)

depends roughly exponentially on the local spacing of the
stripes. The fact that superconductivity is a k = 0 order
implies that the Josephson coupling does not depend on
the arc length Lj , and hence it is not affected by the
geometry of the stripes.

With this background, it is possible to state our cen-
tral point that, to all orders in perturbation theory in
powers of V , all terms that are not invariant under the
transformation φj(x, τ) → φj(x, τ) + δj for arbitrary
δj are non-vanishing only near the “surface,” so in the
thermodynamic limit there is no locking of the phase of
the CDW fluctuations on neighbouring stripes. (Tech-
nically, this proves that the fixed point Hamiltonian is
perturbatively stable.) The physical origin of this ef-
fect is easily understood. The difference in arc lengths,
∆jL = Lj+1(x) − Lj(x), is a sum of contributions of
random sign, and more or less independently distributed
along the distance |x|. For this reason, ∆jL (and the
dephasing) grow with increasing |x| as in a random walk,
i.e. |∆jL|2 ∼ D|x|, where D is a quantum diffusion con-
stant.

This result may be obtained formally13 by integrating
out the stripe fluctuations (Y ) perturbatively in powers
of V and, subsequently, J . To first order in V , the ef-
fective interaction between the CDW’s on neighbouring
stripes, V (1)(φ1 − φ2), is given by the expression

V (1) = ⟨V (∆Y ) cos[
√

2π(∆φ) − 2kF (∆L)]⟩, (6)

where < > implies averaging over transverse stripe fluc-
tuations. To lowest order in a cumulant expansion

V (1) = Ṽ cos[
√

2π(∆φ)],

Ṽ = ⟨V (∆Y )⟩ exp{−(2k2
F )⟨[∆L]2⟩}

≈ ⟨V (∆Y )⟩ exp[−(2k2
F D)|x|]. (7)

This expression, which can readily be extended to higher
order in perturbation theory and higher order in the cu-
mulant expansion, captures the essential general point
of physics- that the coupling between CDW’s vanishes
very rapidly except in a region of width ∼ (2k2

F D)−1 at
the ends of the stripes and hence can be ignored in the
thermodynamic limit.14

It is interesting to note that the quantum problem may
be reformulated as a classical theory in space-time to
bring out the close analogy with a well established phase
of conventional liquid crystals, the three-dimensional
hexatic smectic B phase.15 In the space-time represen-
tation, the world sheets of the stripes can be regarded
as classical fluctuating membranes and the CDW fields
are analogous to a two-dimensional hexatic phase living
on the membrane. Despite the fact that the power-law
order in the plane of each “membrane” is modulated only
in the space direction, whereas the classical hexatic has
a triangular lattice form, this analogy assures us that we
have not omitted any important interactions from our
analysis.

2

Superconducting stripes must fluctuate!
to avoid CDW order along stripes



Competing kinetic and exchange energies

DMRG calculations on t-J model

open ends break the translational symmetry in the x-direction, giv-
ing rise to nonhomogeneous finite values of the hole occupation
hnii and spin Sz

i

! "
. The basic pattern consists of domain walls con-

taining excess hole density separated by p-phase shifted antiferro-
magnetic regions. There are four holes per domain wall, and as we
will discuss this linear filling of 0.5 holes per unit length of the do-
main wall is the preferred filling. Here the boundary conditions
only act to pin the stripes and calculations with different boundary
conditions provide evidence that the basic stripe pattern is
intrinsic.

A more detailed look at the domain wall structure is shown in
Fig. 2. Here the ‘x dependence of the average hole density

nhð‘xÞ ¼
1
Ly

XLy

‘y¼1

1$ cy‘x‘y"
c‘x‘y" þ cy‘x‘y#

c‘x‘y#

D E# $
ð2Þ

and the spin structure

Spð‘xÞ ¼
1
Ly

XLy

‘y¼1

ð$1Þ‘xþ‘y hSzð‘x; ‘yÞi ð3Þ

are shown as a function of the x-coordinate ‘x. The charge structure
of these domain walls is evident as is the p-phase shifted antiferro-
magnetic regions separating them.

In Fig. 3, we show the energy per hole as a function of the linear
hole density q‘ measured on a 16 & 6 system with open end
boundary conditions and with a staggered p-phase shifted mag-

netic field of magnitude h = 0.1 applied to the top and bottom rows
of sites. There is a minimum for a linear density q‘ ' 0.5. The
dashed line on this plot shows the energy of one hole on an
8 & 8 lattice with a staggered field of magnitude 0.1 on all four
sides while the dash-dot line is the energy per hole of two holes
on this lattice. The fact that the energy per hole of two holes is low-
er than that of a single hole indicates that two holes pair in agree-
ment with exact diagonalization studies. However, we note that
the energy per hole associated with the domain wall for q‘ ' 0.5
is even lower suggesting that pairs condense into domain walls
even at low doping. The interaction between domain walls was
also studied and was found to be repulsive.

Thus for x [ 0.125, q‘ ' 0.5 (1, 0) domain walls are favored and
their spacing d is equal to (2x)$1. For x J 0.17, the DMRG calcula-
tions find q‘ ’ 1 domain walls begin to form. At this filling the en-
ergy per hole for the (1, 0) and (1, 1) walls, as well as the pairs, are
nearly degenerate leading to large fluctuations in the configura-
tions [12].

In addition to the charge and spin structure of the domains, they
also exhibit an underlying pairfield structure which can be de-
scribed in terms of the near neighbor pairfield operators

Dyxð‘x; ‘yÞ ¼
1ffiffiffi
2
p cy"ð‘x þ 1; ‘yÞcy#ð‘x; ‘yÞ $ cy#ð‘x þ 1; ‘yÞcy"ð‘x; ‘yÞ

# $
ð4Þ

and

Dyyð‘x; ‘yÞ ¼
1ffiffiffi
2
p cy"ð‘x; ‘y þ 1Þcy#ð‘x; ‘yÞ $ cy#ð‘x; ‘y þ 1Þcy"ð‘x; ‘yÞ

# $
ð5Þ

The first term creates a singlet pair on the (‘x + 1, ‘y) $ (‘x, ‘y) link of
the lattice and the second term creates a pair on a corresponding
y-link. Since the stripes have broken the C4 rotational symmetry
of the lattice, the pairfield–pairfield correlations for x-link pairs
differ from those of the y-link pairs. However, the d-wave-like
nature of the pairing correlations is evident in the fact that
Dy ‘0x; ‘

0
y

# $
Dyxð‘x; ‘yÞ

D E
is found to be negative[9].

Based on the behavior of the two-leg t–J ladder [13,14], it is nat-
ural to expect that the stripes will exhibit pairfield correlations. For
the two-leg ladder, one knows that these correlations have a power
law decay and indeed if a sufficient number of states are kept in the
DMRG calculations, a power law decay is observed. However, the

0.35

0.25

Fig. 1. Hole density and spin moments on a center section of a 16 & 8 t–J lattice
with J/t = 0.35 and an average hole density x = 0.125. The diameter of the circles is
proportional to the hole density hniion the ith site and the length of the arrows is
proportional to Sz

i

! "
according to the scales shown. The arrows are color coded to

show different antiferromagnetic domains. This structure depends on the boundary
conditions as discussed in the text. (From [8].)
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Fig. 2. Average hole density nh(‘x) (solid circles) and spin structure function Sp(‘x)
(open squares) versus ‘x for the 16 & 8 system of Fig. 1 [11].
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Fig. 3. Energy per hole for a 16 & 6 stripe versus the linear density of holes q‘. The
horizontal lines mark the energy per hole of one hole (dashed line) and two holes
(dot-dashed line) placed on an open 8 & 8 lattice with a staggered field of
magnitude 0.1 on all four sides [12].
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Find ~ 0.5 hole/site; consistent with experiment
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Competing superconducting states in t-J model
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FIG. 1. (Color online) Competing low-energy states in the t-J
model found with iPEPS simulations using di↵erent supercells
(J/t = 0.4). The diameter of the red dots (length of the ar-
rows) is proportional to the local hole density (local magnetic
moment) with average values given by the first (second) row
of numbers below a panel. The width of a bond between two
sites scales with the (singlet) pairing amplitude on the corre-
sponding bond with di↵erent sign in horizontal and vertical
direction indicated by the two di↵erent colors. [U] Uniform d-
wave superconducting state with coexisting antiferromagnetic
order (� ⇠ 0.1, D = 14), where two di↵erent tensors for the
two sublattices have been used. [W5] A site-centered vertical
stripe state of width W = 5 with in-phase d-wave order in a
5 ⇥ 2 supercell (� ⇠ 1/8, D = 14). [W5AP] A site-centered
stripe state of width W = 5 with anti-phase d-wave order in
a 10 ⇥ 2 supercell (� ⇠ 1/8, D = 10). [Diag] A fully-doped
(⇢

l

= 1), insulating diagonal stripe in a L ⇥ L cell using L
di↵erent tensors at a doping � = 1/L (here L = 5, D = 14).
We considered sizes up to L = 11.

similar ansatz has been employed in Ref. [37], however,
here we use a more accurate optimization scheme (the
full update, cf. Ref. [27]) to find the best variational pa-
rameters. We also push the simulations to larger bond
dimensions by exploiting U(1) symmetries [38, 39] and a
more e�cient contraction method (see supplemental ma-
terial [40]).

We compare various competing low-energy states in
the t-J model by using di↵erent supercell sizes in iPEPS,
e.g. a uniform state with d-wave SC order coexisting with
AF order at low doping, and di↵erent types of stripe
states, with examples presented in Fig. 1. Each panel
shows several order parameters computed with iPEPS:
the hole density �

i

= 1 � hn̂
i

i and the local magnetic
moment Ŝz

i

on each site i, and the singlet pairing ampli-
tude � = hĉ

i"ĉj# � c
j#ĉi"i/

p
2 between neighboring sites

i and j.

Uniform d-wave state – We first discuss the results ob-
tained with an iPEPS consisting of only two tensors, one
for each sublattice, for J/t = 0.4. The lowest energy state
we find with this ansatz has a uniform charge distribution
and a d-wave SC order, coexisting with AF order at low
doping (see [U] in Fig. 1). A similar state has been found
in several previous studies [10, 41–47], however, here we
obtain a lower variational energy for this state than the
best result from fixed-node Monte Carlo combined with
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FIG. 2. (Color online) (a) Energies of the competing states
as a function of inverse bond dimension for � = 0.12. The
horizontal lines show the best fixed-node Monte Carlo result
(with 2 Lanczos steps) from Ref. [47]. (b)-(c) Order param-
eters of the uniform d-wave state as a function of doping:
(b) the pairing amplitude � and (c) the local magnetic mo-
ment m. The extrapolated values have been obtained from
a linear extrapolation of the finite D data, which provides a
rough estimate of the order parameters in the infinite D limit.
(d) Order parameters of the W5 stripe state as a function of
inverse D for � = 0.12: the modulation strength of the local
hole density �n = n

max

� n
min

and of the local magnetic
moment �m = m

max

�m
min

, where n = hn̂i and m = |hŜ
z

i|
are evaluated on each lattice site in the supercell. The filled
squares show the maximal singlet pairing |�|. The order pa-
rameters decrease with increasing D, but remain finite in the
infinite D limit. The dashed lines are a guide to the eye.

two Lanczos steps (FNMC+2L) [47], see Fig. 2(a). For
example, at doping � = 0.12 we find an energy per hole
E

hole

= (E
s

� E
0

)/� = �1.578t for D = 14, where E
s

is
the energy per site and E

0

= �0.467775 the value at zero
doping taken from Ref. [48]. This value is considerably
lower than E

hole

= �1.546t obtained for a system with
N = 162 in Ref. [47], where the energy increases with
system size.

In Fig. 2(b) we present results for the singlet pairing
amplitude � of the uniform state as a function of doping,
for D = 6, D = 12 and the extrapolated data in 1/D (see
[40] for additional data). It is suppressed with increas-
ing D, but tends to a finite value in the infinite D limit,
� ⇡ 0.025 for � = 0.12. The local magnetic moment
m shown in Fig. 2(c) decreases rapidly with doping, and
is also suppressed with increasing D. For � . 0.1 the
extrapolated value of m in 1/D is finite, but it vanishes
for larger �. Thus, we find coexisting d-wave and anti-
ferromagnetic order for � . 0.1 in close agreement with
previous results [10, 42–47].
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FIG. 1. (Color online) Competing low-energy states in the t-J
model found with iPEPS simulations using di↵erent supercells
(J/t = 0.4). The diameter of the red dots (length of the ar-
rows) is proportional to the local hole density (local magnetic
moment) with average values given by the first (second) row
of numbers below a panel. The width of a bond between two
sites scales with the (singlet) pairing amplitude on the corre-
sponding bond with di↵erent sign in horizontal and vertical
direction indicated by the two di↵erent colors. [U] Uniform d-
wave superconducting state with coexisting antiferromagnetic
order (� ⇠ 0.1, D = 14), where two di↵erent tensors for the
two sublattices have been used. [W5] A site-centered vertical
stripe state of width W = 5 with in-phase d-wave order in a
5 ⇥ 2 supercell (� ⇠ 1/8, D = 14). [W5AP] A site-centered
stripe state of width W = 5 with anti-phase d-wave order in
a 10 ⇥ 2 supercell (� ⇠ 1/8, D = 10). [Diag] A fully-doped
(⇢

l

= 1), insulating diagonal stripe in a L ⇥ L cell using L
di↵erent tensors at a doping � = 1/L (here L = 5, D = 14).
We considered sizes up to L = 11.

similar ansatz has been employed in Ref. [37], however,
here we use a more accurate optimization scheme (the
full update, cf. Ref. [27]) to find the best variational pa-
rameters. We also push the simulations to larger bond
dimensions by exploiting U(1) symmetries [38, 39] and a
more e�cient contraction method (see supplemental ma-
terial [40]).

We compare various competing low-energy states in
the t-J model by using di↵erent supercell sizes in iPEPS,
e.g. a uniform state with d-wave SC order coexisting with
AF order at low doping, and di↵erent types of stripe
states, with examples presented in Fig. 1. Each panel
shows several order parameters computed with iPEPS:
the hole density �

i

= 1 � hn̂
i

i and the local magnetic
moment Ŝz

i

on each site i, and the singlet pairing ampli-
tude � = hĉ

i"ĉj# � c
j#ĉi"i/

p
2 between neighboring sites

i and j.

Uniform d-wave state – We first discuss the results ob-
tained with an iPEPS consisting of only two tensors, one
for each sublattice, for J/t = 0.4. The lowest energy state
we find with this ansatz has a uniform charge distribution
and a d-wave SC order, coexisting with AF order at low
doping (see [U] in Fig. 1). A similar state has been found
in several previous studies [10, 41–47], however, here we
obtain a lower variational energy for this state than the
best result from fixed-node Monte Carlo combined with
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eters of the uniform d-wave state as a function of doping:
(b) the pairing amplitude � and (c) the local magnetic mo-
ment m. The extrapolated values have been obtained from
a linear extrapolation of the finite D data, which provides a
rough estimate of the order parameters in the infinite D limit.
(d) Order parameters of the W5 stripe state as a function of
inverse D for � = 0.12: the modulation strength of the local
hole density �n = n

max

� n
min

and of the local magnetic
moment �m = m

max

�m
min

, where n = hn̂i and m = |hŜ
z

i|
are evaluated on each lattice site in the supercell. The filled
squares show the maximal singlet pairing |�|. The order pa-
rameters decrease with increasing D, but remain finite in the
infinite D limit. The dashed lines are a guide to the eye.

two Lanczos steps (FNMC+2L) [47], see Fig. 2(a). For
example, at doping � = 0.12 we find an energy per hole
E

hole

= (E
s

� E
0

)/� = �1.578t for D = 14, where E
s

is
the energy per site and E

0

= �0.467775 the value at zero
doping taken from Ref. [48]. This value is considerably
lower than E

hole

= �1.546t obtained for a system with
N = 162 in Ref. [47], where the energy increases with
system size.

In Fig. 2(b) we present results for the singlet pairing
amplitude � of the uniform state as a function of doping,
for D = 6, D = 12 and the extrapolated data in 1/D (see
[40] for additional data). It is suppressed with increas-
ing D, but tends to a finite value in the infinite D limit,
� ⇡ 0.025 for � = 0.12. The local magnetic moment
m shown in Fig. 2(c) decreases rapidly with doping, and
is also suppressed with increasing D. For � . 0.1 the
extrapolated value of m in 1/D is finite, but it vanishes
for larger �. Thus, we find coexisting d-wave and anti-
ferromagnetic order for � . 0.1 in close agreement with
previous results [10, 42–47].
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(J/t = 0.4). The diameter of the red dots (length of the ar-
rows) is proportional to the local hole density (local magnetic
moment) with average values given by the first (second) row
of numbers below a panel. The width of a bond between two
sites scales with the (singlet) pairing amplitude on the corre-
sponding bond with di↵erent sign in horizontal and vertical
direction indicated by the two di↵erent colors. [U] Uniform d-
wave superconducting state with coexisting antiferromagnetic
order (� ⇠ 0.1, D = 14), where two di↵erent tensors for the
two sublattices have been used. [W5] A site-centered vertical
stripe state of width W = 5 with in-phase d-wave order in a
5 ⇥ 2 supercell (� ⇠ 1/8, D = 14). [W5AP] A site-centered
stripe state of width W = 5 with anti-phase d-wave order in
a 10 ⇥ 2 supercell (� ⇠ 1/8, D = 10). [Diag] A fully-doped
(⇢

l

= 1), insulating diagonal stripe in a L ⇥ L cell using L
di↵erent tensors at a doping � = 1/L (here L = 5, D = 14).
We considered sizes up to L = 11.

similar ansatz has been employed in Ref. [37], however,
here we use a more accurate optimization scheme (the
full update, cf. Ref. [27]) to find the best variational pa-
rameters. We also push the simulations to larger bond
dimensions by exploiting U(1) symmetries [38, 39] and a
more e�cient contraction method (see supplemental ma-
terial [40]).

We compare various competing low-energy states in
the t-J model by using di↵erent supercell sizes in iPEPS,
e.g. a uniform state with d-wave SC order coexisting with
AF order at low doping, and di↵erent types of stripe
states, with examples presented in Fig. 1. Each panel
shows several order parameters computed with iPEPS:
the hole density �

i

= 1 � hn̂
i

i and the local magnetic
moment Ŝz

i

on each site i, and the singlet pairing ampli-
tude � = hĉ

i"ĉj# � c
j#ĉi"i/

p
2 between neighboring sites

i and j.

Uniform d-wave state – We first discuss the results ob-
tained with an iPEPS consisting of only two tensors, one
for each sublattice, for J/t = 0.4. The lowest energy state
we find with this ansatz has a uniform charge distribution
and a d-wave SC order, coexisting with AF order at low
doping (see [U] in Fig. 1). A similar state has been found
in several previous studies [10, 41–47], however, here we
obtain a lower variational energy for this state than the
best result from fixed-node Monte Carlo combined with
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as a function of inverse bond dimension for � = 0.12. The
horizontal lines show the best fixed-node Monte Carlo result
(with 2 Lanczos steps) from Ref. [47]. (b)-(c) Order param-
eters of the uniform d-wave state as a function of doping:
(b) the pairing amplitude � and (c) the local magnetic mo-
ment m. The extrapolated values have been obtained from
a linear extrapolation of the finite D data, which provides a
rough estimate of the order parameters in the infinite D limit.
(d) Order parameters of the W5 stripe state as a function of
inverse D for � = 0.12: the modulation strength of the local
hole density �n = n

max

� n
min

and of the local magnetic
moment �m = m

max

�m
min

, where n = hn̂i and m = |hŜ
z

i|
are evaluated on each lattice site in the supercell. The filled
squares show the maximal singlet pairing |�|. The order pa-
rameters decrease with increasing D, but remain finite in the
infinite D limit. The dashed lines are a guide to the eye.

two Lanczos steps (FNMC+2L) [47], see Fig. 2(a). For
example, at doping � = 0.12 we find an energy per hole
E

hole

= (E
s

� E
0

)/� = �1.578t for D = 14, where E
s

is
the energy per site and E

0

= �0.467775 the value at zero
doping taken from Ref. [48]. This value is considerably
lower than E

hole

= �1.546t obtained for a system with
N = 162 in Ref. [47], where the energy increases with
system size.

In Fig. 2(b) we present results for the singlet pairing
amplitude � of the uniform state as a function of doping,
for D = 6, D = 12 and the extrapolated data in 1/D (see
[40] for additional data). It is suppressed with increas-
ing D, but tends to a finite value in the infinite D limit,
� ⇡ 0.025 for � = 0.12. The local magnetic moment
m shown in Fig. 2(c) decreases rapidly with doping, and
is also suppressed with increasing D. For � . 0.1 the
extrapolated value of m in 1/D is finite, but it vanishes
for larger �. Thus, we find coexisting d-wave and anti-
ferromagnetic order for � . 0.1 in close agreement with
previous results [10, 42–47].
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system. Fig. 3(b) shows that for J/t = 0.2 the optimal
⇢
l

is ⇡ 0.35, i.e. smaller than half filling, whereas for
J/t = 0.8 the minimum energy per hole is found for a
fully-doped stripe (⇢

l

= 1).
Nematic case – Motivated by the fourfold rotational

lattice symmetry breaking in each CuO
2

layer in the LTT
phase of La

2�x

Ba
x

CuO
4

and related compounds around
x = 1/8 we study the e↵ect of a nematic anisotropy
in the t-J model. In Fig. 4(a) we show the results for
t
x

= 0.85t
y

and J
x

= (0.85)2J
y

with J
y

/t
y

= 0.4, at
a doping � = 0.1. Comparing with the isotropic case,
the vertical W5 stripe state has lowered its energy with
respect to the uniform state, which shows that nematic-
ity helps to stabilize the stripe state, in agreement with
previous findings [60–62]. We also find that the optimal
stripe filling is shifted towards smaller doping, around
⇢
l

⇡ 0.4, see [40].
At low doping the preferred orientation of the stripe

is along the direction with stronger couplings, i.e the y-
direction in this case as found in Refs. [61–63] (and in
Ref. [60] for non-superconducting stripes). However, we
find that at large doping (� & 0.14) it is the opposite ori-
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FIG. 4. (Color online) (a) Energies as a function of inverse
bond dimension for � = 0.1 in the nematic t-J model with
J/t = 0.4 and t

x

= 0.85t. (b) The pairing amplitude of
the uniform state decreases with increasing nematicity (here
(t

x

+t
y

)/2 = 1 and (J
x

/t
x

+J
y

/t
y

)/2 = 0.4 are kept constant,
� = 0.13, D = 8).

entation which is preferred, i.e. horizontal stripes. This
can be understood by looking at the energy contribu-
tions in the two spacial directions in the isotropic case
(see [40] for the individual energy contributions): For a
vertical stripe around half filling the exchange term EJ

is dominant over the kinetic term Ekin, and it is stronger
(lower) in y- than in x-direction, Ekin

y

< Ekin

x

. Thus,
in the nematic case the stripe can minimize its energy
by orienting itself parallel to the direction with stronger
couplings. However, for large � it is the transverse kinetic
energy Ekin

x

which is dominant, since with increasing dop-
ing EJ becomes weaker. Furthermore, EJ

x

< EJ

y

at large
doping, so that for the total energy we find Etot

x

< Etot

y

.
Thus, in the nematic case at large doping it is favorable
for the stripe to form perpendicular to the direction with
stronger couplings. [A similar conclusion for fully-doped
stripes has been reached in Ref. [60].]

Finally, we study the e↵ect of the nematicity on the
pairing amplitude, shown in Fig. 4(b). For both the uni-
form and the stripe state we find that the pairing am-
plitude is suppressed with increasing nematicity, i.e. the
maximal pairing is obtained in the isotropic case.

Conclusion – Even with a substantially higher accu-
racy than in previous studies, and in the limit of an in-
finite system where boundary and finite size e↵ects are
negligible, we still find an extremely close competition
between the uniform and the vertical stripe state. The
origin of this near degeneracy remains a crucial open
question and requires further theoretical investigation.
One possibility is that the nearest-neighbor t-J model is
at or close to a phase transition which separates the two
states, i.e. small additional terms in the Hamiltonian can
be enough to stabilize one of the states. These additional
terms depend on the particular cuprate compound, and
we believe that studying the e↵ect of these terms will
explain why stripes appear in certain materials whereas
other compounds show no signs of stripes. For example,
here we confirmed that a nematic anisotropy, which can
be found in the LTT phase of La

2�x

Ba
x

CuO
4

, favors the
stripe state over the uniform state.

We have studied the properties of the competing states
individually: the uniform state has d-wave order coexist-
ing with antiferromagnetic order for � . 0.1. The pairing
amplitude increases with J/t approximately linearly and
gets suppressed with increasing nematicity. The vertical
stripe state is site-centered and has a finite modulation
amplitude of the spin and charge order. Stripes with
anti-phase order have a similar or only slightly higher
energy than stripes with in-phase order. In the presence
of a nematic anisotropy the stripe orientation depends
on the doping. Finally, we have shown that the optimal
stripe filling is not necessarily ⇢

l

= 0.5, but depends on
J/t. Therefore, a theory of the physics of stripes should
include the optimal stripe filling as a free parameter.

P. Corboz, T.M. Rice, & M. Troyer, PRL (2014)

J/t = 0.4uniform stripe

PDW

variational studies using infinite projected-entangled pair states (iPEPS)

PDW very close in energy to SC stripes;!
Both are lower in energy than uniform SC

P.A. Lee, “Amperean Pairing”, PRX (2014)



Decoupling evidence:  c-axis optical conductivity

VOLUME 86, NUMBER 3 P H Y S I C A L R E V I E W L E T T E R S 15 JANUARY 2001

1.0

0.8

0.6

0.4

0.2

0.0

R
ef

le
ct

iv
ity

250200150100500

Wave Number (cm
-1

)

 x=0.2(100K)
 x=0.2(8K)
 x=0.15(100K

                      & 8K)

La1.6-xNd0.4SrxCuO4

E // c

Nd-free(x=0.15)

Nd-free(x=0.2)

FIG. 1. The c-axis reflectivity spectra of La1.62xNd0.4SrxCuO4
for x ! 0.15 and 0.20 above and below Tc. The 8-K spectra
of Nd-free crystals with the same Sr contents are presented by
dashed curves as references [9].

some amount of uncondensed carriers appearing as a result
of possible coexistence with the normal metallic region in
the highly doped compounds [15].

In the crystals with y ! 0.4, no clear Josephson plasma
edge can be seen at 8 K lower than Tc (12 K for x ! 0.15
and 16 K for x ! 0.20). Although the low-v limit of
the present experiment is 30 cm21, the reflectivity above
30 cm21 should show an incipient decrease below Tc if the
plasma edge is located not far below 10 cm21. Therefore,
the absence of such a decrease in Fig. 1 indicates that the
plasma edge is suppressed far below 10 cm21 even if it
may exist. On the other hand, the spectrum for x ! 0.2
shows a slight decrease in reflectivity below Tc, suggesting
a plasma edge located about 30 cm21 in a heavily damped
form due to residual conductivity within the superconduc-
tivity gap. In either case, the static stripe order radically
suppresses the interlayer phase coherence between the su-
perconducting CuO2 planes.

The question is if the collective pinning potential could
be switched on continuously or discontinuously with
increasing y. Motivated by this problem, we investigated
the Nd-content ! y" dependence of the spectrum for Sr
content fixed at x ! 0.15. Figure 2 shows the temperature
dependence of resistivity in the c direction for various y’s.
With increasing y, resistivity increases and Tc decreases.
When y exceeds 0.12, resistivity exhibits a small jump at
Td (#40 K for y ! 0.20, for example), certainly corre-
sponding to the phase transition from the low-temperature-
orthorhombic (LTO) to the low-temperature-tetragonal
structure [12]. According to Ref. [16], the onset tempera-
ture of static stripe order coincides with, or is slightly
lower than, Td . For the Nd content slightly larger than
0.12 ( y ! 0.12 1 d, d , 0.01), the phase transition
was found below Tc in the rc!T" measurement when
suppressing superconductivity in a high magnetic field
!#7 T" [12]. The superconducting transition is sharp for
any compound, indicating homogeneous distribution of Sr

FIG. 2. T dependence of the c-axis resistivity for
La1.852yNdySr0.15CuO4 with various y’s.

and Nd atoms in a crystal. Changes of the phase transition
temperatures Td and Tc with y are plotted in Fig. 3. It
is seen in the figure that the LTT phase rapidly develops
above y ! 0.12, while the change in Tc is steepest at
y # 0.12 but is overall rather moderate.

Figure 4 shows the c-axis spectra of La1.852yNdy-
Sr0.15CuO4 with various y’s at 8 K. For larger y’s (! 0.2
and 0.4), where Td . Tc, i.e., the superconducting state
is in the LTT phase, the Josephson plasma edge can
hardly be seen. For the same reason described earlier,
we can conclude that the screened plasma frequency
v0

ps ! vps$e1$2
` (e` ! 25 in the present case) would

be reduced to, at most, 10 cm21 in the LTT phase. For
smaller y’s in the LTO phase, as y increases, the plasma
edge shifts towards lower frequency, accompanied by an
increase of a dip reflectivity. The low-v shift of the edge
implies weakening of the Josephson coupling strength
between the layers, while the dip shallowing is indicative
of a little increase in inhomogeneity such as an increase of
residual conductivity or distribution of Josephson plasma
frequency. Note that a precursory decrease of v0

ps with
y is observed even in the LTO phase at y , 0.12. This

80

60

40

20

0

Te
m

pe
ra

tu
re

 (K
)

0.40.30.20.10.0

y

12

10

8

6

4

2

0

ω ps
 2 (1

04  c
m

-2
)

LTO

LTT 

La1.85-yNdySr0.15CuO4

Tc

Td

ωps
2

FIG. 3. Nd-content ! y" dependence of Tc (open circle), Td
(solid circle), and v2

ps (triangle) for La1.852yNdySr0.15CuO4.
Solid curves are guides for the eye.

501

S. Tajima et al., PRL (2001)

La1.85-yNdySr0.15CuO4

unprecedented and unexpected result [11]. We define the
magnetic field that is sufficient to quench the c-axis super-
fluid density below the sensitivity of our measurement to
be the decoupling field HDðTÞ.

The temperature dependence of HDðTÞ is plotted in
Fig. 1(a) for x ¼ 0:1 (red circles). With increasing tem-
perature, correspondingly smaller fields are needed to
quench the JPR. It is instructive to analyze this decoupling
line in conjunction with other characteristics of the vortex
state; in Fig. 1(c) we reproduce magnetoresistance data
presented by Lake et al. [12]. White circles represent the
solid-to-liquid vortex phase transition and we have empha-
sized the constant contour of resistivity near the Tc value
with a thick solid white line. This contour represents an
estimate of the resistive critical field H!

c2ðTÞ [13], which
can be thought of as the loss of long-range phase coherence
within the CuO2 planes. The resistive transition to the
normal state is gradual. However, H!

c2ðTÞ should be con-
sidered a lower bound on the mean-field pair-breaking field
Hc2ðTÞ as Nernst effect measurements and specific heat
data suggest Hc2ðTÞ is much higher and most likely re-
mains temperature independent at low temperatures com-
pared to Tc [14,15]. Figure 1(c) shows that the decoupling
field is located in the vortex liquid region, well below the
loss of long-range superconducting order and the pair-
breaking field [13,15,16]. In the following, we provide
evidence that the decoupling line marks a crossover from
3D SC with prominent Josephson coupling to 2D SC char-
acterized by isolated CuO2 planes.

In accord with the latter statement, we performed a-axis
polarized reflection measurements and observed only
slight degradation of the in-plane superfluid density in

magnetic field by HDðTÞ, within error (Table I) [17]. The
anisotropy of the superfluid density (!a

s =!
c
s) is dramati-

cally enhanced, by at least a factor of 10, due to the
depletion of the c-axis superfluid in magnetic field. We
conclude that superconducting pairing within the CuO2

planes is unharmed by the loss of interlayer coherence.
An implication of these results is that an isolated CuO2

plane in bulk La214 can maintain high-Tc SC.
To illustrate how the in-field behavior changes with

doping, Fig. 1(b) and 2 present the c-axis loss function
spectra ($Im½1="ð!Þ&). The loss function quantifies the
response of longitudinal modes such as the JPR, which
produces a sharp peak centered at ! ¼ !p. For the UD
samples (x ¼ 0:1, 0.125), the peak in the loss function is
quenched at low temperatures with only a modest applied
magnetic field, while for the near optimally doped (OD)
samples (x ¼ 0:15 and 0.17), the suppression is much
weaker. These distinctions between the UD and OD crys-
tals are evident from the inspection of the insets to Fig. 2,
where we plot the normalized superfluid density
ð!sðH; TÞ=!s0ðTÞÞ versus applied field. (We used a tech-
nique described in Ref. [18] to determine the extrapolation
independent superfluid density from the imaginary part of

TABLE I. Superfluid density measured for x ¼ 0:1 La214 at
T ¼ 8 K, with experimentally established upper or lower bounds
for in-field suppression

H (Tesla) !a
s ðHÞ
!a
s ð0Þ #ab (nm) !c

s ðHÞ
!c
s ð0Þ #cð$mÞ !a

s

!c
s

0 1 406' 9 1 12:6' 0:4 103

8 (0:70 )485 )0:07 (48 (104

FIG. 1 (color online). (a) Far-infrared reflectance of x ¼ 0:1 La214 showing the evolution of the JPR at T ¼ 8 K in magnetic field.
By 8 T, the reflectance is restored to the normal state value within the signal to noise of our experiment. The JPR is the only feature in
the spectra that is sensitive to the field. Dashed lines are extrapolations. Inset: the superconducting phase diagram of La214 for various
Sr content. (b) Loss function at T ¼ 8 K for x ¼ 0:1 La214, further described in Fig. 2. (c) Superconducting phase diagram for La214
x ¼ 0:1, showing the decoupling field HDðTÞ (red circles) with magnetoresistance data reproduced from Ref. [12]; white circles show
the solid-to-liquid vortex phase transition, thick white line (our emphasis) is a constant contour of resistivity near the Tc value.
Josephson coupling vanishes with increasing field in the green region, the width determined by the uncertainty in HD. This region
signifies the crossover from 3D to 2D superconductivity.
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stripe order (SO) satellite reflections, the stripe correlations
between the planes, the melting of the stripe order, and the
compatibility with the generic stripe phase diagram. Further-
more, there is a great lack of information for x > 1/8 because
crystal growth becomes progressively more challenging with
increasing x.

These are the issues addressed in the present study on
La2−xBaxCuO4 single crystals with 0.095 ! x ! 0.155. We
have characterized the CO with high-energy single-crystal
x-ray diffraction (XRD), by probing the associated lattice
modulation.13,14,17 That a modulation of the electron density
truly exists has been demonstrated previously in Ref. 19 for
La1.875Ba0.125CuO4 by means of resonant soft x-ray scattering.
We have investigated the SO both in the traditional way, with
neutron diffraction (ND), as well as in a less conventional
way by tracing a recently identified weak ferromagnetic
contribution to the normal state magnetic susceptibility.51

The various structural phases have been studied mostly with
XRD, and to some extent with ND, and the SC phase was
analyzed with shielding and Meissner fraction measurements.
As a result, we obtain the temperature versus Ba-concentration
phase diagram displayed in Fig. 1. One of the key features
is that CO exists over the entire range of x that we have
studied, including the two bulk SC crystals with the lowest and
highest x and maximum Tc on the order of 30 K. According
to our quantitative analysis, the stripe order for these end
compositions is already extremely weak, while it is most
pronounced at x = 1/8. In the underdoped regime the CO
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FIG. 1. (Color online) Temperature vs hole-doping phase dia-
gram of La2−xBaxCuO4 single crystals. Onset temperatures: Tc of
bulk superconductivity (SC), TCO of charge stripe order (CO), TSO

of spin stripe order (SO), and TLT of the low-temperature structural
phases LTT and LTLO. At base temperature CO, SO, and SC coexist
at least in the crystals with 0.095 ! x ! 0.135. For x = 0.155 we
identified CO but not SO, and observe a mixed LTT and LTLO phase.
In the case of x = 0.095, very weak orthorhombic strain persists at
low T . For x = 0.165 we have measured Tc only, before the crystal
decomposed. Solid and dashed lines are guides to the eye. Although
TCO, TSO, and TLT for several x were also determined with XRD and
ND, most data points in this figure are from magnetic susceptibility
measurements. Here, only TSO for x = 0.095 is from ND and TCO

and TLT for x = 0.155 from XRD.

always disappears at the low-temperature structural transition,
and for three crystals we can show that it melts isotropically.
On the other hand, the onset of bulk SC left no noticeable mark
in our CO and SO data.

The rest of the paper is organized as follows: In Sec. II we
describe the experimental methods and the choice of reciprocal
lattice used to index the reflections. In Sec. III we present four
subsections dedicated to our results on crystal structure, CO,
SO, and SC. In Sec. IV we summarize the doping dependence
of the various properties as a function of the nominal and
an estimated actual Ba content, compare our results with the
literature, and in Sec. V finish with a short conclusion.

II. EXPERIMENTAL

A series of six La2−xBaxCuO4 single crystals with 0.095 !
x ! 0.155 has been grown at Brookhaven with the traveling-
solvent floating-zone method. Previously reported results on
some of the compositions, in particular on the x = 1/8 crystal,
have demonstrated a very high sample quality.20,34–36,44,51–55

Because the compositions of the single crystals can deviate
from their nominal stoichiometry (see Ref. 56), it has been
vital to measure the structure, stripe order, and SC on pieces
of the same crystal. In Fig. 2(a) we show the unit cell of the
high-temperature tetragonal (HTT) phase, with space group
I4/mmm. Although the supercells of the low-temperature
phases LTO (space group Bmab) and LTT (space group
P 42/ncm) have a

√
2 ×

√
2 larger basal plane rotated by 45◦,

we nevertheless specify the scattering vectors Q = (h,k,ℓ) in
all phases in units of (2π/at ,2π/at ,2π/c) of the HTT cell with
lattice parameters at ≃ 3.78 Å and c ≃ 13.2 Å.57 In order to
express the orthorhombic strain s in the LTO phase, we will
refer to the lattice constants ao and bo of the LTO supercell,
which are larger than at by a factor of ∼

√
2.

The XRD experiments were performed with the triple-axis
diffractometer at wiggler beamline BW5 at DESY.58 To
create optimum conditions for studying the bulk properties
in transmission geometry, most samples were disk shaped
with a diameter (∼5 mm) significantly larger than the beam
size of 1 × 1 mm2, and a thickness (∼1 mm) close to the
penetration depth of the 100 keV photons (λ = 0.124 Å).
Counting rates are normalized to a storage ring current of
100 mA. To evaluate the x dependence of a superstructure
reflection relative to x = 0.125, we have normalized its inten-
sity with an integrated intensity ratio I (0.125)/I (x) of a nearby
fundamental Bragg reflection. For example, to normalize
the (1,0,0) and (2 + 2δ,0,5.5) reflections, we have applied
the factors I(200)(0.125)/I(200)(x) and I(206)(0.125)/I(206)(x)
of the (2,0,0) and (2,0,6) Bragg reflections, respectively.

The ND data for x = 0.115, 0.125, and 0.135 were
collected with the triple-axis spectrometer SPINS located at the
NIST Center for Neutron Research using beam collimations
of 55′-80′-S-80′-open (S = sample) with fixed final energy
Ef = 5 meV. The x = 0.095 crystal was studied at triple-axis
spectrometer HB-1 at the High Flux Isotope Reactor, Oak
Ridge National Laboratory, using beam collimations of 48′-
48′-S-40′-136′ with Ef = 14.7 meV. The cylindrical crystals,
with a typical weight between 5 and 10 g, were mounted
with their (h,k,0) zone parallel to the scattering plane. Doping

104506-2

0

1

2

3

4

5 (a)

35 T
20 T
  0 T

! "
 (#

 c
m

)

0 10 20 30 40 50 600

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

(b)

35 T
20 T
  0 T

T  (K)

! || (m
"

 c
m

) 10 20 30 40
0

10
20
30

 

 

T  (K)

µ 0H
   

(T
) #!|| /#T

0

0.1

0.2

0.3

La1.905Ba0.095CuO4:  Resistivity vs. T at high field

Stegen et al., PRB (2013)

x = 0.095!
Tc = 32 K



LBCO x=0.095 in zero field

MACS SEQUOIA Data Fit
ΔE = 1 meV

inelastic neutron scattering



No resonance or spin gap

LBCO  x = 0.095

Z. Xu et al., arXiv:1309.2718v2

strength of spin waves in La2CuO4

Strong gapless spin fluctuations!
⇒ all parts of sample must contribute!

!
Appropriate bulk ρs from σ(ω)!
⇒ gapless spin fluct. and SC must coexist



Intertwined states

Pair density wave In-phase striped superconductor

Add stronger fluctuations: get nematic phase

in which points on the stripes are labelled by a stripe
number, j, and by a position x along the stripe direc-
tion. Then the stripe configuration is described by the
transverse displacement in the y-direction, Yj(x), of the
jth stripe at position x. (See Fig.1.) Because of the spin
gap, the only other low energy degrees of freedom involve
fluctuations of the charge density, ρj(x), on each stripe,

ρj(x) = ρ̄ + ρ0 cos[
√

2πφj + 2kF Lj(x)], (2)

Lj(x) =

! x

0
dx′

"

1 + (∂x′Yj)2 + Lj(0) (3)

where φj(x) defines the phase of the CDW with wave vec-
tor equal to twice the Fermi wave vector kF and Lj(x)
is the arc-length along stripe j. The quantum dynamics
of this system is equivalent to a theory of the longitudi-
nal (φj) and transverse (Yj) vibrations of coupled elastic
strings. Technically, this defines the fixed point Hamilto-
nian for the smectic phase. (A substrate potential would
inevitably lock the smectic phase to a wave vector com-
mensurate with the underlying crystal lattice, and hence
the transverse modes would be gapped.12)

x
1

2

 3

 4

j

Y(x)

FIG. 1. Schematic representation of a smectic stripe phase.
The coloured circles represent periodic stuctures along the
stripes, which are forced out of phase by the transverse fluc-
tuations

The coupling between the CDW’s on neighbouring
stripes is of the form

Hc =
#

j

!

dxV (∆jY ) cos[
√

2π(∆jφ) − 2kF (∆jL)] (4)

plus higher harmonics. Here Lj is the arc-length defined
in Eq. (3), ∆jF ≡ Fj+1 − Fj , and the function V [∆jY ]
reflects the fact that CDW’s on adjacent stripes are more
strongly coupled where the stripes are close together than
where they are far apart. When this coupling is strong,
it will drive the system into a fully-crystalline state. Fi-
nally, there is a term in the Hamiltonian representing the
Josephson tunnelling of (superconducting) pairs of elec-
trons between stripes. The tunnelling matrix element

J (Y ) ≈ J0 exp[αY ] (5)

depends roughly exponentially on the local spacing of the
stripes. The fact that superconductivity is a k = 0 order
implies that the Josephson coupling does not depend on
the arc length Lj , and hence it is not affected by the
geometry of the stripes.

With this background, it is possible to state our cen-
tral point that, to all orders in perturbation theory in
powers of V , all terms that are not invariant under the
transformation φj(x, τ) → φj(x, τ) + δj for arbitrary
δj are non-vanishing only near the “surface,” so in the
thermodynamic limit there is no locking of the phase of
the CDW fluctuations on neighbouring stripes. (Tech-
nically, this proves that the fixed point Hamiltonian is
perturbatively stable.) The physical origin of this ef-
fect is easily understood. The difference in arc lengths,
∆jL = Lj+1(x) − Lj(x), is a sum of contributions of
random sign, and more or less independently distributed
along the distance |x|. For this reason, ∆jL (and the
dephasing) grow with increasing |x| as in a random walk,
i.e. |∆jL|2 ∼ D|x|, where D is a quantum diffusion con-
stant.

This result may be obtained formally13 by integrating
out the stripe fluctuations (Y ) perturbatively in powers
of V and, subsequently, J . To first order in V , the ef-
fective interaction between the CDW’s on neighbouring
stripes, V (1)(φ1 − φ2), is given by the expression

V (1) = ⟨V (∆Y ) cos[
√

2π(∆φ) − 2kF (∆L)]⟩, (6)

where < > implies averaging over transverse stripe fluc-
tuations. To lowest order in a cumulant expansion

V (1) = Ṽ cos[
√

2π(∆φ)],

Ṽ = ⟨V (∆Y )⟩ exp{−(2k2
F )⟨[∆L]2⟩}

≈ ⟨V (∆Y )⟩ exp[−(2k2
F D)|x|]. (7)

This expression, which can readily be extended to higher
order in perturbation theory and higher order in the cu-
mulant expansion, captures the essential general point
of physics- that the coupling between CDW’s vanishes
very rapidly except in a region of width ∼ (2k2

F D)−1 at
the ends of the stripes and hence can be ignored in the
thermodynamic limit.14

It is interesting to note that the quantum problem may
be reformulated as a classical theory in space-time to
bring out the close analogy with a well established phase
of conventional liquid crystals, the three-dimensional
hexatic smectic B phase.15 In the space-time represen-
tation, the world sheets of the stripes can be regarded
as classical fluctuating membranes and the CDW fields
are analogous to a two-dimensional hexatic phase living
on the membrane. Despite the fact that the power-law
order in the plane of each “membrane” is modulated only
in the space direction, whereas the classical hexatic has
a triangular lattice form, this analogy assures us that we
have not omitted any important interactions from our
analysis.

2

S.A. Kivelson, E. Fradkin, & V.J. Emery, Nature (1998)



Lesson from LBCO:!
Even ordered stripes can be superconducting



Charge order in YBCO



Quantum Oscillations in YBa2Cu3O6+x

coming from vortices (flux flow). By going to much higher fields, we
can now rule out this interpretation, as discussed in detail in the
Supplementary Information, in which the negative RH is shown to
be unambiguously a property of the normal state, the consequence of
a drop in RH(T) that starts below a field-independent temperature
Tmax. The value of Tmax at the three doping levels studied here is 50,
105 and 60 K, for Y123-II, Y123-VIII and Y124, respectively, with
65 K uncertainty (see arrows in Fig. 3).

Three groups have previously detected this drop in low-field mea-
surements of underdoped Y123, with B , 15 T, on crystals with
Tc(0) 5 60–70 K (refs 13–15). Because these earlier studies were lim-
ited to high temperatures (T . Tc(0)), they failed to reveal that the
drop is just the start of a large swing to negative values. By measuring
Rxx and Rxy along both a and b axes, it was shown15 that the drop in
RH(T) is a property of the planes, not the chains. From the perfect
linearity of Rxy versus B it was also concluded that the drop is not due
to flux flow15.

The most natural explanation for the negative RH is the presence of
an electron pocket in the Fermi surface. (In principle, it could also
come from a hole pocket with portions of negative curvature16.) In
a scenario in which the Fermi surface contains both electron and hole
pockets, the sign of RH depends on the relative magnitude of
the respective densities ne and nh, and mobilities17 me and mh.
(m ; et/m*, where e is the electron charge, t21 is the scattering rate
and m* is the effective mass.) Given that these materials are hole-
doped, we expect nh . ne. The fact that RH , 0 at low T therefore
implies that me . mh at low T. Given strong inelastic scattering, this
inequality can then easily invert at high T, offering a straightforward
mechanism for the sign change in RH. This happens in simple metals
like Al and In (ref. 17) and is typical of compensated metals (with
ne 5 nh). In high-purity samples of NbSe2, a quasi-two-dimensional
metal that undergoes a charge density-wave transition at
TCDW < 30 K, RH(T) drops from its positive and flat behaviour above
TCDW eventually to become negative below T0 < 25 K (ref. 18), as
reproduced in Supplementary Fig. 5. In impure samples, however,
RH(T) remains positive at all T values (ref. 18; Supplementary Fig. 5),
showing that the electron/hole balance can depend sensitively on
impurity/disorder scattering.

A scenario of electron and hole pockets for YBCO resolves a puzzle
in relation to the Shubnikov–de Haas oscillations observed in Y123-
II (ref. 2). The puzzle is the apparent violation of the Luttinger sum
rule, which states that the total carrier density n must be equal to the
total area of the two-dimensional Fermi surface. From the oscillation
frequency F 5 530 T, one gets a carrier density nS–dH 5 0.038 carriers
per planar Cu atom per pocket via F 5 nS–dHW0, where W0 5 2.07 3
10215 T m2 is the flux quantum. Assuming that the pocket is a hole
pocket (of arbitrary curvature) and there is nothing else in the Fermi
surface, and assuming also that n must be equal to the density of
doped holes (n 5 p 5 0.10), the Luttinger sum rule is clearly violated,
whether the relevant Brillouin zone includes one or two (or any
number) of these pockets19 (whether n 5 nS–dH 5 0.038 or n 5
2nS–dH 5 0.076). If, on the other hand, the Fermi surface contains
other sheets (not seen in the Shubnikov–de Haas oscillations) besides
the observed pockets, then the sum rule can easily be satisfied.

The fact that RH is negative at low T implies that the Shubnikov–de
Haas frequency that was seen in Y123-II (ref. 2) must come from the
high-mobility electron pocket, because the amplitude of Shubnikov–
de Haas oscillations depends exponentially on mobility, as exp(–p/mB).
The hole-like portions of the Fermi surface are either open or have
a lower mobility at TR0. The largest value of RH that a single
electron pocket of density nS–dH 5 0.038 electrons per unit cell
can produce is RH

S–dH 5 –Vcell/enS–dH 5 229 mm3 C21. Within the
uncertainty in the geometric factor, this is the magnitude of RH
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Figure 2 | Hall coefficient versus magnetic field. Hall coefficient
RH 5 tRxy/B as a function of magnetic field B at the indicated temperatures.
a, Y123-II (p 5 0.10); b, Y123-VIII (p 5 0.12); c, Y124 (p 5 0.14). The arrows
in b indicate the fields Bs and Bn described in the text and defined in the

Supplementary Information. The 4.2-K isotherm of Y124 illustrates nicely
the basic components of RH: the flat negative part at high field (above Bn) is
the normal-state value, whereas the positive overshoot just above Bs is due to
a vortex flux-flow contribution.
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B 5 55, 45 and 55 T, respectively. T0 is the temperature at which RH changes
sign, equal to 30, 70 and 30 6 2 K, respectively. Tmax is the temperature at
which RH is maximum, equal to 50, 105 and 60 6 5 K, respectively. The black
arrow indicates the value of the Hall coefficient expected for a single electron
Fermi pocket of the size imposed by Shubnikov–de Haas oscillations of
frequency F, namely RH

S–dH 5 –Vcell/enS–dH, where nS–dH 5 F/W0 5 0.038
electrons per unit cell. (The data for Y124 is multiplied by a factor of ten to put
it on a scale comparable to Y123-II and Y123-VIII. The order-of-magnitude
reduction of the measured Hall voltage comes in large part from the short-
circuiting effect of the CuO chains along the b axis, which in this
stoichiometric material, unlike in Y123-II and Y123-VIII, remain highly
conductive down to low temperature; see text.)
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Figure 1 | Low-temperature electronic specific heat evolution with
temperature. a, � (H) =C(T,H)/T for YBCO 6.56. Red and blue oscillatory
data traces are C(H)/T at T= 1 K and 2 K respectively. Black oscillatory
curve is C/T(T= 1 K,H) = � (0)+AC

p
H�ARDJ0((4⇡tw)/(h̄!c))

cos(2⇡(F/H� 1/2))f00(x) with fit parameters described in the text. Discrete
data points (red circles) are C(T,H)/T extrapolated to T= 0. They overlay
the oscillations, indicating the increasing scatter with magnetic field can be
attributed to the oscillatory component of the specific heat. Green curve is
� (0)+AC

p
H, where AC = 0.47 mJ mol�1 K�2 T�1/2. b, Data of a with � (0)

and oscillatory component subtracted. Green line is AC
p
H. c, Data of a

with the AC
p
H term subtracted.

enable specific heat to track the low-energy electronic excitations
continuously through the resistive transition. Our results in
Fig. 1 show two distinct contributions to the electronic specific
heat: a high-field oscillatory component atop a

p
H background

that extends unperturbed over the entire magnetic field range
studied. Figure 1b shows the

p
H background with the oscillatory

component subtracted, as described below. Figure 1c contains the
data of Fig. 1a with the

p
H component subtracted.

The persistence of a simple
p
H behaviour across Hirr implies

that the magnitude of the superconducting gap is large compared
to h̄!c even at 45 T and indicates that the resistive transition
occurs at a magnetic field small compared to the mean-field Hc2.
This implies that the d-wave energy gap is essentially unaffected
by the resistive transition. To experimentally verify whether the
low-field approximation H ⌧ Hc2 indeed extends to H ⇡ 45 T
we analyse AC, the pre-factor of the

p
H contribution, which

is approximately proportional to the Dirac cone anisotropy at
the nodes in the d-wave energy gap. Previously reported thermal
conductivity experiments23 estimate a factor of two increase of the
Dirac cone anisotropy, from ⇡7.9 for underdoped YBCO 6.54 to
⇡15.5 for optimally doped YBCO 6.99. We find approximately
the same ratio in specific heat: in the underdoped YBCO 6.56
measured here AC ⇡ 0.47mJmol�1 K�2 T�1/2, approximately half
the value (0.88� 1.3mJmol�1 K�2 T�1/2) obtained from the low-
field measurements in optimally doped samples12–15. Thus both the
functional form and magnitude of the

p
H dependence indicate a

fully developed d-wave superconducting gap at all magnetic fields
to 45 T, even in the resistive state. Because the

p
H scaling persists

to H = 45 T, it seems that we remain in the low-field limit of the
still-robust superconducting phase, even though the system is above
the resistive transition.

The high-field oscillatory contribution, visible at fields aboveHirr
in Fig. 1, is isolated and plotted in Fig. 2 for closer study. Similar
quantum oscillations have been reported in YBCO from magneto-
transport and magnetization measurements1–3,6,21,22. Specific heat
measurements provide an important advantage in that they
probe the nature of all low-energy excitations continuously across
Hirr, below which both transport and magnetization signals are
overwhelmingly dominated by the superconducting condensate.
In a clean quasi two-dimensional Fermi liquid the oscillatory
component of the specific heat due to Landau level quantization of
the orbits is given by the Lifshitz–Kosevich (LK) formula

�Cp(T ,H )=�AT
1X

p=1
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✓
4⇡p
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h̄!c

◆
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✓
2⇡p

✓
µ

h̄!c
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2

◆◆
f 00(x)
(1)

where A is a constant, RD = exp((�2⇡2pKBTD)/(h̄!c)) is the
Dingle term, TD is the Dingle temperature, h̄!c = (h̄eH )/(m⇤c),
x = (�2⇡2pKBT )/(h̄!c), f 00(x) = x((1 + cosh2(x))/ sinh3(x) �
(2cosh(x))/sinh2(x)), J0 is a Bessel function of the first kind, tw
is the c-axis hopping energy, resulting in a small warping of the
two-dimensional Fermi surface24. The frequency of the oscillations
is determined by the cross-sectional area of the Fermi surface or
equivalently by the chemical potential µ. The oscillations shown
in Fig. 2 were measured while sweeping the magnetic field. We fit
our data between 30 and 45 T to the first harmonic (p = 1 term)
of the LK formula. Note that the function f 00(x) changes sign near
x = 1.6, which accounts for the ⇡-phase shift that is clearly visible
in our data between 1.7 K and 5.5 K (dashed line in Fig. 2b). The
node, f 00(x)= 0, determines an effective mass m⇤ ⇡ 1.34±0.06me .
The frequency of the oscillations, F = 531±3 T, the warping term
tw = (eh̄/mc)⇥ (15.2±0.5) T and ARD = 8.9±1mJmol�1 K�2 are
fitted to our T = 1K data, for which the signal to noise ratio is the
highest. These values are in general agreement with fits to recent
transport measurements on a similar doping (YBCO 6.59; ref. 25).
The resulting formula is then compared with the data at higher
temperature without further fitting, as shown in Fig. 2.

The detailed agreement of specific heat data with LK formalism
adds to the compelling evidence in the literature1–3,6,7,21,22,25 that
conventional Fermi liquid quasiparticles exist at high magnetic
fields in underdoped YBCO. However, the specific heat data
demonstrate for the first time that these LK quantum oscillations
coexist with the

p
H signature of the d-wave superconducting gap

in the resistive regime. We now explore the surprising coexistence
of the signatures of a Fermi liquid and a d-wave superconductor
within each of the two leading scenarios for the resistive transition:
(1) that the application of magnetic field destroys the d-wave
superconducting gap to uncover a Fermi surface, which behaves
as a conventional (that is Fermi liquid) metal1,2, and (2) that the
applied magnetic field destroys long range superconducting phase
coherence and the system enters a vortex liquid state8,10.

The magnitude of the electronic specific heat can help
distinguish between these two scenarios. Figure 3 shows the plot
of measured Cp/T versus T 2 at H = 0 and H = 45 T. The slope
of the line determines the value of � using Cp/T = � +�T 2.
As the T 3 contribution to Cp originates from phonons, � is
naturally independent of H , as indeed found here. The finite
value of � in turn indicates a finite electronic density of
states at low energy, even in zero applied field, where we find
� (H = 0) ⇡ 1.85 ± 0.06mJmol�1 K�2, comparable to the value
(2mJmol�1 K�2) obtained previously in clean optimally doped
YBa2Cu3O7 samples13,14,26. It has been proposed that this large
value for � (0) originates from a disorder-generated finite density of
quasiparticle states near the d-wave nodes. However, this residual
value in YBCO is larger than reported for LSCO, a material that is
considered to be more highly disordered26.
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Figure 1. Phase diagram of hole-doped high-Tc superconductors.
(a) Schematic doping dependence of the antiferromagnetic (TN) and
superconducting (Tc) transition temperatures and the pseudogap
crossover temperature T ∗. The fact that the large hole-like Fermi
surface characteristic of the overdoped metallic state, sketched in
panel (c), is modified in the underdoped region (see text) implies that
there is a critical doping p∗ where Fermi surface reconstruction
occurs. (b) Schematic drawing of one possible reconstruction, that
would result from an order with (π , π) wavevector, as in the
antiferromagnetic state.

with increased disorder, was the high degree of ortho-II oxygen
order in single crystals of YBa2Cu3Oy (YBCO) [11]. Quantum
oscillations result from the Landau quantization of states in a
magnetic field and the orbiting motion of quasiparticles around
the various pockets of the Fermi surface in a metal. Their
very observation confirms the existence of a coherent closed
Fermi surface and their frequency F is a direct measure of
the Fermi surface area, via the relation F = n"0, where n
is the carrier density enclosed by the particular Fermi surface
associated with a given frequency, and "0 is the quantum of
flux.

First observed in the electrical resistance (both Hall and
longitudinal; the Shubnikov–de Haas effect) [10], the same
oscillations were soon also detected in the de Haas-van Alphen
effect (magnetization) [12]. The Fourier transform of the
oscillatory spectrum in YBa2Cu3O6.5, reproduced in figure 2
(from [13]), reveals a single frequency at F = 540 T [10, 12].
In 2008, quantum oscillations were observed in strongly
overdoped Tl2Ba2CuO6+δ (Tl-2201), which also reveal a single
frequency, but now at F = 18 kT [14] (see figure 2). This
large value matches the area derived previously from ADMR
and ARPES measurements on the same material at a similar
doping and agrees with n = 1 + p.

Figure 2. Fourier transform of the quantum oscillations detected in
YBCO at p = 0.1 and Tl-2201 at p ≃ 0.25. Each reveals a single
frequency F , but with vastly different values, as indicated. This
shows that the Fermi surface in the underdoped regime includes a
pocket which is much smaller than that in the overdoped regime, as
sketched in the inset. Courtesy of Cyril Proust; reproduced from [13]
with permission.

The contrast between Tl-2201 at p ≈ 0.25 and YBCO
at p = 0.1 is dramatic: the Fermi surface area differs by a
factor 30 (see figure 2). Note that the small pockets detected
in underdoped YBCO are not a special feature of the band
structure of that particular material, since similar quantum
oscillations were observed in the stoichiometric underdoped
cuprate YBa2Cu4O8 [15, 16], whose band structure is
significantly different [17]. Therefore, this transformation of
the Fermi surface from large cylinder to small pockets is a
robust signature of the pseudogap phase, which must occur at
a T = 0 critical doping p∗ somewhere between 0.1 and 0.25
(see figure 1).

3. Electron Fermi surface

A second important fact is that the low-frequency oscillations
in YBa2Cu3O6.5 and YBa2Cu4O8 are observed on the
background of a negative Hall coefficient RH at low
temperature [18] (figure 3(a)). As a function of temperature,
RH(T ) goes from small and positive at high temperature to
large and negative as T → 0 (figure 3(b)). Given that RH ∼
1/n and F ∼ n, this is consistent with the transition from
large to small Fermi surface revealed by quantum oscillations,
but the fact that RH(T → 0) < 0 implies that the small
Fermi surface seen in the underdoped regime must in fact be
an electron-like pocket.

The emergence of an electron pocket in the Fermi surface
of these hole-doped materials is of fundamental significance:
it immediately suggests that the transformation of the Fermi
surface is caused by the onset of a new periodicity, typically
imposed by some density-wave order [19]. The simplest
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Similarities between YBCO and LBCO

normal state at T ! 0 is compelling evidence for an elec-
tronlike sheet in the Fermi surface. That this electronlike
sheet dominates over other holelike portions of the Fermi
surface shows that it must have a higher mobility. Given
that the amplitude of quantum oscillations is exponentially
dependent on mobility, it is very likely that this electron-
like sheet is the small closed Fermi pocket detected by
quantum oscillations in YBCO at a similar doping [4–7].
This conjecture is supported by an overall quantitative
consistency, as we now show.

In a two-band model of electrons (e) and holes (h) the
two types of carriers will, respectively, make negative and
positive contributions to both RH and S. It has recently
been shown that such a model can account in detail for the
field and temperature dependence of !xx and RH in the
closely related material YBa2Cu4O8 [18]. For the mea-
sured value of S at T ! 0 to come out negative, at S=T ¼
"0:4 "VK"2 (Fig. 3), we must have jSe=Tj>
0:4 "VK"2, given that the holelike carriers will contribute
a compensating positive term. From the quantum oscilla-
tions [measured on YBCO crystals with slightly lower
doping but nearly identical RHðTÞ [3,4] ], we obtain TF ¼
ðe@=kBÞðF=m?Þ ¼ 410% 20 K, in terms of the oscillation
frequency F ¼ 540% 4 T and cyclotron mass m? ¼
1:76% 0:07m0 [7], where m0 is the electron mass. From
Eq. (1), this yields jS=Tj ¼ 1:0 "VK"2, which is indeed
greater than 0:4 "VK"2. This first consistency check
shows that the Fermi pocket measured by quantum oscil-
lations has a sufficiently small Fermi energy to account for
the large negative thermopower at T ! 0.

A second consistency check is on the carrier mobility".
The quantum oscillations come from carriers with a mo-
bility " ¼ 0:02% 0:006 T"1 [7]. We can estimate the

transport mobility, from the Hall angle #H, via tan #H ’
"H. In Fig. 2, we plot tan #H vs T at H ¼ 30 T, which
saturates to a value of "1:0 below 20 K. This yields " ’
0:033 T"1, a value consistent with quantum oscillations, if
we note that transport mobilities are always somewhat
higher since transport is not affected by small-angle scat-
tering whereas quantum oscillations are [19]. This shows
that it is reasonable to attribute the negative sign of RH to
the electronlike nature of the Fermi pocket responsible for
the quantum oscillations.
The third consistency check is on the Nernst coefficient.

In the T ! 0 limit, the magnitude of $=T should be ap-
proximately equal to 2"=3jS=Tj [from Eqs. (1) and (2)]. In
YBCO at T ! 0, we find j$=Tj ’ 7 nV=K2 T (Fig. 2) and
2"=3jS=Tj ’ 9 nV=K2 T (using " ¼ 0:033 T"1).
Although it says nothing about the sign of the carriers,
this good agreement shows that the large value of the
quasiparticle Nernst coefficient in YBCO (comparable in
magnitude, but opposite in sign, to the vortex signal at low
fields) is due to a combination of small Fermi energy and
high mobility, in much the same ratio as would be obtained
from the carriers responsible for the quantum oscillations.
A natural explanation for the origin of the electron

pocket is a reconstruction of the original large holelike
Fermi surface by some density-wave order that breaks
translational symmetry [3,8,20]. Two kinds of order appear
to be likely candidates, both involving a spin-density-wave
(SDW). The only form of order that has been observed
unambiguously in YBCO so far is a SDWwith wave vector
Q ¼ ð0:5% %; 0:5Þ, where % ’ 0:06, detected recently by
neutron diffraction at p ’ 0:08 (Tc ¼ 35 K) [21].
Calculations show that the Fermi surface reconstruction
caused by this type of SDW order would produce an
electron pocket of the right size and mass [22]. The ques-
tion is whether this SDW order could persist up to p ¼
0:12 once superconductivity is removed. This is not incon-
ceivable since the SDW phase in La2"xSrxCuO4 (LSCO)
(where % ’ 0:12), for example, is known to be extended to
higher doping when a magnetic field is applied to suppress
superconductivity [23,24].
The second candidate order is the so-called

‘‘stripe oder,’’ a SDW with % ’ 1=8, as found in LSCO
or more prominently in three cuprate materials
with the low-temperature tetragonal (LTT) struc-
ture, namely La2"x"yNdySrxCuO4 (Nd-LSCO) [25],
La2"x"yEuySrxCuO4 (Eu-LSCO) [26] and

La2"xBaxCuO4 (LBCO) [27], where it also involves
a charge density wave (CDW) with wave vector Q ¼
ð0; 0% 2%Þ. Theoretically, the effect of such stripe order
on the Fermi surface of a hole-doped cuprate at p ¼ 1=8
was shown to cause a reconstruction which ge-
nerically yields an electron pocket [28,29]. Experi-
mentally, stripe order was shown to cause an enhancement
of the quasiparticle contribution to $=T in Nd-LSCO and
Eu-LSCO [14]. Note that in the latter materials the en-
hanced quasiparticle $ is positive; recent calculations sug-

FIG. 3 (color online). Thermopower of four hole-doped cup-
rates at p ’ 1=8, plotted as S=T vs T: YBa2CuO6:67 [YBCO,
H ¼ 28 T (circles) and H ¼ 0 (squares); this work],
La1:675Eu0:2Sr0:125CuO4 (Eu-LSCO, H ¼ 0, triangles; this
work), La1:48Nd0:4Sr0:12CuO4 (Nd-LSCO, H ¼ 0, dotted line;
Ref. [32]), and La1:875Ba0:125CuO4 (LBCO, H ¼ 9 T, solid line;
Ref. [31]). The arrow marks the onset of stripe order in Eu-
LSCO at p ¼ 0:125 measured by x-ray diffraction [14,33].
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NMR: Charge order in YBCO

The enhancement of spin-stripe order by a magnetic field in
La2! xSrxCuO4 (ref. 1) and the enhanced modulation of the
local density of states (LDOS) around the vortex cores in

Bi2Sr2CaCu2O8þ d (Bi-2212) (ref. 2) are milestone results that
have promoted the idea of electronic ordering that competes with
superconductivity3–7. Recently, the discovery of charge order
in YBa2Cu3Oy appearing only for fields perpendicular to the
copper-oxide planes sufficiently strong to be detrimental to
superconductivity8, as well as the subsequent observation of
related charge density wave (CDW) correlations9–11, has
provided further evidence of competition. The unambiguous
observation of charge order, without spin order, in this
compound with a low level of disorder is significant as it
reveals the ubiquity of charge-ordering tendencies in the normal
state of cuprate superconductors. Furthermore, it gives
unprecedented opportunities to follow, specifically by NMR,
how charge order arises and develops starting deep in the
superconducting state where transport techniques are inoperative,
through the vortex-melting field, Hmelt where ultrasound
measurements are blurred, up to field values comparable to
Hc2, which have so far been out of reach for scattering and
tunnelling techniques.

Here, we show with NMR that charge order, that is, a static,
long-range, spatial modulation of the charge density, emerges
above a threshold magnetic field in the vortex-solid state and we
show how this result can be related to earlier evidence of
competing orders, thereby highlighting universal aspects of the
competition between superconducting and charge orders in
cuprates. These results constrain theories relating cuprate
superconductivity to the charge instability.

Results
Field dependence of charge order. Charge order in YBa2Cu3Oy
modifies the NMR lineshapes of some of the copper and oxygen
(63Cu and 17O) sites in CuO2 planes8 (Fig. 1). Here, we adopt the
simplest description of these modifications, namely a line
splitting8. Should the actual lineshape in the charge-ordered
state be more complex than a simple splitting, this would affect
the discussion of the exact pattern of charge order, but not the
conclusions of this article, which are independent of such details.
The spectral modifications induced by the charge order are
relatively small, so that detecting a possible departure from a
splitting or hypothetical field-dependent modifications (for
instance, due to a field-dependent ordering wave-vector) is
currently beyond our experimental resolution.

The net line splitting involves a splitting Dnmagn of magnetic
hyperfine origin and a splitting Dnquad of electric quadrupole
origin. As nquad at Cu and O sites in the cuprates is a linear
function of p (ref. 12), we take Dnquad to be, in the first
approximation, a measure of a charge density difference, that is,
the amplitude of the charge order. The expression ‘charge order’
will be used here generically, with no regard given to its specific
morphology, such as, uni- or bi-directional, or its microscopic
origin such as Fermi surface instability, electron–phonon
coupling or strong correlation effect.

The sharp temperature dependence of the NMR splitting below
the onset temperature Tcharge (ref. 6) (Fig. 2a) and recent
ultrasound measurements13 already indicate that charge order
occurs through a phase transition. However, up to now, the field
dependence for TooTcharge has not been accessed. The new
central result is our observation at TE3 K of a sharp square-root-
type increase of Dnquad, Dnquadp(H!Hcharge)1/2, starting above a
threshold field, HchargeE10.4 T in a sample having p¼ 0.109 and
ortho-II oxygen order (Fig. 3a). Qualitatively similar results, albeit
covering a smaller field range, were obtained for three other

samples from either 63Cu or 17O NMR (Fig. 3b-d). This
constitutes the first example of a (apparently second order)
quantum phase transition, controlled by the magnetic field, from
a homogeneous d-wave superconductor to a superconductor with
charge order. Remarkably, the low values of the magnetic
hyperfine shift K at low T (Fig. 2c) reveal a vanishing of the
spin susceptibility, which persists in high fields. Charge ordering
thus leaves the pseudogap intact.

Relationship with other probes of charge order in YBa2Cu3Oy.
The finite value of Hcharge suggests that there is no static
long-range charge order in zero field, in agreement with the
interpretation of X-ray results in terms of CDW fluctuations9. We
note that our HchargeE9.3 T for p¼ 0.12 corresponds
approximately to the field above which the intensity and the
width of the superlattice peaks in X-ray measurements10 become
larger in the low-temperature limit (T¼ 2 K) than at 66 K, that is
at the zero-field Tc. This suggests that Hcharge corresponds to a
threshold in the screening of the CDW correlations by the
superconducting regions of the sample (see next section for a
more precise interpretation of this threshold). On the other hand,
sound velocity data13 for p¼ 0.108 suggest HchargeE18 T
(c11 mode) and HchargeE16±2 T (other modes), both larger
than HchargeE10.4±1.0 T in NMR for p¼ 0.109. It is possible
that NMR somewhat underestimates Hcharge if pre-transitional
effects modify the lineshape below the real Hcharge. This should
lead to some caution regarding the precise value of Hcharge but it
does not affect the conclusions of this paper.

27.4 T

17.8 T

14.4 T

9.6 T

0 100

6.2 T

–100
f–f0 (kHz)

Figure 1 | 17O NMR evidence of charge order in YBa2Cu3O6.56. Magnetic
field-induced modifications of the highest-frequency quadrupole satellite
of O(2) sites (lying in bonds oriented along the a axis) at T¼ 2.9 K and
doping level p¼0.109. f0 (B40–160 MHz) is the frequency of the centre
of the shown spectrum. Continuous lines are fits with one Gaussian
function at 6.2 and 9.6 T and with two Gaussian functions (each shown as a
dotted line) at higher fields. See Methods section for more information
about the 17O spectra.
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Relationship with vortex physics. For all samples, HchargeE9–15 T
is found to be lower than the melting transition of the
vortex lattice that takes place at Hmelt 420 T for T r5 K (ref. 14).
The charge-ordering transition thus occurs inside the vortex-solid
phase. As the vortex cores represent normal regions of radius xSC
within the superconductor, it is expected15–17 that the charge
fluctuations detected above Tc (refs 9–11) continue to develop at
low temperatures within the cores where they escape the
competition with superconductivity. As suggested by LDOS
modulations in Bi-2212 (ref. 2), halos of incipient charge order
are centred on the cores and they extend over a typical distance
xcharge4xSC (Fig. 4). On increasing the field, the long-range, static,
charge order may be expected to appear when these halos start to
overlap. This should occur at Hcharge¼F0/(2pxcharge

2), as the halo
density equals the density of vortices whose cores start to overlap at
the upper critical field, Hc2¼F0/(2pxSC

2). Owing to our

observation of a field-induced transition to the charge-ordered
state, this prediction is now confirmed by experiments for the first
time: Hcharge¼ 9.3±1.3 T for p¼ 0.12 (ortho-VIII) translates into
xcharge¼ 16a, where a is the planar Cu–Cu distance. This is to be
compared to xchargeE19a measured at H¼ 9 T and T¼ 2 K by
X-ray diffraction for the same doping level10. Despite the obvious
simplistic nature of the description (for instance, neither a coupling
between CuO2 planes nor an in-plane anisotropy of xcharge is
considered), this agreement suggests that this picture is indeed the
correct starting point for explaining the field-induced transition.
This is the second central result of this work.

Doping dependence of charge order around p¼ 0.11–0.12. On
increasing the field further in the p¼ 0.109 sample, Dnquad
saturates at fields of 30–35 T (Fig. 3a). Remarkably, this field scale
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Figure 2 | Temperature-induced transition towards charge order in the pseudogap state. (a) Quadrupole part of the splitting of the highest-frequency
O(2) quadrupole satellite for p¼0.109 and p¼0.125 (see Methods for details) as a function of temperature in fields of 27.4 and 28.8 T, respectively.
The lines are guides to the eye. (b) Transition temperature Tcharge showing a maximum around hole-doping p¼0.115–0.12. The thick trace is a guide to
the eye. (c) Magnetic hyperfine shift 17 K of O(2,3) sites for p¼0.109 and H||c. No anomalous change of 17K is observed across Tcharge. At low temperature
in the charge-ordered state, the maximum shift variation D17KE0.01% between 12 and 28.5 T (yellow region) represents a minor change compared
to the decrease D17 KE0.12% between T¼ 300 K and 60 K associated with the pseudogap42. The pseudogap is thus essentially unaffected by the
occurrence of charge order. This result agrees with the relatively modest size of the field-induced changes in the 63Cu relaxation rate 1/T1 (ref. 8).
The field dependence of 17K below Tc arises from the density of nodal states in a d-wave superconductor43. Error bars represent s.d of the fit parameters.
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p¼0.12 (ortho-VIII) at T¼ 1.4 K. Because of the broad and complex Cu spectra in this sample, the splitting of the 63Cu satellite line could not be observed8.
However, the width of the central line reflects the modifications of the lineshape due to charge order modulating the hyperfine fields8. (d) Quadrupole
part of the splitting of the 17O(2) line for p¼0.125 (ortho-VIII) at T¼ 2.1 K. (e) Hole-doping dependence of the onset field Hcharge as determined from
a fit of the data to (H"Hcharge)0.5 (thin black lines in a–d). The minimum of Hcharge near p¼0.115–0.12 parallels that of the vortex-melting field
Hmelt (T-0), which has been argued to reflect the upper critical field Hc2 (T-0) (ref. 15). Error bars represent s.d. in the fit parameters.
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Relationship with vortex physics. For all samples, HchargeE9–15 T
is found to be lower than the melting transition of the
vortex lattice that takes place at Hmelt 420 T for T r5 K (ref. 14).
The charge-ordering transition thus occurs inside the vortex-solid
phase. As the vortex cores represent normal regions of radius xSC
within the superconductor, it is expected15–17 that the charge
fluctuations detected above Tc (refs 9–11) continue to develop at
low temperatures within the cores where they escape the
competition with superconductivity. As suggested by LDOS
modulations in Bi-2212 (ref. 2), halos of incipient charge order
are centred on the cores and they extend over a typical distance
xcharge4xSC (Fig. 4). On increasing the field, the long-range, static,
charge order may be expected to appear when these halos start to
overlap. This should occur at Hcharge¼F0/(2pxcharge

2), as the halo
density equals the density of vortices whose cores start to overlap at
the upper critical field, Hc2¼F0/(2pxSC

2). Owing to our

observation of a field-induced transition to the charge-ordered
state, this prediction is now confirmed by experiments for the first
time: Hcharge¼ 9.3±1.3 T for p¼ 0.12 (ortho-VIII) translates into
xcharge¼ 16a, where a is the planar Cu–Cu distance. This is to be
compared to xchargeE19a measured at H¼ 9 T and T¼ 2 K by
X-ray diffraction for the same doping level10. Despite the obvious
simplistic nature of the description (for instance, neither a coupling
between CuO2 planes nor an in-plane anisotropy of xcharge is
considered), this agreement suggests that this picture is indeed the
correct starting point for explaining the field-induced transition.
This is the second central result of this work.

Doping dependence of charge order around p¼ 0.11–0.12. On
increasing the field further in the p¼ 0.109 sample, Dnquad
saturates at fields of 30–35 T (Fig. 3a). Remarkably, this field scale
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Figure 2 | Temperature-induced transition towards charge order in the pseudogap state. (a) Quadrupole part of the splitting of the highest-frequency
O(2) quadrupole satellite for p¼0.109 and p¼0.125 (see Methods for details) as a function of temperature in fields of 27.4 and 28.8 T, respectively.
The lines are guides to the eye. (b) Transition temperature Tcharge showing a maximum around hole-doping p¼0.115–0.12. The thick trace is a guide to
the eye. (c) Magnetic hyperfine shift 17 K of O(2,3) sites for p¼0.109 and H||c. No anomalous change of 17K is observed across Tcharge. At low temperature
in the charge-ordered state, the maximum shift variation D17KE0.01% between 12 and 28.5 T (yellow region) represents a minor change compared
to the decrease D17 KE0.12% between T¼ 300 K and 60 K associated with the pseudogap42. The pseudogap is thus essentially unaffected by the
occurrence of charge order. This result agrees with the relatively modest size of the field-induced changes in the 63Cu relaxation rate 1/T1 (ref. 8).
The field dependence of 17K below Tc arises from the density of nodal states in a d-wave superconductor43. Error bars represent s.d of the fit parameters.
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FIG. 5: (color online) Critical temperatures of competing spin
and charge orders in YBCO as a function of Tc. By plot-
ting all data versus Tc, ambiguities of plots versus the planar
hole content p, due to different ways and difficulties of deter-
mining p, can be reduced.60 We show the transition tempera-
tures TCDW of CDW order measured by high energy x-rays3,45

(closed circles) and soft x-ray scattering2,46,79 (open circles),
TCO of charge order detected by high field NMR1,64 and high
field sound velocity (vS) measurements47, T † determined from
the maximum in 1/(T1T ) of planar 63Cu NQR/NMR as ex-
plained in the text52,61–64 (open diamond), the pseudo gap
temperature T ∗ as detected by means of Nernst effect (open
triangle) and resonant ultrasound measurements80,81 (closed
triangle), TSDW of SDW order (closed blue square) and TELC

of a so called electronic liquid crystal state as determined by
neutron scattering51,58 (open blue square). Tc is indicated by
a dashed line. All solid lines are guides to the eye.

sor diamagnetism87 in the static magnetic susceptibility
χ(T ) of YBCO for H ∥ c. The discovery of CDW or-
der surrounding the 1/8-anomaly introduces important
aspects to this debate. In particular, the peak in the re-
laxation the NMR may indicate a response of the spin dy-
namics to the formation of the CDW. Associated effects
on static magnetic susceptibility and electronic transport
coefficients are likely. More work is certainly needed to
elucidate such connections. It should be noted that vari-
ous comparisons of TCDW to other critical temperatures
have been reported.3,10,21,79,81

C. CDW order in YBCO vs stripe order in LBCO

1. Order parameter and incommensurability

The striking similarity of the thermopower response
found in YBCO and stripe ordered La-based cuprates
suggests that a reconstruction of the Fermi surface into

one with small electron pockets may be a universal fea-
ture of charge ordered cuprates.22,29,31 It is therefore in-
teresting to compare the doping evolution of the charge
orders in YBCO and the prototypical stripe compound
LBCO.40,78,88 To this end, Fig. 4(a) displays Tc(p) of
both systems, clearly showing the well-known suppres-
sion of Tc near 1/8-doping.40,60,76 To quantify the 1/8-
anomaly in YBCO, the authors of Ref. 60 have sub-
tracted Tc(p) from a fit of the envelope of the supercon-
ducting dome. Here we do the same for LBCO and plot
the difference∆Tc(p) for both systems in Fig. 4(b).77 One
can see that LBCO compared to YBCO shows a stronger
suppression of Tc. This agrees well with the fact that
LBCO also shows the larger charge order parameter; see
Fig. 4(c). At 1/8-doping charge stripe order in LBCO is
already fully developed in zero magnetic field40,78, while
in YBCO the zero-field CDW order is incomplete and,
thus, SC not fully suppressed21,60.
The different doping dependence in YBCO and LBCO

of the charge order incommensurability has already been
pointed out45 but is repeated in Fig. 4(d) to put the
new values for y = 6.44 and 6.512 into perspective. One
can see that δb(CDW) continues the approximately lin-
ear doping trend around 1/8-doping all the way down
to p = 0.078. In the stripe phase the incommensurabil-
ities of the charge and spin orders are coupled, whereas
those of the CDW and SDW orders in YBCO seem to
be unrelated.40,45,46 If one considers the doping depen-
dence of δb(SDW) of the SDW order in YBCO, it appears
that this order might actually be a relative of the stripe
order in La-based cuprates.51,57 In this respect it is in-
teresting that Zn doping in YBCO causes a weakening
of the CDW state (and as a matter of fact a suppression
of the broad maximum of 1/(T1T ) in the planar 63Cu
NQR/NMR89,90) as well as the reappearance of a SDW
state at dopings p ∼ 1/8.46,91 This shows that the CDW
and SDW orders not only compete with SC, but also with
each other. The results for the hole doping dependence
of the SDW and CDW phases near pc in Fig. 4(c) and
Fig. 5 support the same idea.

2. Correlation length

Another interesting difference between YBCO and
LBCO concerns the doping dependence of the in-plane
charge order correlation length ξ. As can be seen in
Fig. 4(e) the correlation length of the charge stripe or-
der in La2−xBaxCuO4 exhibits a pronounced maximum
at p = 1/8 of ξ(stripe) ∼ 180 Å, but drops rapidly
by a factor of three within a 3% variation of p. In
contrast, in YBCO the correlation length ξb(CDW) at
T ∼ Tc(p) is always quite short and varies only weakly
for 0.078 ≤ p ≤ 0.132. Moreover, ξb(CDW) appears to be
independent of the type of oxygen order (ortho-II, VIII,
or III), and also independent of the correlation length
ξb(chain) of the oxygen chain order measured in the same
direction b∗; see inset in Fig. 4(e). One could argue
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Figure 2 | Competition between charge–density-wave order and superconductivity. a, Temperature dependence of the peak intensity at (1.695, 0, 0.5)
(circles) and (0, 3.691, 0.5) (squares) for different applied magnetic fields. The square data points have been multiplied by a factor of four. In the normal
state, there is a smooth onset of the CDW order. In the absence of an applied magnetic field there is a decrease in the peak intensity below Tc. This trend
can be reversed by the application of a magnetic field. b, Magnetic field dependence of the lattice modulation peak intensity at (1.695,0,0.5) for different
temperatures. At T = 2 K, the peak intensity grows approximately linearly with magnetic field up to the highest applied field. c,d, Gaussian linewidth of the
(1.695, 0, 0.5) CDW modulation plotted versus temperature and field respectively. The raw linewidth, including a contribution from the instrumental
resolution, is field-independent in the normal state (T > Tc). In contrast, the CDW order becomes more coherent below Tc, once a magnetic field is applied.
This effect ceases once the amplitude starts to be suppressed owing to competition with superconductivity. The vertical dashed lines in a,c illustrate the
connection between these two features of the data that define the Tcusp temperatures. All other lines are guides to the eye. Error bars indicate standard
deviations of the fit parameters described in Methods.

The intensities of the incommensurate Bragg peaks are sensitive
to atomic displacements parallel to the total scattering vector
Q. The comparatively small contribution to Q along the c⇤

direction from l = 0.5 r.l.u. means that our signal for a (h,
0, 0.5) peak is dominated by displacements parallel to the a
direction. (There will also be displacements parallel to the c
direction but we are essentially insensitive to them in our present
scattering geometry). Our data indicate that the incommensurate
peaks are much stronger if they are satellites of strong Bragg
peaks of the form (⌧ = (2n,0,0)) at positions such as ⌧ ± q1.
This indicates that the satellites are caused by a modulation
of the parent crystal structure. The fact that the scattering is
peaked at l = ±0.5 r.l.u. means that neighbouring bilayers are
modulated in antiphase. The two simplest structures (Fig. 3a,b)
compatible with our data (see Supplementary Information) involve
the neighbouring CuO2 planes in the bilayer being displaced in
the same (bilayer-centred) or opposite (chain-centred) directions,
resulting in the maximum amplitude of the modulation being on
the CuO2 planes or CuO chains respectively. In their 2�q form,
these structures would lead to the in-plane ‘checkerboard’ pattern
shown in Fig. 3c. Scanning tunnelling microscopy studies of other
underdoped cuprates16 and of field-induced CDW correlations in
vortex cores17 also support the tendency towards checkerboard
formation18, although disorder can cause small stripe domains
to mimic checkerboard order19. Our observation of a CDW

may be related to phonon anomalies20, which suggest that in
YBCO near p⇡ 1/8 there are anomalies in the underlying charge
susceptibility for q⇡ (0,0.3).

Cuprate superconductors show strong spin correlations, and
the interplay between spin and charge correlations may be at the
heart of the high-Tc phenomenon. The spin correlations are largely
dynamic, with energies up to several hundred meV. YBa2Cu3O6+x
and La2�x(Ba,Sr)xCuO4+� show incommensurate magnetic order,
which can be enhanced by suppressing superconductivity with an
applied magnetic field21–24; this has some analogies with the CDW
order observed here. The magnetic order is static on the ⇠1meV
frequency scale of neutron diffraction and has been detected in
lightly doped YBa2Cu3O6+x for p 0.082 (ref. 21), and moderately
doped La2�xSrxCuO4 for p  0.14 (ref. 24). The YBa2Cu3O6.67
(p⇡ 1/8) sample studied here is expected to have a relatively large
spin gap, h̄! ⇡ 20meV (ref. 25), in its magnetic excitations at
low temperature, making it unlikely that it orders magnetically.
As discussed earlier, this is confirmed by other measurements13,14,
so the CDW does not seem to be accompanied by spin order.
Moreover, there is no obvious relationship between qCDW and the
wave vector of the incipient spin fluctuations qSF ⇡ (0.1,0) of
similarly doped samples25.

It is interesting to note that TCDW corresponds approximately
withTH (Fig. 4), the temperature at whichHall effectmeasurements
suggest that Fermi surface reconstruction begins26. A CDW that
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FIG. 4: (color online) Comparison of CDW order in YBCO with charge stripe order in LBCO as a function of planar hole
concentration p for zero magnetic field. (a) Superconducting transition temperature Tc and (b) suppression of Tc through
1/8-effect for YBCO from this work (circles) and Ref. 60 (green lines), and for LBCO from Ref. 76 (diamonds) and Ref. 40
(squares). The dashed gray line in (a) for LBCO is a cubic fit77 of Tc(p) outside the 1/8-region to describe the envelope of
the SC dome, while the solid line includes a Gaussian term to account for the 1/8-anomaly. (c) The right ordinate shows the
CDW order parameter ∆(CDW) in YBCO measured at Q = (0, δb, 6.5) in zero magnetic field, and normalized to the high-field
low-temperature value of the ortho-VIII crystal with y = 6.67 (see text for details). Red circles were measured at T ∼ Tc(p),
and red diamonds at T ∼ 10 K. The solid and dashed red lines are guides to the eye. The left ordinate represents the SDW
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tures in the underdoped regime, especially the pseudo-
gap temperature T ∗, appear to continue to increase with
underdoping.10,21,80–84 To identify properties potentially
connected to the CDW order, Fig. 5 shows a critical tem-
perature T † that marks a broad maximum in the 1/(T1T )
signal of planar 63Cu NQR/NMR experiments.52,61–64

The agreement between TCDW and T † is very suggestive.
This NQR/NMR feature at T † is characteristic for sam-
ples in the pseudogap phase where Tc < T † < T ∗. It is

apparent that T † decreases with underdoping, too. The
origin of T † is a matter of debate, but common interpre-
tations involve the onset of spin freezing, and a gapping
of the low energy spin fluctuations by the pseudogap or
by incoherent pairing in the normal state.52,58,64,85 With
respect to the incoherent pairing scenario, it is worth
noticing yet another property that shares a similar dop-
ing dependence as TCDW and T †, and that is the on-
set temperature reported in Ref. 86 of so called precur-

p = 0.12
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Q = (0, δb, 6.5) (red circles), and stripe correlation length ξ(stripe) in LBCO40,78 at T ∼ 3 K (gray squares). The resolution
has been deconvolved, although it is basically negligible; see Fig. 2(b) and Tab. I. The inset shows ξb(CDW) of the CDW order
versus ξb(chain) of the oxygen order, both measured in direction of the b axis. (d,e) The data for δb(CDW) and ξb(CDW) are
average values obtained from measurements of the same peak Q = (0, δb, 6.5) in several beam times; see Tab. I.

tures in the underdoped regime, especially the pseudo-
gap temperature T ∗, appear to continue to increase with
underdoping.10,21,80–84 To identify properties potentially
connected to the CDW order, Fig. 5 shows a critical tem-
perature T † that marks a broad maximum in the 1/(T1T )
signal of planar 63Cu NQR/NMR experiments.52,61–64

The agreement between TCDW and T † is very suggestive.
This NQR/NMR feature at T † is characteristic for sam-
ples in the pseudogap phase where Tc < T † < T ∗. It is

apparent that T † decreases with underdoping, too. The
origin of T † is a matter of debate, but common interpre-
tations involve the onset of spin freezing, and a gapping
of the low energy spin fluctuations by the pseudogap or
by incoherent pairing in the normal state.52,58,64,85 With
respect to the incoherent pairing scenario, it is worth
noticing yet another property that shares a similar dop-
ing dependence as TCDW and T †, and that is the on-
set temperature reported in Ref. 86 of so called precur-
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at T ∼ Tc(p) and Q = (0, δb, 6.5) (red circles) as well as data from Ref. 45 (red triangles). Gray squares indicate the charge
stripe incommensurability δ(stripe) in LBCO.40,78 (e) CDW correlation length ξb(CDW) in YBCO measured at T ∼ Tc(p) and
Q = (0, δb, 6.5) (red circles), and stripe correlation length ξ(stripe) in LBCO40,78 at T ∼ 3 K (gray squares). The resolution
has been deconvolved, although it is basically negligible; see Fig. 2(b) and Tab. I. The inset shows ξb(CDW) of the CDW order
versus ξb(chain) of the oxygen order, both measured in direction of the b axis. (d,e) The data for δb(CDW) and ξb(CDW) are
average values obtained from measurements of the same peak Q = (0, δb, 6.5) in several beam times; see Tab. I.

tures in the underdoped regime, especially the pseudo-
gap temperature T ∗, appear to continue to increase with
underdoping.10,21,80–84 To identify properties potentially
connected to the CDW order, Fig. 5 shows a critical tem-
perature T † that marks a broad maximum in the 1/(T1T )
signal of planar 63Cu NQR/NMR experiments.52,61–64

The agreement between TCDW and T † is very suggestive.
This NQR/NMR feature at T † is characteristic for sam-
ples in the pseudogap phase where Tc < T † < T ∗. It is

apparent that T † decreases with underdoping, too. The
origin of T † is a matter of debate, but common interpre-
tations involve the onset of spin freezing, and a gapping
of the low energy spin fluctuations by the pseudogap or
by incoherent pairing in the normal state.52,58,64,85 With
respect to the incoherent pairing scenario, it is worth
noticing yet another property that shares a similar dop-
ing dependence as TCDW and T †, and that is the on-
set temperature reported in Ref. 86 of so called precur-

6

T c (K
)

LBCO

YBCO(a)

0

50

100

Δ
T c (K

)
(b)

−40

−20

0
SD

W
 v

ol
um

e 
fra

ct
io

n

0

0.2

0.4

0.6

0.8

1

1.2

detection limit

C
ha

rg
e 

or
de

r p
ar

am
et

er
 Δ

Δ(CDW)

SDW

YBCO

LBCO

T~Tc

T~10K

Δ(stripe)
→

(c)

→

←

p (holes/planar Cu)
0.05 0.075 0.1 0.125 0.15

0

0.2

0.4

0.6

0.8

1

1.2

0.30

0.31

0.32

0.33

0.34

In
co

m
m

en
su

ra
bi

lit
y 
δ 

(r.
l.u

.)

YBCO
δb(CDW)
←

LBCO
δ(stripe)
→

(d)

0.20

0.21

0.22

0.23

0.24

0.25

0.05 0.075 0.1 0.125 0.15
0

50

100

150

200

C
or

re
la

tio
n 

le
ng

th
 ξ

  (
Å)

YBCO
T ~ Tc ξb(CDW)

LBCO
T ~ 2 K
ξ(stripe)

p (holes/planar Cu)

(e)

100 200
0

50

100

150

ξ b(C
D

W
)  

(Å
)

ξb(chain)  (Å)

6.75

6.67

6.44 6.512

FIG. 4: (color online) Comparison of CDW order in YBCO with charge stripe order in LBCO as a function of planar hole
concentration p for zero magnetic field. (a) Superconducting transition temperature Tc and (b) suppression of Tc through
1/8-effect for YBCO from this work (circles) and Ref. 60 (green lines), and for LBCO from Ref. 76 (diamonds) and Ref. 40
(squares). The dashed gray line in (a) for LBCO is a cubic fit77 of Tc(p) outside the 1/8-region to describe the envelope of
the SC dome, while the solid line includes a Gaussian term to account for the 1/8-anomaly. (c) The right ordinate shows the
CDW order parameter ∆(CDW) in YBCO measured at Q = (0, δb, 6.5) in zero magnetic field, and normalized to the high-field
low-temperature value of the ortho-VIII crystal with y = 6.67 (see text for details). Red circles were measured at T ∼ Tc(p),
and red diamonds at T ∼ 10 K. The solid and dashed red lines are guides to the eye. The left ordinate represents the SDW
volume fraction measured by µSR (closed blue circles).73 Gray squares indicate the charge stripe order parameter ∆(stripe)
in LBCO measured with x-rays in zero magnetic field at T ∼ 3 K.78 The horizonal dashed line indicates an approximate
detection limit for the high energy x-ray diffraction experiment. (d) CDW incommensurability δb(CDW) in YBCO measured
at T ∼ Tc(p) and Q = (0, δb, 6.5) (red circles) as well as data from Ref. 45 (red triangles). Gray squares indicate the charge
stripe incommensurability δ(stripe) in LBCO.40,78 (e) CDW correlation length ξb(CDW) in YBCO measured at T ∼ Tc(p) and
Q = (0, δb, 6.5) (red circles), and stripe correlation length ξ(stripe) in LBCO40,78 at T ∼ 3 K (gray squares). The resolution
has been deconvolved, although it is basically negligible; see Fig. 2(b) and Tab. I. The inset shows ξb(CDW) of the CDW order
versus ξb(chain) of the oxygen order, both measured in direction of the b axis. (d,e) The data for δb(CDW) and ξb(CDW) are
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tures in the underdoped regime, especially the pseudo-
gap temperature T ∗, appear to continue to increase with
underdoping.10,21,80–84 To identify properties potentially
connected to the CDW order, Fig. 5 shows a critical tem-
perature T † that marks a broad maximum in the 1/(T1T )
signal of planar 63Cu NQR/NMR experiments.52,61–64

The agreement between TCDW and T † is very suggestive.
This NQR/NMR feature at T † is characteristic for sam-
ples in the pseudogap phase where Tc < T † < T ∗. It is

apparent that T † decreases with underdoping, too. The
origin of T † is a matter of debate, but common interpre-
tations involve the onset of spin freezing, and a gapping
of the low energy spin fluctuations by the pseudogap or
by incoherent pairing in the normal state.52,58,64,85 With
respect to the incoherent pairing scenario, it is worth
noticing yet another property that shares a similar dop-
ing dependence as TCDW and T †, and that is the on-
set temperature reported in Ref. 86 of so called precur-
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Universal behavior: spin stripe density vs. doping
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High- vs. low-field CDW
reported earlier on the basis of c-axis resistivity measurements14,
in excellent agreement with our own results.) The two-peak
structure is also apparent in the usual T—p plane: the single Tc
dome at H¼ 0 transforms into two domes when a magnetic field
is applied (Fig. 4b).

Discussion
A natural explanation for two peaks in the Hc2 vs p curve is that
each peak is associated with a distinct critical point where some

phase transition occurs. An example of this is the heavy-fermion
metal CeCu2Si2, where two Tc domes in the temperature-pressure
phase diagram were revealed by adding impurities to weaken
superconductivity15: one dome straddles an underlying anti-
ferromagnetic transition and the other dome a valence
transition16. In YBCO, there is indeed strong evidence of two
transitions—one at p1 and another at a critical doping consistent
with p2 (ref. 17). In particular, the Fermi surface of YBCO is
known to undergo one transformation at p¼ 0.08 and another
near pB0.18 (ref. 18). Hints of two critical points have also been
found in Bi2Sr2CaCu2O8þ d, as changes in the superconducting
gap detected by ARPES at p1B0.08 and p2B0.19 (ref. 19).

The transformation at p2 is a reconstruction of the large hole-
like cylinder at high doping that produces a small electron
pocket18,20,21. We associate the fall of Tc and the collapse of Hc2
below p2 to that Fermi-surface reconstruction. Recent studies
indicate that charge-density wave order plays a role in the
reconstruction22–25. Indeed, the charge modulation seen with
X-rays23–25 and the Fermi-surface reconstruction seen in the Hall
coefficient18,26 emerge in parallel with decreasing temperature
(see Fig. 5). Moreover, the charge modulation amplitude drops
suddenly below Tc, showing that superconductivity and charge
order compete23–25 (Supplementary Fig. 7a). As a function of
field24, the onset of this competition defines a line in the H—T
plane (Supplementary Fig. 7b) that is consistent with our Hc2(T)
line (Fig. 3). The flip side of this phase competition is that
superconductivity must in turn be suppressed by charge order,
consistent with our interpretation of the Tc fall and Hc2 collapse
below p2.

We can quantify the impact of phase competition by
computing the condensation energy dE at p¼ p2, using
Hc1¼ 110±5 mT at Tc¼ 93 K (ref. 27) and Hc2¼ 140±20 T
(Table 1), and comparing with dE at p¼ 0.11 (see above): dE
decreases by a factor 20 and dE/Tc

2 by a factor 8 (see
Supplementary Note 5). In Fig. 4c, we plot the doping
dependence of dE/Tc

2 (in qualitative agreement with earlier
estimates based on specific heat data28—see Supplementary
Fig. 8). We attribute the tremendous weakening of super-
conductivity below p2 to a major drop in the density of states
as the large hole-like Fermi surface reconstructs into small
pockets. This process is likely to involve both the pseudogap
formation and the charge ordering.
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Figure 4 | Doping dependence of Hc2, Tc and the condensation energy.
(a) Upper critical field Hc2 of the cuprate superconductor YBCO as a
function of hole concentration (doping) p. Hc2 is defined as Hvs(T-0)
(Table 1), the onset of the vortex-solid phase at T-0, where Hvs(T) is
obtained from high-field resistivity data (Fig. 3, and Supplementary Figs 5
and 6). The point at p¼0.14 (square) is from data on Y124 (Fig. 3b). The
points at p40.22 (diamonds) are from data on Tl-2201 (Table 1, Fig. 2 and
Supplementary Fig. 6). Error bars on the Hc2 data represent the uncertainty
in extrapolating the Hvs(T) data to T¼0. (b) Critical temperature Tc of
YBCO as a function of doping p, for three values of the magnetic field H, as
indicated (Table 1). Tc is defined as the point of zero resistance. All lines are
a guide to the eye. Two peaks are observed in Hc2(p) and in Tc(p; H40),
located at p1B0.08 and p2B0.18 (open diamonds). The first peak coincides
with the onset of incommensurate spin modulations at pE0.08, detected
by neutron scattering30 and muon spin spectroscopy31. The second peak
coincides with the approximate onset of Fermi-surface reconstruction18,21,
attributed to charge modulations detected by high-field NMR (ref. 22) and
X-ray scattering23–25. (c) Condensation energy dE (red circles), given by the
product of Hc2 and Hc1 (see Supplementary Note 5 and Supplementary
Fig. 8), plotted as dE/Tc

2 vs p. Note the eightfold drop below p2 (vertical
dashed line), attributed predominantly to a corresponding drop in the
density of states. All lines are a guide to the eye.
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Figure 4 | H–T phase diagram of charge-ordered YBa2Cu3Oy. 
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Relationship with vortex physics. For all samples, HchargeE9–15 T
is found to be lower than the melting transition of the
vortex lattice that takes place at Hmelt 420 T for T r5 K (ref. 14).
The charge-ordering transition thus occurs inside the vortex-solid
phase. As the vortex cores represent normal regions of radius xSC
within the superconductor, it is expected15–17 that the charge
fluctuations detected above Tc (refs 9–11) continue to develop at
low temperatures within the cores where they escape the
competition with superconductivity. As suggested by LDOS
modulations in Bi-2212 (ref. 2), halos of incipient charge order
are centred on the cores and they extend over a typical distance
xcharge4xSC (Fig. 4). On increasing the field, the long-range, static,
charge order may be expected to appear when these halos start to
overlap. This should occur at Hcharge¼F0/(2pxcharge

2), as the halo
density equals the density of vortices whose cores start to overlap at
the upper critical field, Hc2¼F0/(2pxSC

2). Owing to our

observation of a field-induced transition to the charge-ordered
state, this prediction is now confirmed by experiments for the first
time: Hcharge¼ 9.3±1.3 T for p¼ 0.12 (ortho-VIII) translates into
xcharge¼ 16a, where a is the planar Cu–Cu distance. This is to be
compared to xchargeE19a measured at H¼ 9 T and T¼ 2 K by
X-ray diffraction for the same doping level10. Despite the obvious
simplistic nature of the description (for instance, neither a coupling
between CuO2 planes nor an in-plane anisotropy of xcharge is
considered), this agreement suggests that this picture is indeed the
correct starting point for explaining the field-induced transition.
This is the second central result of this work.

Doping dependence of charge order around p¼ 0.11–0.12. On
increasing the field further in the p¼ 0.109 sample, Dnquad
saturates at fields of 30–35 T (Fig. 3a). Remarkably, this field scale
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4a CDW in vortex halos: STM on Bi2212
model that proposed that the circulating super-
currents weaken the superconducting order pa-
rameter and allow the local appearance of a
coexisting spin density wave (SDW) and HTSC
phase (23) surrounding the core. In a more
recent model, which is an extension of (5) and
(22), the effective mass associated with spin
fluctuations results in an AF localization length
that might be substantially greater than the core
radius (30). An associated appearance of charge
density wave order was also predicted (31)
whose effects on the HTSC quasi-particles
should be detectable in the regions surrounding
the vortex core (23).

To test these ideas, we apply our recently
developed techniques of low-energy quasi-par-
ticle imaging at HTSC vortices (21). We choose
to study Bi-2212, because YBCO and LSCO
have proven nonideal for spectroscopic studies
because their cleaved surfaces often exhibit
nonsuperconducting spectra. Our “as-grown”
Bi-2212 crystals are generated by the floating
zone method, are slightly overdoped with Tc !
89 K, and contain 0.5% of Ni impurity atoms.
They are cleaved (at the BiO plane) in cryogen-
ic ultrahigh vacuum below 30 K and immedi-
ately inserted into the STM head. Figure 1A
shows a topographic image of the 560 Å square
area where all the STM measurements reported
here were carried out. The atomic resolution
and the supermodulation (with wavelength
"26 Å oriented at 45° to the Cu-O bond direc-
tions) are evident throughout.

To study effects of the magnetic field B on
the superconducting electronic structure, we
first acquire zero-field maps of the differential
tunneling conductance (G ! dI/dV) measured
at all locations (x, y) in the field of view (FOV)
of Fig. 1A. Because LDOS(E ! eV) # G(V ),
where V is the sample bias voltage, this results
in a two-dimensional map of the local density
of states LDOS(E, x, y, B ! 0). We acquire
these LDOS maps at energies ranging from –12
meV to $12 meV in 1-meV increments. The B
field is then ramped to its target value, and, after
any drift has stabilized, we remeasure the topo-
graph with the same resolution. The FOV
where the high-field LDOS measurements are
to be made is then matched to that in Fig. 1A
within 1 Å ("0.25a0) by comparing character-
istic topographic/spectroscopic features. Final-
ly, we acquire the high-field LDOS maps,
LDOS(E, x, y, B), at the same series of energies
as the zero-field case.

To focus preferentially on B field effects,
we define a type of two-dimensional map:

S E1

E2(x, y, B) ! !
E1

E2

%LDOS&E, x, y, B'

! LDOS&E, x, y, 0'(dE (1)

which represents the integral of all additional
spectral density induced by the B field be-
tween the energies E1 and E2 at each location

(x, y). We use this technique of combined
electronic background subtraction and energy
integration to enhance the signal-to-noise ra-
tio of the vortex-induced states. In Bi-2212,
these states are broadly distributed in energy
around )7 meV (21), so S )1

)12(x, y, B) effec-
tively maps the additional spectral strength
under their peaks.

Figure 1B is an image of S1
12(x, y, 5)

measured in the FOV of Fig. 1A. The loca-
tions of seven vortices are evident as the
darker regions of dimension "100 Å. Each
vortex displays a spatial structure in the inte-
grated LDOS consisting of a checkerboard
pattern oriented along Cu-O bonds. We have
observed spatial structure with the same pe-
riodicity and orientation, in the vortex-in-
duced LDOS on multiple samples and at
fields ranging from 2 to 7 T. In all 35 vortices
studied in detail, this spatial and energetic
structure exists, but the checkerboard is more
clearly resolved by the positive-bias peak.

We show the power spectrum from the
two-dimensional Fourier transform of
S1

12(x, y, 5),PS[S1
12(x, y, 5)]!{FT%S1

12&x, y, 5)]}2,
in Fig. 2A and a labeled schematic of these
results in Fig. 2B. In these k-space images,
the atomic periodicity is detected at the points
labeled by A, which by definition are at
(0,)1) and ()1,0). The harmonics of the
supermodulation are identified by the sym-
bols B1 and B2. These features (A, B1, and
B2) are observed in the Fourier transforms of
all LDOS maps, independent of magnetic
field, and they remain as a small background
signal in PS[S1

12(x, y, 5)] because the zero-
field and high-field LDOS images can only
be matched to within 1 Å before subtraction.
Most importantly, PS[S1

12(x, y, 5)] reveals
new peaks at the four k-space points, which
correspond to the spatial structure of the vor-
tex-induced quasi-particle states. We label
their locations C. No similar peaks in the
spectral weight exist at these points in the
two-dimensional Fourier transform of these
zero-field LDOS maps.

To quantify these results, we fit a Lorent-
zian to PS[S1

12(x, y, 5)] at each of the four
points labeled C in Fig. 2B. We find that they
occur at k-space radius 0.062 Å*1 with width
+ ! 0.011 ) 0.002 Å*1. Figure 2C shows
the value of PS[S1

12(x, y, 5)] measured along
the dashed line in Fig. 2B. The central peak
associated with long-wavelength structure,
the peak associated with the atoms, and the
peak due to the vortex-induced quasi-particle
states are all evident. The vortex-induced
states identified by this means occur at ()1/4,
0) and (0, )1/4) to within the accuracy of the
measurement. Equivalently, the checkerboard
pattern evident in the LDOS has spatial peri-
odicity 4a0 oriented along the Cu-O bonds.
Furthermore, the width + of the Lorentzian
yields a spatial correlation length for these
LDOS oscillations of L ! (1/,+) - 30 ) 5

Å (or L - 7.8 ) 1.3a0). This is substantially
greater than the measured (21) core radius. It
is also evident in Figs. 1B and 2A that the
LDOS oscillations have stronger spectral
weight in one Cu-O direction than in the

Fig. 1. Topographic and spectroscopic images of
the same area of a Bi-2212 surface. (A) A topo-
graphic image of the 560 Å field of view (FOV ) in
which the vortex studies were carried out. The
supermodulation can be seen clearly along with
some effects of electronic inhomogeneity. The
Cu–O–Cu bonds are oriented at 45° to the su-
permodulation. Atomic resolution is evident
throughout, and the inset shows a 140 Å square
FOV at .2 magnification to make this easier to
see. The mean Bi-Bi distance apparent here is
a0 ! 3.83 Å and is identical to the mean Cu-Cu
distance in the CuO plane "5 Å below. (B) A map
of S1

12(x, y, 5) showing the additional LDOS in-
duced by the seven vortices. Each vortex is ap-
parent as a checkerboard at 45° to the page
orientation. Not all are identical, most likely be-
cause of the effects of electronic inhomogeneity.
The units of S1

12(x, y, 5) are picoamps because it
represents /dI/dV!0V. In this energy range, the
maximum integrated LDOS at a vortex is "3
pA, as compared with the zero field integrated
LDOS of "1 pA. The latter is subtracted from
the former to give a maximum contrast of "2
pA. We also note that the integrated differen-
tial conductance between 0 and *200 meV is
200 pA because all measurements reported in
this paper were obtained at a junction resis-
tance of 1 gigaohm set at a bias voltage of
–200 mV.
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other. The ratio of amplitudes of PS[S1
12(x, y,

5)] between (!1/4, 0) and (0, !1/4) is about 3.
How might these observations relate to

the spin structure (27–29) of the HTSC
vortex? The original suggestion of an AF
insulating region inside the core (5, 22)
cannot be tested directly by our techniques,
although the Fermi-level LDOS measured
there is low (20, 21). A more recent pro-
posal is that when the HTSC order parameter
near a vortex is weakened by circulating su-
perflow, a coexisting SDW"HTSC phase ap-
pears resulting in a local magnetic state M(r)
surrounding the core (23). A second proposal
is that the periodicity, orientation, and spatial
extent of the vortex-induced M(r) are deter-
mined by the dispersion and wave vector of
the preexisting zero-field AF fluctuations
(30). In both cases, the 8a0 spatial periodicity
of M(r) is not fully understood but is consis-
tent with models of evolution of coupled spin
and charge modulations in a doped antiferro-
magnetic Mott insulator (8, 32). A final pos-
sibility is that 8a0 periodic “stripes” (2, 3, 6,
7) are localized surrounding the core but that
two orthogonal configurations are apparent in
the STM images because of fluctuations in a
nematic stripe phase (33, 34) or because of
bilayer effects. Of central relevance to the
results reported here is the fact that, in all of
these models, the magnetic state bound to the
vortex has 8a0 periodicity and is oriented
parallel to both the Cu–O directions.

Figure 3A shows a schematic of the super-
flow field and the magnetization M(r) localized
at the vortex. Almost all microscopic models
predict that magnetic order localized near a
vortex will create characteristic perturbations to
the quasi-particle LDOS (23–26, 31). In addi-
tion, general principles about coupled charge-
and spin-density-wave order parameters (2, 3,
6–8, 32) indicate that spatial variations in M(r)
must have double the wavelength of any asso-
ciated variations in the LDOS(r). Thus, the
perturbations to the LDOS(r) near a vortex
should have 4a0 periodicity and the same ori-
entation and spatial extent as M(r), as repre-
sented schematically in Fig. 3A. In an LDOS
image, this would become apparent as a
checkerboard pattern (Fig. 3B). In Fig. 3C,
we show the autocorrelation of a region of
Fig. 1B that contains one vortex, to display
the spatial structure of the Bi-2212 vortex-
induced LDOS. It is in good agreement with
the quasi-particle response described by Fig.
3, A and B. Therefore, assuming equivalent
vortex phenomena in LSCO, YBCO, and Bi-
2212, the combined results from INS, ENS,
NMR, and STM lead to an internally consis-
tent picture for the electronic and magnetic
structure of the HTSC vortex.

Independent of models of the vortex struc-
ture, the data reported here are important for
several reasons. First, the 4a0 periodicity and
register to the Cu–O bond directions of the
vortex-induced LDOS are likely signatures of
strong electronic correlations in the underlying
lattice. Such a 4a0 periodicity in the electronic

Fig. 3. A schematic model of the electronic/
magnetic structure of the HTSC vortex core.
(A) Superfluid velocity #(x) rises and the HTSC
order parameter $%(x)$ falls as the core is ap-
proached. The periodicity of the spin density
modulation deduced from (27) is shown sche-
matically asM(x). The anticipated periodicity of
the LDOS modulation due to such an M(x) is
shown schematically as LDOS(x). (B) A sche-
matic of the two-dimensional checkerboard of
LDOS modulations that would exist at a circu-
larly symmetric vortex core with an 8a0 spin
modulation as modeled in (A). The dashed line
shows the location of the &5a0 diameter vor-
tex core. The dark regions represent higher
intensity low-energy LDOS due to the presence
of a vortex. They are 2a0 wide and separated by
4a0. (C) The two-dimensional autocorrelation
of a region of S1

12(x, y, 5) that contains one
vortex. Its dimensions are scaled to match the
scale of (A), and it is rotated relative to Fig. 1 so
that the Cu–O bond directions are here hori-
zontal and vertical.

Fig. 2. Fourier transform analysis of vortex-
induced LDOS. (A) PS[S1

12(x, y, 5)], the two-
dimensional power spectrum of the S1

12(5, x,
y) map shown in Fig. 1B. The four points near
the edges of the figure are the k-space loca-
tions of the square Bi lattice. The vortex
effects surround the k ' 0 point at the center
of the figure. (B) A schematic of the PS[S1

12(x,
y, 5)] shown in (A). Distances are measured in
units of 2(/a0. Peaks due to the atoms at
(0,!1) and (!1,0) are labeled A. Peaks due to
the supermodulation are observed at B1 and
B2. The four peaks at C occur only in a magnetic
field and represent the vortex-induced effects
at k-space locations (0,!1/4) and (!1/4,0). (C)
A trace of PS[S1

12(x, y, 5)] along the dashed line
in (B). The strength of the peak due to vortex-
induced states is demonstrated, as is its loca-
tion in the k-space unit cell relative to the
atomic locations. The spectrum along the line
toward (0,1) is equivalent, but there is less
spectral weight in the peak in PS[S1

12(x, y, 5)] at
(0,1/4).
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FIG. 1: (color online) Magnetization in ortho-II YBa2Cu3Oy

(y = 6.55, Tc = 61 K, p = 0.11) measured by torque magne-
tometry in dc field. Panel (a) shows the observed suseptibility
Mobs/B from T = 80 to 210 K measured at 8 T (black circles)
and 11 T (red) in Sample 1 (B = µ0H , with µ0 the permeabil-
ity). The straight line is the Van Vleck anisotropy background
∆χv = a(T + T0) with a = 1.18×10−2 A(mTK)−1 and T0 =
305 K. The diamagnetic term Md onsets near 110 K. The in-
set defines the tilt angle θ = 25◦ between H and the normal
ẑ. Panel (b) plots Md(T,H) = Mobs(T,H)− a(T + T0)H vs.
the z-component Hz = H cos θ at selected T in Sample 2.
Splitting of the sweep-up from the sweep-down curves occurs
at the melting field Hm(T ). At each T , the sample is in the
vortex liquid state for H > Hm(T ). Diamagnetism persists
to fields significantly above 32 T. For the curve at 50 K, the
red arrow (labelled “MF”) marks the Hc2,MF value proposed
in Ref. [5].

6

dSC
PDW

dSC

PDW

FIG. 4: (color online) The cross-over field HK in ortho-II
YBCO (y = 6.55) inferred from χd (blue circles) and from
κxx (red triangles) plotted in the T -H phase diagram. The
melting field curve Hm(T ) (measured in dc field (open cir-
cles) and in pulsed field (open triangles)) is also plotted.
Throughout the region between Hm(T ) and the maximum
field 34 T (shaded light blue), the sample is in the vortex-
liquid state, even above Tc. Below the curve HK(T ), the
uniform d-wave superconducting (dSC) state is stable. The
state above HK(T ) is Cooper paired and proposed here to
be a pair-density wave (PDW) state. In the sketches of the
free energy landscape, the peak is the free energy FN of the
normal state, while the minima are free energies FdSC in the
dSC and FPDW in the PDW state. Their slight difference is
easily affected by H .
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Charge order in Bi2201

Charge Order Driven by Fermi-Arc
Instability in Bi2Sr2−xLaxCuO6+d
R. Comin,1 A. Frano,2,3 M. M. Yee,4 Y. Yoshida,5 H. Eisaki,5 E. Schierle,3 E. Weschke,3

R. Sutarto,6 F. He,6 A. Soumyanarayanan,4 Yang He,4 M. Le Tacon,2 I. S. Elfimov,1,7

Jennifer E. Hoffman,4 G. A. Sawatzky,1,7 B. Keimer,2 A. Damascelli1,7*

The understanding of the origin of superconductivity in cuprates has been hindered by the
apparent diversity of intertwining electronic orders in these materials. We combined resonant x-ray
scattering (REXS), scanning-tunneling microscopy (STM), and angle-resolved photoemission
spectroscopy (ARPES) to observe a charge order that appears consistently in surface and bulk,
and in momentum and real space within one cuprate family, Bi2Sr2−xLaxCuO6+d. The observed
wave vectors rule out simple antinodal nesting in the single-particle limit but match well
with a phenomenological model of a many-body instability of the Fermi arcs. Combined with
earlier observations of electronic order in other cuprate families, these findings suggest the
existence of a generic charge-ordered state in underdoped cuprates and uncover its intimate
connection to the pseudogap regime.

Since the discovery of cuprate high-temperature
superconductors, several unconventional
phenomena have been observed in the re-

gion of the phase diagram located between the
strongly localized Mott insulator at zero doping
and the itinerant Fermi-liquid state that emerges
beyond optimal doping (1–20). The so-called
pseudogap (PG) opens at the temperature T !

and obliterates the Fermi surface at the antinodes
(ANs) of the d-wave superconducting gap func-
tion, leaving behind disconnected “Fermi arcs”
centered around the nodes. In addition, charge
order has been observed on the surface of Bi- and
Cl-based compounds (4–8), in the bulk of La-
based compounds (9–11), and most recently in
YBa2Cu3O6þd (YBCO) (17–20), indicating that
this might be the leading instability in underdoped
cuprates. The similarity between the observed
charge ordering wavevector and the antinodal
nesting vector of the high-temperature Fermi sur-
face has prompted suggestions that a conventional
Peierls-like charge-density wave (CDW) might
be responsible for the opening of the pseudogap
(7, 8, 12, 19). We used complementary bulk and
surface techniques to examine the validity of this
scenario and explored the connection between
charge ordering and fermiology.

By applying a suite of complementary tools
to a single cuprate material, Bi2Sr2−xLaxCuO6þd

(Bi2201), we reveal that the charge order in this
system emerges just below T !, with a character-
istic wave vector corresponding to the Fermi arc
tips rather than the antinodal nesting vector. We

quantified the Fermi surface by using angle-
resolved photoemission spectroscopy (ARPES),
and we looked for charge modulations along
the Cu-O bond directions in both real and re-
ciprocal space by using scanning-tunneling mi-
croscopy (STM) and resonant x-ray scattering
(REXS). The single-layer Bi2201 is well suited to
this purpose owing to (i) its two-dimensionality
and high degree of crystallinity (21, 22) and (ii) the
possibility of probing the temperature evolution
across T !, which is better characterized (15, 16)
and more accessible than in bilayer systems. This
study, by bringing together three different tech-
niques on the same material belonging to the Bi
family together with related observations on La-
and Y-based compounds, suggests the ubiquity
of charge ordering in underdoped cuprates [see
also the related report for bilayer Bi2212 (23)].

REXS uses x-ray photons to exchange mo-
mentum with the electrons and the ionic lattice
in order to gain information on the electronic
charge distribution. As opposed to conventional
x-ray diffraction, which is widely used for struc-
tural studies, in REXS the photon energy is
tuned to resonance with one of the element-
specific absorption lines. This results in a strong
enhancement of the sensitivity to the valence
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Fig. 1. REXS and STM comparison on Bi2201. (A) Bi2201 low- and high-temperature scans of the in-
plane momentumQ∥, showing the emergence of a CO peak aroundQCO ≃ 0:265. (B) Resonance profile at
QCO after background subtraction (red markers), superimposed onto the Cu-L3 absorption edge (blue line).
(C) Temperature dependence of the CO-peak area for the three Bi2201 doping levels investigated; dashed
lines are linear fits, with baseline marking the zero intensity position for each data set. Hollow and full
markers for UD15K correspond to positive and negative wave vectors Q∥ > 0 and Q∥ < 0, respectively,
for different samples. The PG temperature T! (gray boxes) is from Knight shift measurements (36). (D)
Bi2201 dI/dV map, taken at 24-mV bias over a 29-nm region (9 K, –200 mV, and 250 pA). A charge
modulation with period ~4a0 is seen in real space. (E) Fourier transform (FT) of (D), after fourfold
symmetrization [black circles mark the position of the Bragg vectors(T1, 0) and(0, T1Þ]. Highlighted by the
blue box is the region corresponding to the line cut in (F), whose peak structure is suggestive of a periodic
modulation with wave vector QCO ≃ 0:248. Horizontal bars represent half widths at half maximum.
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The understanding of the origin of superconductivity in cuprates has been hindered by the
apparent diversity of intertwining electronic orders in these materials. We combined resonant x-ray
scattering (REXS), scanning-tunneling microscopy (STM), and angle-resolved photoemission
spectroscopy (ARPES) to observe a charge order that appears consistently in surface and bulk,
and in momentum and real space within one cuprate family, Bi2Sr2−xLaxCuO6+d. The observed
wave vectors rule out simple antinodal nesting in the single-particle limit but match well
with a phenomenological model of a many-body instability of the Fermi arcs. Combined with
earlier observations of electronic order in other cuprate families, these findings suggest the
existence of a generic charge-ordered state in underdoped cuprates and uncover its intimate
connection to the pseudogap regime.
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strongly localized Mott insulator at zero doping
and the itinerant Fermi-liquid state that emerges
beyond optimal doping (1–20). The so-called
pseudogap (PG) opens at the temperature T !

and obliterates the Fermi surface at the antinodes
(ANs) of the d-wave superconducting gap func-
tion, leaving behind disconnected “Fermi arcs”
centered around the nodes. In addition, charge
order has been observed on the surface of Bi- and
Cl-based compounds (4–8), in the bulk of La-
based compounds (9–11), and most recently in
YBa2Cu3O6þd (YBCO) (17–20), indicating that
this might be the leading instability in underdoped
cuprates. The similarity between the observed
charge ordering wavevector and the antinodal
nesting vector of the high-temperature Fermi sur-
face has prompted suggestions that a conventional
Peierls-like charge-density wave (CDW) might
be responsible for the opening of the pseudogap
(7, 8, 12, 19). We used complementary bulk and
surface techniques to examine the validity of this
scenario and explored the connection between
charge ordering and fermiology.

By applying a suite of complementary tools
to a single cuprate material, Bi2Sr2−xLaxCuO6þd

(Bi2201), we reveal that the charge order in this
system emerges just below T !, with a character-
istic wave vector corresponding to the Fermi arc
tips rather than the antinodal nesting vector. We

quantified the Fermi surface by using angle-
resolved photoemission spectroscopy (ARPES),
and we looked for charge modulations along
the Cu-O bond directions in both real and re-
ciprocal space by using scanning-tunneling mi-
croscopy (STM) and resonant x-ray scattering
(REXS). The single-layer Bi2201 is well suited to
this purpose owing to (i) its two-dimensionality
and high degree of crystallinity (21, 22) and (ii) the
possibility of probing the temperature evolution
across T !, which is better characterized (15, 16)
and more accessible than in bilayer systems. This
study, by bringing together three different tech-
niques on the same material belonging to the Bi
family together with related observations on La-
and Y-based compounds, suggests the ubiquity
of charge ordering in underdoped cuprates [see
also the related report for bilayer Bi2212 (23)].

REXS uses x-ray photons to exchange mo-
mentum with the electrons and the ionic lattice
in order to gain information on the electronic
charge distribution. As opposed to conventional
x-ray diffraction, which is widely used for struc-
tural studies, in REXS the photon energy is
tuned to resonance with one of the element-
specific absorption lines. This results in a strong
enhancement of the sensitivity to the valence
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Fig. 1. REXS and STM comparison on Bi2201. (A) Bi2201 low- and high-temperature scans of the in-
plane momentumQ∥, showing the emergence of a CO peak aroundQCO ≃ 0:265. (B) Resonance profile at
QCO after background subtraction (red markers), superimposed onto the Cu-L3 absorption edge (blue line).
(C) Temperature dependence of the CO-peak area for the three Bi2201 doping levels investigated; dashed
lines are linear fits, with baseline marking the zero intensity position for each data set. Hollow and full
markers for UD15K correspond to positive and negative wave vectors Q∥ > 0 and Q∥ < 0, respectively,
for different samples. The PG temperature T! (gray boxes) is from Knight shift measurements (36). (D)
Bi2201 dI/dV map, taken at 24-mV bias over a 29-nm region (9 K, –200 mV, and 250 pA). A charge
modulation with period ~4a0 is seen in real space. (E) Fourier transform (FT) of (D), after fourfold
symmetrization [black circles mark the position of the Bragg vectors(T1, 0) and(0, T1Þ]. Highlighted by the
blue box is the region corresponding to the line cut in (F), whose peak structure is suggestive of a periodic
modulation with wave vector QCO ≃ 0:248. Horizontal bars represent half widths at half maximum.
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electrons and allows the detection of very small
variations in the electronic density profile with-
in the CuO2 planes (11), which are difficult to
determine by using nonresonant methods. We
performed REXS measurements along the te-
tragonal crystallographic a and b axes, with
the corresponding reciprocal axes labeled QH
and QK , for three doping levels of Bi2201 (24).
Because of the near-equivalence ofQH andQK ,
we will hereafter use the common notation Q∥
and define reciprocal lattice units (r.l.u.) for
momentum axes as 2p=a0 ¼ 2p=b0 ¼ 1, with
a0 ≃ b0 ≃ 3:86Å. Figure 1A shows REXS scans
at high (300 K) and low (20 K) temperatures
acquired on a UD15K sample near the Cu-L3 ab-
sorption peak at a photon energy hn ¼ 931:5 eV.
An enhancement of scattering intensity, in the
form of a broad peak, is visible at 20 K at jQ∥j ¼
0:265 T 0:01, whereas at 300 K it disappears
into the featureless background (dominated by
fluorescence). By subtracting the latter, we can
study the dependence of the low-temperature fea-
ture on photon energy, which reveals its reso-
nant behavior at the Cu-L3 edge (Fig. 1B). The
resonant enhancement, together with the absence

of features at the La-M5 absorption edge (fig.
S6), demonstrates that the peak originates from
charge order (CO) occurring in the CuO2 planes.
Furthermore, the gradual dependence of the peak
intensity on the out-of-plane component of the
wavevectorQ⊥ is similar to observations in YBCO
(7) and indicative of short coherence along the
c axis. Figure 1C shows the temperature evolu-
tion of the CO peak in REXS: There is an onset
temperature TCO, but we cannot conclusively
determine whether TCO corresponds to a sharp
phase boundary. Although the charge modula-
tion breaks translational symmetry, the system
lacks long-range order as evidenced by the short
correlation length (xCO ~ 20 to 30 Å). The latter
evolves only weakly with doping and temperature
(fig. S5) and therefore suggests either strong
disorder or substantial fluctuations persisting down
to low temperatures (25). In either case, the con-
vergence of TCO and T " for all doping levels sug-
gests an intimate relationship between the CO
and the PG correlations.

STM is used to detect the charge distribution
in real space, by scanning an atomically sharp
tip over the cleaved Bi2201 surface and map-

ping the differential tunneling conductance
dI=dV ðr,V Þ (where I is current, V is potential,
and r is position), which is proportional to the
local density of states at energy e ¼ eV. Here we
apply STM to the same UD15K sample studied
by REXS. The map of dI=dV ðr,V ¼ 24 mVÞ
in Fig. 1D shows an incommensurate charge mod-
ulation along the a and b axes, consistent with
either a disordered checkerboard or stripe modu-
lation (25). The Fourier transform of dI=dV ðr,V Þ
(Fig. 1E) and associated line cut (Fig. 1F) quan-
tify the CO peak at jQ∥j ¼ 0:248 T 0:01. This
is in good agreement withQCO from REXS and
also with QCO recently reported in the context
of phonon anomalies in Bi2201 (26). Further-
more, the feature found in STM has a corre-
lation length xCO ~ 28Å, again in agreement
with REXS. A summary of the REXS and STM
results is presented in Table 1. We therefore
arrive at the empirical convergence of a CO that
onsets right below T " (REXS) and whose wave
vector is consistent on surface (STM) and bulk
(REXS).

The next step is to link the universal surface
and bulk charge order to the fermiology. We
quantified and clarified this connection by using
ARPES to map the Fermi surface on the same
UD15K Bi2201 sample studied by REXS and
STM (21, 22). In a similar context, the ARPES-
derived octet model in the interpretation of
quasi-particle scattering as detected by STM
(27) is a successful example of such a connec-
tion and demonstrates the importance of low-
energy particle-hole scattering processes across
the “pseudogapped” Fermi surface.

From the raw ARPES data (Fig. 2C) (21),
we deduce that the charge-ordering wave vector
connects the Fermi arc tips, not the antinodal
Fermi surface sections, as had been assumed
previously (7, 12, 19). To better understand
the empirical link between charge order and
fermiology, we first derived the noninteracting
band structure by fitting the ARPES-measured
spectral function Aexpðk, wÞ (where k and w are
electron momentum and energy, respectively) to
a tight-binding model (21, 22, 24). The cor-
responding Fermi surface is shown in Fig. 2A
for hole doping p ¼ 0:12, equivalent to UD15K
(28). The AN nesting, marked by the white ar-
row, yields an ordering wave vectorQAN ~ 0.139,
in disagreement with the REXS/STM average
value QCO ~ 0.256. To account for the suppres-
sion of antinodal zero-energy quasi-particle ex-
citations, a hallmark of the PG fermiology, we
constructed a model spectral function APGðk, wÞ
with an appropriate self-energy SPGðk, wÞ, which
combines the features found from exact diago-
nalization of the Hubbard model (29) with the
doping-dependent parameters introduced in
(30) (see supplementary note 3 for more de-
tails). Figure 2B shows how the noninteract-
ing Fermi surface is transformed by the action of
our SPGðk, wÞ and also highlights the concur-
rent shift in the smallest-Q zero-energy particle-
hole excitation (gold connectors). The interacting

Table 1. Comparative summary for the CO peak parameters. Data from REXS and STM for the
various doping levels. For ARPES, the value listed here corresponds to the observedQHS, also shown
in Fig. 3C. The PG temperature T* (gray boxes in Fig. 1C) is from Knight shift measurements (36).
n/a, not applicable.

Technique Sample
Parameters

QCO (r.l.u.) xCO (Å) TCO (K) T* (K)

REXS
UD30K (p ≃ 0:145) 0.243 T 0.01 21 T 3 180 T 30 185 T 10
UD22K (p ≃ 0:130) 0.257 T 0.01 23 T 3 202 T 20 205 T 10
UD15K (p ≃ 0:115) 0.265 T 0.01 26 T 3 237 T 10 240 T 10

STM UD15K (p ≃ 0:115) 0.248 T 0.01 28 T 2 n/a 240 T 10
ARPES UD15K (p ≃ 0:115) 0.255 T 0.01 n/a n/a 240 T 10

Fig. 2. ARPES and theory comparison on Bi2201. Modeled Fermi surface for hole-doping p = 0:12
for (A) the noninteracting and (B) the interacting case, which is computed via the inclusion of the self-
energy SPG(k, w). A further Gaussian smearing (C), with Dkx = Dky = 0.03 p/a representing the effective
experimental resolution, allows comparison between the calculated and measured Fermi surface from
UD15K Bi2201 (21). The AN nesting at QAN (white arrow) can be contrasted with the QHS-vector associated
with the tips of the Fermi arcs (HS), marked by the gold connector.
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electronic order, including charge- and 
spin-density-wave orders and nematic 
charge order, has (mostly) been dismissed as 
being an uninteresting sideshow, a material-
dependent complication or even a disease. 
However, in recent years increasingly 
extensive but largely indirect experimental 
evidence that these other types of order 
are ubiquitous in HTSC materials has 
led to a slowly spreading realization 
that they may have to be included in the 
‘irreducible minimum’ to understand 
HTSC. The direct observation — by X-ray 
diffraction — of an incipient charge density 
wave (CDW) in high-quality (ortho-VIII) 
crystals of YBa2Cu3O6+y (YBCO) has 
now been independently reported by 
Johan Chang et al.2 in Nature Physics and 
Giacomo Ghiringhelli et al.3 in Science. This 
is an important discovery, with the broad 
implication that other forms of charge order 
are inextricably intertwined with HTSC.

YBCO is the most studied HTSC 
compound. It is a quasi-two-dimensional 
material, as all the superconducting copper 
oxides are, in which the mobile electrons 
are largely confined to move in layers 
made of copper and oxygen, forming a 
liquid of strongly correlated degrees of 
freedom carrying charge and spin quantum 
numbers. A schematic phase diagram of 
YBCO as a function of the temperature T 
and the doping level y (that parameterizes 
the oxygen content of its chemical 
composition) is shown in Fig. 1. Near 
y = 0, and below the (Néel) temperature 
TN ~ 400 K, YBCO is an antiferromagnet 
and an electrical (Mott) insulator. As y 
increases, a superconducting phase with 
the shape of a rather distorted dome (red 
curve) is found, which has its maximum at 
the value of Tc ~ 90 K at the optimal doping 
level of y = 0.93. For doping levels y < 0.93, 
the material is considered ‘underdoped’. 
At temperatures well above the maximum 
Tc is a strange or ‘bad metal’ regime with 
many anomalous properties that are 
strikingly different from those of familiar 
‘good’ metals. One of the most mysterious 
regions of the phase diagram is referred 
to as the ‘pseudogap regime’, which lies 
below a not very sharply defined crossover 
temperature T*, marking the boundary 
between the ‘bad metal’ and an even more 
anomalous regime.

What Chang and co-workers discovered 
were pronounced peaks in the X-ray 
structure factor corresponding to 
substantially correlated CDW fluctuations 
that emerge below a temperature, 
TCDW ≈ 140 K, which is lower than, but 
of order T* ≈ 250 K, at the same level of 
doping. YBCO has a crystal structure 
consisting of stacked Cu–O bilayers, and 

is strongly (electronically) orthorhombic 
due to the presence of Cu–O chain layers. 
The new peaks in the X-ray structure 
factor are centred at the scattering vectors 
Q1 = (q1, 0, 1/2) and Q2 = (0, q2, 1/2 ) with 
q1 ≈ q2 ≈ 0.31. The correlation length of the 
CDW order — obtained from the width of 
the superlattice peaks — is temperature-
dependent, but grows to a maximum value 
corresponding to a correlation length of 
roughly ξab  ~ 20 lattice constants in plane, 
and ξc  ~ 1 unit cell out of plane. The value 
of q1 implies that, in plane, the density wave 
order is incommensurate with the Cu–O 
lattice, with a period close to three unit cells 
(which would correspond to q1 = 1/3 ). The 
1/2 factor in the ordering vector implies a 
tendency for neighbouring bilayers to have 
the CDW order shifted by phase π relative 
to each other — for true long-range order, 
it would correspond to a new unit cell with 
four Cu–O planes.

This fluctuating CDW order is 
strongly coupled to, and competes with, 
superconductivity, as demonstrated by 
the observed non-monotonic temperature 
dependence of the scattering intensity 
and the correlation length; both grow 
with decreasing temperature for 
TCDW > T > Tc, then drop with further 
decrease of temperature on entering the 
superconducting state for T < Tc ≈ 60 K. 
This competition is further corroborated 
by the high magnetic-field studies of 
Chang et al.2, which show that application 
of magnetic fields up to 17 T perpendicular 
to the planes has no detectable effect on the 
CDW correlations for T > Tc, but produces a 
large magnetic-field-induced enhancement 
of both the intensity and the correlation 

length of the peak in the structure factor 
when T < Tc. Presumably, this enhanced 
CDW order is an indirect consequence 
of the field-induced suppression of the 
superconducting order.

Fluctuating3 and static5,6 charge- and 
spin-density-wave (SDW) orders (in 
the form of stripes) have been seen in 
La2–xSrxCuO4 and La2–xBaxCuO4, but were 
regarded as special to the lanthanum 
‘214’ family. Moreover, charge nematic 
order — a melted CDW/SDW state with 
broken rotational invariance — has been 
seen in neutron scattering7 in highly 
underdoped YBCO (with y = 0.45) and also 
in Nernst-effect experiments8 above the 
superconducting dome throughout much of 
the pseudogap regime. The case of  
La2–xBaxCuO4 is particularly significant as 
it has a pronounced suppression of Tc near 
x = 1/8 where static CDW and SDW (stripe) 
phases are seen, as well as a state above Tc in 
which the Cu–O layers are superconducting 
and effectively decoupled9,10. The effective 
doping of the YBCO ortho-VIII crystals 
studied by Chang et al.2 (also studied in 
ref. 3) is also 1/8, and it is natural to expect 
a relation, although the ordering wave 
vectors are different. Strong evidence of 
charge order (nematic and CDW) has 
been seen in STM experiments4,11,12 in 
Bi2Sr2CaCu2O8+δ.

More directly relevant to the findings 
of Chang et al.2 (and to those of refs 3,4) is 
the comparison with the other evidence for 
charge order in YBCO. Exquisitely detailed 
quantum-oscillation experiments in 
magnetic fields larger than 30 T (sufficient 
to suppress superconductivity in YBCO) 
provided evidence that the competing 
state is a density wave13. Subsequent NMR 
experiments in magnetic fields in the 
range 15–35 T have shown that a sharp 
thermodynamic phase transition occurs at 
the onset of the CDW phase14 (although the 
ordering wave vector does not seem to agree 
with the X-ray results). Recent ultrasound 
experiments15 have found a thermodynamic 
transition at T* and a peak in the 
attenuation rate at TCDW. Finally, possible 
evidence of time-reversal symmetry-
breaking has been reported in YBCO with 
the Kerr effect16 and in neutron scattering17.

Clear evidence of incipient CDW order 
in YBCO is an important advance in 
the field. As the ‘cleanest’ of the cuprate 
materials, any ordering tendencies 
observed in YBCO are probably intrinsic. 
Nonetheless, the results raise many 
questions. Is the incipient CDW order 
in YBCO a material-specific property of 
this family of cuprates in a narrow range 
of doping, or is it more ubiquitous? Is it 
a close relative of the fully formed CDW 
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Figure 1 | Schematic phase diagram of the 
high-temperature superconductor YBCO. 
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Ineluctable complexity

The effect of Josephson coupling between stripes may
be analysed in the same way. To first order in J , the
effective action is proportional to

< J >≈ J0 exp

!

(α2/2) < [∆jY ]2 >

"

. (8)

Notice that the superconducting coupling is strongly en-
hanced by the transverse stripe fluctuations. ( Of course,
there is a similar enhancement of the CDW coupling, V ,
but it is overwhelmed by the dephasing effect.) Physi-
cally, this enhancement reflects the fact that the mean
value of J is dominated by regions where neighbouring
stripes come close together so that < J > is very much
larger than the median. From Eq. (1) it can be seen
that, when Kc > 1/2, the pair susceptibility on an indi-
vidual stripe diverges as T → 0 and hence for non-zero J ,
the smectic phase is always globally superconducting be-
low a finite (Kosterlitz-Thouless) ordering temperature,
Tc ∼ (∆sJ )Kc/(2Kc−1), while for Kc < 1/2 and < J >
sufficiently small, the system remains a (quantum criti-
cal) non-Fermi liquid all the way to T = 0.

To complete the physical picture of the quantum smec-
tic, we construct a global phase diagram, shown schemat-
ically in Fig. 2, by considering the possible zero and finite
temperature phase transitions from the smectic state to
states with other symmetries. This can be done, to a
large extent, on the basis of general considerations of
symmetry and by analogy with the phase diagram of
conventional liquid crystals, and the argument relies on
nothing more than the existence (and electronic charac-
ter) of the quantum smectic phase.
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FIG. 2. Schematic phase diagram for Kc > 1/2. Here, T
is the temperature, and h̄ω̄ is a measure of the magnitude
of the transverse zero-point fluctuations of the stripes. Thin
lines represent continuous transitions and the thick line is a
first order transition. The dashed line is the superconducting
Tc. The symbols “B”, “C”, and “T” label, respectively, bi-
critical, quantum-critical, and tetracritical points. Depending
on microscopic details, the positions of C1 and C2 could be
interchanged.

First consider the T = 0 axis of the figure, in which
the phases are studied as a function of h̄ω̄:

i) To the left, as the system becomes progressively more
“classical”, i.e. for h̄ω̄/V small enough, it is clear that
there is a phase transition to a crystalline state, in which
the CDW order on neighbouring stripes phase locks, the
transverse stripe fluctuations become the phonons of a
fully-ordered crystal, superconducting order is destroyed,
and the system becomes globally insulating. This tran-
sition is typically first order.
ii) To the right, as the system becomes more quantum
and, in particular, when the rms magnitude of the trans-
verse flucuations of the stripes becomes comparable to
their spacing, we expect a T = 0 transition to a quan-
tum nematic phase in which there is no broken trans-
lational symmetry, but lattice rotational symmetry is
spontaneously broken, i.e. there are oriented but po-
sitionally disordered stripes. We generally expect this
transition to be continuous, as shown; this implies that,
in the case Kc > 1/2, the superconducting order must
continue across the smectic to nematic phase boundary,
and in the case Kc < 1/2, the Luttinger liquid behavior
must similarly persist across the phase boundary.
iii) At still larger h̄ω̄/V , there must be a transition to an
isotropic phase. Landau theory suggests that the nematic
to isotropic transition should be continuous in two spatial
dimensions, although it is first order in three.
iv) For the case Kc > 1/2, there are two possible scenar-
ios for the termination of the high temperature supercon-
ducting order with increasing h̄ω̄: If the nematic region
of the phase diagram is narrow, so that significant local
stripe correlations survive into the isotropic phase, then
one can imagine that the superconducting state survives
until some larger value of h̄ω̄, as shown in the figure;
in this case, the superconducting state will have a pure
symmetry (“s” or “d”) where it extends into the isotropic
phase. Otherwise, the high temperature superconduct-
ing phase could terminate at a critical point within the
nematic phase. In either case, beyond this point, the
ground state is an anisotropic Fermi liquid (similar to a
conventional metal) or, if there remain sufficient residual
interactions, a low temperature superconductor. By the
same logic, when the smectic phase has a Luttinger liquid
rather than a superconducting ground state (Kc < 1/2),
there must be an additional zero temperature phase tran-
sition (in place of C1) in either the nematic or isotropic
regions of the phase diagram, beyond which the system
becomes a Fermi liquid.

It is straightforward to extend this picture to T ̸= 0.
In isotropic two dimensional systems, at low tempera-
ture, the long-range stripe positional order gives way to
power-law order, although there is true, long-range ori-
entational (nematic) order12. Ultimately, at high enough
temperature, there must be a transition to an isotropic
(symmetric) phase. While there is the logical possibility
of a direct, first order smectic to isotropic phase transi-
tion, we consider it more likely, as at zero temperature,
that the low temperature order is destroyed in a sequence
of two transitions: first, a dislocation unbinding transi-
tion to a nematic phase with short-range positional and
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Conclusions

• Spatial inhomogeneity allows coexistence of             
AF spin correlations and mobile holes!
!

• Ordered stripes can be superconducting (LBCO)!
!

• Fluctuating stripes (nematic phase) may underlie 
the CDW order in YBCO!
!

• Typical ordering temperature for SDW, CDW, SC 
are all quite similar  ⇒  intertwined orders


