
The change in conductivity anisotropy due to 

superconductivity onset in the form of rare isolated 

islands: the theory and its application to FeSe 
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We find and quantitatively describe a general property: if superconductivity in an 

anisotropic conductor first appears in the form of isolated superconducting islands, it 

reduces electric resistivity anisotropically with maximal effect along the least conducting 

axis. This gives a simple tool to study inhomogeneous superconductivity in various 

anisotropic compounds and to estimate the volume fraction of superconducting phase, 

which helps to investigate the onset of high-temperature superconductivity. Using this 

property and the measurements of electron conductivity and diamagnetism, we show the 

appearance of inhomogeneous superconductivity in a bulk compound FeSe at ambient 

pressure and temperature 5 times higher than Tc = 8K, corresponding to zero resistance. 

This discovery helps to understand the many unusual superconducting properties of 

FeSe, such as a fivefold increase in Tc with increasing pressure to several kbars. The 

application of this property to detect spatially inhomogeneous superconductivity in other 

anisotropic compounds, such as cuprates and organic metals, is discussed.  

A.A. Sinchenko, PG et al., Phys.Rev. B 95,165120 (2017);  

PG et al., JETP Lett. 105 (12), 786 (2017)  
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General properties of FeSe (FeSe0.98) 

Simplest crystal structure of all Fe-based 
superconductors. At Т≈ 90 К a structural 
(nematic) transition from tetragonal to 
orthorombic phase without magnetic order. 

5-times increase of Тс under pressure 
(Medvedev et al., Nat. Mater. 8, 630 (2009))  
and static magnetic ordering (M. Bendele  

et al., J Supercond Nov Magn 27, 965 (2014)). 

Anomalously high Тс  (> 100 К) in 
monolayer films FeSe/SrTiO3   

(Ge, J.-F. et al. Nat. Mater. 14, 285 (2015). 
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P-T phase 

diagram 
of FeSe 

Introduction 



FeSe phase diagram (dependence on electron density) 

3 superconducting domes that can be classified by a proximity of the 

corresponding Van Hove singularity to the Fermi level: Me, h, and e 

correspond to proximity to Lifshitz transition of the electron band in M-

point and hole and electron bands in  point, respectively. 
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Experiment (A.A. Sinchenko et al.) 

Two types of structures, prepared from FeSe monocrystals by FIB: 

                Structure A:  
Microbridge in the (ab) plane 
Size:  20 x 2 x (2-4) μm 

                  Structure B:  
Microbridge  (a-b) plane (along 
c-axis). Size: 0.2 x 2 x 2 μm 
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Measures in-plane conductivity Measures out-of-plane conductivity 



Experimental results: comparison of excess 

conductivity || and  conducting layers 

Excess conductivity  layers is 

greater and survives at higher T 

The traces of superconducting 

transition are seen up to Т ≈ 40K, 

as Тс under pressure ~ 6GPa or 

at doping. 



The temperature dependence 

of real part of magnetic 

susceptibility of FeSe single 

crystal. Main panel contains 

initial 4 curve obtained for 

demagnetizing factor N~0.5, 

and the inset represents the 

same curve in double 

logarithmic scale to highlight 

the negative deviation at high 

temperatures. The red line is 

a guide for an eye. 

Additional argument for superconductivity 

in FeSe – diamagnetic susceptibility 
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Similar behavior in organic metals 

“the existence of one-dimensional and two-dimensional 2D metallic domains with a crossover 

from a filamentary superconductivity mostly along the c axis to a 2D superconductivity in the bc-

plane perpendicular to the most conducting direction. The formation of these domain walls may 

be related to the proposal of a soliton phase in the vicinity of the critical pressure of the 

(TMTSF)2PF6 phase diagram.” FeSe – the same physical effect ??? 
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N.E.Hussey, K.Nozawa, H.Takagi, 

S.Adachi and K.Tanabe, “Anisotropic 

resistivity of YBa2Cu4O8: Incoherent-

to-metallic crossover in the out-of-

plane transport” ,  

PRB 56, R11 423 (1997) 

Similar behavior in YBCO  

high-Tc superconductors? 

Resistivity along the c-axis 

(interlayer direction) starts 

to decrease at T200K 
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What is the origin of anisotropic effect 

of superconductivity on conductivity? 

Assume that superconductivity first appears in the form of isolated 

superconducting islands (or fluctuations). Why these superconducting 

islands reduce the interlayer resistivity much stronger than intralayer? 

Temperature dependence 

of excess conductivity: 

red square symbols for 

the B-type structure, and 

blue circle symbols for 

the A-type structure. 
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Problem: 



Fluctuations of superconductivity cannot explain 

such strong anisotropy of excess conductivity 

Eqs. (3.34) and (3.35) of Varlamov&Larkin “Theory of fluctuations in superconductors” , 

developed for Q2D electron dispersion  ε(k)=ε ||(k ||)+2tz cos(kzs),  tz<<EF , give 

where , 

for the paraconductivity 

(excess conductivity 

along the intralayer and 

interlayer directions): 

At <<r this gives  

And at  >> r this gives  

i.e. the observed anisotropic excess of conductivity cannot 

be explained by the fluctuations at T<<Tc, because they give 

almost isotropic relative excess conductivity. 

(𝒛𝒛/𝒙𝒙)𝒙𝒙 , 

,  s – interlayer distance. 



Qualitative explanation (of anisotropic effect of SC ) 

Two ways of interlayer current. The first way j1 perpendicular to layers is slightly 

affected by superconductivity and contains the small anisotropic factor =zz/xx. 

The rare superconducting inclusions then only slightly increase corresponding 

interlayer conductivity zz
(1) proportionally to their volume ratio . The second 

way j2 is the diffusive path via superconducting islands. It has no local current 

density along the z-axis in the normal phase, and the interlayer conductivity zz
(2) 

does not acquire the small anisotropy factor . However, its path along the 

conducting layers between rare superconducting islands is long and inversely 

proportional to the volume ratio  of superconducting phase: zz
(2)  ~  xx .                  

The total interlayer current jz is approximately a sum of these two contribution.  

Result of our calculations 

confirms the qualitative idea: 

<<1 
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islands of  

SC phase 



Step 1: The model (rare isolated SC islands) 

1.Effective conductivity in the Maxwell's 

(effective-medium) approximation for 

heterogeneous media with background 

isotropic conductivity 1 and spherical 

granules with conductivity 2  1 is 

given by the equation [ Maxwell, 1873 ]: 

where  is the total volume fraction of granules 

12 

In our model the background conductivity 1 is not isotropic and the 

granules with conductivity 2  1 are generally not spherical (may 

be spheroidal because of the anisotropy of SC coherence length).  

But, as in the Maxwell's (effective-medium) approximation we assume 

that the concentration (volume fraction ) of SC inclusions <<1.  



Step 2: mapping (dilatation) to isotropic problem  

2. Next step - mapping of conductivity problem in anisotropic media to isotropic: 

By the change of coordinates 

The electrostatic equation of continuity in Cartesian coordinates can be written as 

and by the simultaneous conductivity change: 

it transforms to the continuity 

equation for isotropic media: 
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Calculation (1): first formulas 
3. After the mapping, the spherical granules become ellipsoids. A generalization of the 

Maxwell approximation for a macroscopically anisotropic composite consisting of M-1 

different types of unidirectionally aligned isotropic ellipsoidal inclusions of the same 

shape is given by [ S.Torquato, Random Heterogeneous Materials, Springer, 2001].  

; where 

and A* is the symmetric depolarization tensor of the d-dimensional ellipsoid, which in the 

principal axes frame has diagonal components or eigenvalues (denoted by Aj, i = 1, ... , d) 

given by the  

elliptic integrals: 

4. For a 3D spheroid, prolate (b>a) or oblate (b<a) 

, where 

If the SC islands were initially spherical, 

after the mapping (a/b)2=zz /xx = , and 
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Calculation (2): general result 
5. In the new (mapped) geometry with isotropic 1 and spheroid superconducting islands 

with 2 = 0 the equation for diagonal components of the effective conductivity tensor e
* 

where 

,  

and the eccentricity of SC spheroids 

The solution of this equation  

is the diagonal matrix of the 

effective conductivity tensor 

e
*  in the mapped system: 

,  where for the volume  

  ratio <<1 of SC islands 

, 

For SC 

islands 

2 = 0. 

This formally solves the problem (after mapping back), but the formulas are too long! 
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Calculation (3): simplification of the result 

8. After the inverse mapping, back to initial geometry, 

   we finally obtain  

7. For strong anisotropy  =zz /xx << 1, the eccentricity 1-  /2 , and we obtain 

6. At 2 >>1  (2= )  

this simplifies to 

, 

and 

Only slightly increases at 

small volume fraction  of 

superconducting phase. 

and 

Contains two terms, corresponding to two ways of interlayer current. The first (standard) 

way contains small anisotropy factor , and the second way contains small factor . At 

<<  the second way gives the main contribution to the total interlayer conductivity. 
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The initial ratio =(az /ax)
2 is arbitrary. The final (after mapping) ratio *=(az

*/ax
*)2 =  / >1 

because the parameter of the mapping (conductivity anisotropy) 

Finally, in the lowest order in  , , we obtain (after mapping back) the following 

expression for conductivity in heterogeneous media with spheroid superconducting 

inclusions 

Result for spheroidal superconducting inclusions 

where =(az /ax)
2 is the initial ratio of main axes of spheroid superconducting islands,  

is anisotropy parameter,  is volume fraction of SC phase 

P. Grigoriev, A.A. Sinchenko et al., JETP Lett. 105 (12), 786 (2017)  



We find and quantitatively describe a general property: if inhomogeneous 

superconductivity in a anisotropic conductor first appears in the form of 

isolated superconducting inclusions, it reduces electric resistivity 

anisotropically, with maximal effect along the least conducting axis. 

Discussion of the result 

Only slightly increases at 

small volume fraction  of 

superconducting phase. 
and 

Contains two terms, corresponding to two ways 

of interlayer current. The first (standard) way 

contains small anisotropy factor , and the 

second way contains small factor . At <<  

the second way gives the main contribution to 

the total interlayer conductivity. This result 

agrees with proposed qualitative picture, and it 

allows to estimate the fraction of SC islands 

For spherical islands of superconducting phase 
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The temperature dependence of real 

part of magnetic susceptibility of 

FeSe single crystal. Main panel 

contains initial 4 curve obtained 

for demagnetizing factor N~0.5, and 

the inset represents the same curve 

in double logarithmic scale to 

highlight the negative deviation at 

high temperatures. The red line is a 

guide for an eye. 

Additional argument for superconductivity 

in FeSe – diamagnetic susceptibility 

19 

Using the derived formulas one can compare the temperature 

dependence of the volume fraction  of superconducting phase, 

obtained from the diamagnetic and conductivity measurements. 



Comparison of the temperature dependence of the volume 

fraction (T) of superconducting phase, obtained from the 

diamagnetic susceptibility and conductivity measurements 

Conclusion: although qualitative agreement is obtained without any 

fitting parameters, for quantitative agreement one should take the shape 

of superconducting islands non-spherical but of oblate spheroids. 
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Red curve,  obtained from 

conductivity data, assumes 

spherical superconducting 

inclusions 
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Black curve,  obtained 

from diamagnetic response 



Comparison of the temperature dependence of the volume 

fraction (T) of superconducting phase, obtained from the 

diamagnetic susceptibility and conductivity measurements 

One obtains a quantitative agreement at temperature T<20K if takes the 

shape of superconducting islands as oblate spheroids with axes ratio  

But for agreement at higher temperature 

one needs to take more oblate spheroids 

Temperature dependence of the volume 

fraction of the superconducting phase in 

FeSe. Circles and triangles correspond to 

the spherical shape of superconducting 

granules, squares are values obtained from 

magnetic measurements, and crosses are 

the values obtained from transport 

measurements for spheroid shape with the 

dependence (T) shown in the insert. 
Spherical 

shape 

Spheroid 

shape 



Evolution of dV/dI curves with temperature for a PC 

created by touching an edge of a FeSe crystal with a 

Cu wire. The upper two curves marked by the circle 

are measured at 18 and 22 K (top curve). The right 

inset shows two dV/dI curves measured at 4 and 18 K 

for a larger bias. The left inset shows the dependence 

of the PC resistance at zero bias versus temperature. 

Statistic data for Tc
onset variation 

for point contacts with different 

resistances. Two PCs with high Tc 

are beyond the statistical error. 

This supports 

inhomogeneous 

SC onset in FeSe 



Spatial heterogeneities in Fe-based superconductors 

PRL 112, 047005 (2014) 



A LDOS map and superconducting gap 

map with their associated statistical 

results. a) 600x600A LDOS map obtained 

on a single crystal Bi2Sr2CaCu2O8+x 

doped with a very dilute concentration 

(0.2%) of Zn atoms. The crystal has a 

superconducting transition temperature 

of 84 K, with a transition width of 4 K. It 

clearly displays an inhomogeneous 

structure. b) Superconducting gap map, 

obtained simultaneously with the 

integrated LDOS map on the same 

location, showing the spatial variation of 

the superconducting energy gap.  

The local gap values are extracted from the corresponding local differential 

conductance spectra. c, d) show the statistical distributions of the 

integrated LDOS and the magnitude of the superconducting gap. Each of them exhibits 

a gaussian-like distribution (fitting function displayed in red). The fit of the gap 

distribution (42 meV mean; ~20 meV FWHM) shows it to be slightly skewed. 

Spatial inhomogeneities in BISCCO [ NATURE 413, 282 (2001) ] 



Spatial map (g) and probability density function (h) of the CDW-puddle size. Scale bar in 

g, 10mm. i, A schematic of non-equivalent paths for the superconducting current, running 

in the interface space between CDW puddles, connecting point A to point B. 

Inhomogeneity of charge-density-wave order and 

quenched disorder in a high-Tc superconductor HgBa2CuO4+y 

 [ G. Campi et al., Nature 525, 359–362 (2015) ] 



Many experimental and theoretical papers argue a spatial separation of super-

conducting and normal/insulating phases in high-Tc cuprate superconductors, 

and the superconducting phase transition in isolated islands was proposed as 

an origin of pseudogap in cuprates. Whether the spatial inhomogeneity is a 

concomitant or assistant feature of high-temperature superconductivity is still 

debated, although various theoretical models propose an enhancement of 

superconducting transition temperature due to such inhomogeneity.  

Therefore, the study of high-Tc superconductivity onset in the form 

of isolated islands is very important for understanding the cuprates. 
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Further work: 

• consider quasi-1D anisotropy to describe organic metals and YBCO 

• consider the arbitrary volume ratio  of superconducting phase 

• separate the contributions to the excess conductivity from spatial 

inhomogeneities (SC islands) and from SC fluctuations. 
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AMRO suggest that the coexistence of spin density wave and metal-superconducting 

orders is neither microscopic nor a soliton wall phase, but a phase separation into 

domains of the high-pressure metal and the low-pressure spin density wave phases. 



Gerasimenko et al.,  

PRB 89, 054518 (2014) 



N.E.Hussey, K.Nozawa, H.Takagi, 

S.Adachi and K.Tanabe, “Anisotropic 

resistivity of YBa2Cu4O8: Incoherent-

to-metallic crossover in the out-of-

plane transport” ,  

PRB 56, R11 423 (1997) 

Similar behavior in YBCO  

high-Tc superconductors? 

Resistivity along the c-axis 

(interlayer direction) starts 

to decrease at T250K 
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Outlook 



Conclusions 

1. A general property is proposed: if superconductivity in anisotropic 

conductor emerges in the form of isolated superconducting islands, 

it reduces electric resistivity anisotropically, with maximal effect 

along the least conducting axis. This gives a simple tool to estimate 

the volume fraction of superconducting phase, which helps to 

investigate the onset of high-temperature superconductivity.  

2. Using this property and the measurements of electron conductivity   

and diamagnetism, we show the appearance of inhomogeneous 

superconductivity (in the form of isolated islands) in a bulk FeSe at 

ambient pressure and temperature several times higher than Tc = 8K. 

3. This property is very simple and general. It may help to detect 

spatially inhomogeneous superconductivity in other anisotropic 

compounds, such as cuprates, as YBa2Cu4O8, organic metals, etc. 

4. The spheroid shape of isolated superconducting islands gives a nice 

agreement between the temperature dependence of SC volume 

fraction obtained from the experimental data on diamagnetic 

response and on electronic transport in bulk FeSe. 
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Details can be found in A.A. Sinchenko, PG et al., Phys.Rev. B 95,165120 (2017);  

P. Grigoriev, A.A. Sinchenko et al., JETP Lett. 105 (12), 786 (2017)  

http://dx.doi.org/10.1103/PhysRevB.95.165120
http://dx.doi.org/10.1103/PhysRevB.95.165120
http://dx.doi.org/10.1103/PhysRevB.95.165120
http://dx.doi.org/10.1103/PhysRevB.95.165120
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Appendix (introduction) 

Derivation of effective conductivity in the Maxwell's (effective-medium) 

approximation for heterogeneous media with spherical granules 

In the Maxwell's approximation the interaction between rare small granules is neglected, 

and in the external uniform electric field E0 each small granule of radius Ri and of 

conductivity 2  1 polarizes and acquires an additional electric dipole moment di 

proportional to its volume and to the strength of field E0: 

where is the "polarizability" of a sphere. 

Each such dipole moments changes the  

electric potential outside the granule by 

of electric potential far away from the sphere R0, i.e. at r ≫ R0, is given by the sum of all 

granules inside inhomogeneous sphere of radius R0, which have total volume fraction : 

On the other hand, a single isotropic sphere of the radius R0 and effective conductivity 

e inside a media of conductivity 1 in a uniform field E0 creates an additional potential 

; 

Comparing these two results for t gives  

the equation for the effective conductivity e: 

so that the total change 
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Appendix (introduction) 

Derivation of polarization  

of a spherical granule  

33 

The solution outside the 

sphere, i.e. at 

The solution inside the sphere:  

The potential (temperature) field T for a spherical inclusion of radius R and conductivity 

2  in an infinite matrix of conductivity 1  in the applied constant field E0 

satisfies Laplace’s 

equation  

with boundary conditions: 

interface continuity 

conditions give 

where the "polarizability" 



Aslamazov-Larkin contribution to conductivity  

(from SC fluctuations) in layered superconductors   

where , ,  s – interlayer distance. 

Contributions from DoS fluctuations 

where 

and 

Appendix 



Anomalous part of the 

in-plane MT contribution  

Regular part of the in-

plane MT contribution  

where 

Regular part of the out-of-plane 

MT contribution is small: 

Anomalous part of the out-of--plane MT contribution  

Maki-Thompson contribution Appendix 


