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electronic order, including charge- and 
spin-density-wave orders and nematic 
charge order, has (mostly) been dismissed as 
being an uninteresting sideshow, a material-
dependent complication or even a disease. 
However, in recent years increasingly 
extensive but largely indirect experimental 
evidence that these other types of order 
are ubiquitous in HTSC materials has 
led to a slowly spreading realization 
that they may have to be included in the 
‘irreducible minimum’ to understand 
HTSC. The direct observation — by X-ray 
diffraction — of an incipient charge density 
wave (CDW) in high-quality (ortho-VIII) 
crystals of YBa2Cu3O6+y (YBCO) has 
now been independently reported by 
Johan Chang et al.2 in Nature Physics and 
Giacomo Ghiringhelli et al.3 in Science. This 
is an important discovery, with the broad 
implication that other forms of charge order 
are inextricably intertwined with HTSC.

YBCO is the most studied HTSC 
compound. It is a quasi-two-dimensional 
material, as all the superconducting copper 
oxides are, in which the mobile electrons 
are largely confined to move in layers 
made of copper and oxygen, forming a 
liquid of strongly correlated degrees of 
freedom carrying charge and spin quantum 
numbers. A schematic phase diagram of 
YBCO as a function of the temperature T 
and the doping level y (that parameterizes 
the oxygen content of its chemical 
composition) is shown in Fig. 1. Near 
y = 0, and below the (Néel) temperature 
TN ~ 400 K, YBCO is an antiferromagnet 
and an electrical (Mott) insulator. As y 
increases, a superconducting phase with 
the shape of a rather distorted dome (red 
curve) is found, which has its maximum at 
the value of Tc ~ 90 K at the optimal doping 
level of y = 0.93. For doping levels y < 0.93, 
the material is considered ‘underdoped’. 
At temperatures well above the maximum 
Tc is a strange or ‘bad metal’ regime with 
many anomalous properties that are 
strikingly different from those of familiar 
‘good’ metals. One of the most mysterious 
regions of the phase diagram is referred 
to as the ‘pseudogap regime’, which lies 
below a not very sharply defined crossover 
temperature T*, marking the boundary 
between the ‘bad metal’ and an even more 
anomalous regime.

What Chang and co-workers discovered 
were pronounced peaks in the X-ray 
structure factor corresponding to 
substantially correlated CDW fluctuations 
that emerge below a temperature, 
TCDW ≈ 140 K, which is lower than, but 
of order T* ≈ 250 K, at the same level of 
doping. YBCO has a crystal structure 
consisting of stacked Cu–O bilayers, and 

is strongly (electronically) orthorhombic 
due to the presence of Cu–O chain layers. 
The new peaks in the X-ray structure 
factor are centred at the scattering vectors 
Q1 = (q1, 0, 1/2) and Q2 = (0, q2, 1/2 ) with 
q1 ≈ q2 ≈ 0.31. The correlation length of the 
CDW order — obtained from the width of 
the superlattice peaks — is temperature-
dependent, but grows to a maximum value 
corresponding to a correlation length of 
roughly ξab  ~ 20 lattice constants in plane, 
and ξc  ~ 1 unit cell out of plane. The value 
of q1 implies that, in plane, the density wave 
order is incommensurate with the Cu–O 
lattice, with a period close to three unit cells 
(which would correspond to q1 = 1/3 ). The 
1/2 factor in the ordering vector implies a 
tendency for neighbouring bilayers to have 
the CDW order shifted by phase π relative 
to each other — for true long-range order, 
it would correspond to a new unit cell with 
four Cu–O planes.

This fluctuating CDW order is 
strongly coupled to, and competes with, 
superconductivity, as demonstrated by 
the observed non-monotonic temperature 
dependence of the scattering intensity 
and the correlation length; both grow 
with decreasing temperature for 
TCDW > T > Tc, then drop with further 
decrease of temperature on entering the 
superconducting state for T < Tc ≈ 60 K. 
This competition is further corroborated 
by the high magnetic-field studies of 
Chang et al.2, which show that application 
of magnetic fields up to 17 T perpendicular 
to the planes has no detectable effect on the 
CDW correlations for T > Tc, but produces a 
large magnetic-field-induced enhancement 
of both the intensity and the correlation 

length of the peak in the structure factor 
when T < Tc. Presumably, this enhanced 
CDW order is an indirect consequence 
of the field-induced suppression of the 
superconducting order.

Fluctuating3 and static5,6 charge- and 
spin-density-wave (SDW) orders (in 
the form of stripes) have been seen in 
La2–xSrxCuO4 and La2–xBaxCuO4, but were 
regarded as special to the lanthanum 
‘214’ family. Moreover, charge nematic 
order — a melted CDW/SDW state with 
broken rotational invariance — has been 
seen in neutron scattering7 in highly 
underdoped YBCO (with y = 0.45) and also 
in Nernst-effect experiments8 above the 
superconducting dome throughout much of 
the pseudogap regime. The case of  
La2–xBaxCuO4 is particularly significant as 
it has a pronounced suppression of Tc near 
x = 1/8 where static CDW and SDW (stripe) 
phases are seen, as well as a state above Tc in 
which the Cu–O layers are superconducting 
and effectively decoupled9,10. The effective 
doping of the YBCO ortho-VIII crystals 
studied by Chang et al.2 (also studied in 
ref. 3) is also 1/8, and it is natural to expect 
a relation, although the ordering wave 
vectors are different. Strong evidence of 
charge order (nematic and CDW) has 
been seen in STM experiments4,11,12 in 
Bi2Sr2CaCu2O8+δ.

More directly relevant to the findings 
of Chang et al.2 (and to those of refs 3,4) is 
the comparison with the other evidence for 
charge order in YBCO. Exquisitely detailed 
quantum-oscillation experiments in 
magnetic fields larger than 30 T (sufficient 
to suppress superconductivity in YBCO) 
provided evidence that the competing 
state is a density wave13. Subsequent NMR 
experiments in magnetic fields in the 
range 15–35 T have shown that a sharp 
thermodynamic phase transition occurs at 
the onset of the CDW phase14 (although the 
ordering wave vector does not seem to agree 
with the X-ray results). Recent ultrasound 
experiments15 have found a thermodynamic 
transition at T* and a peak in the 
attenuation rate at TCDW. Finally, possible 
evidence of time-reversal symmetry-
breaking has been reported in YBCO with 
the Kerr effect16 and in neutron scattering17.

Clear evidence of incipient CDW order 
in YBCO is an important advance in 
the field. As the ‘cleanest’ of the cuprate 
materials, any ordering tendencies 
observed in YBCO are probably intrinsic. 
Nonetheless, the results raise many 
questions. Is the incipient CDW order 
in YBCO a material-specific property of 
this family of cuprates in a narrow range 
of doping, or is it more ubiquitous? Is it 
a close relative of the fully formed CDW 
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Figure 1 | Schematic phase diagram of the 
high-temperature superconductor YBCO. 
The red curve outlines the superconducting 
dome. Underneath T* lies the pseudogap 
regime, in which mesoscale electronic phase 
separation occurs.
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causes nearby spins to pair up into spin-zero 
singlets called valence bonds. The valence-
bond patterns one obtains after pairing up 
all spins (see Fig. 1) are not true eigenstates; 
one must also include quantum fluctuations 
in the form of short resonant loops of bonds, 
which mix in other patterns (green dashed 
line in Fig. 1a). In the limit of strong quantum 
fluctuations, a resonating-valence-bond 
state emerges, in which the valence bonds 
act like a quantum liquid. In this state all 
possible valence-bond patterns are present 
in a huge quantum superposition, even at 
zero temperature.

The topological properties are revealed 
by determining the parity of the number of 
bonds crossing a specified line (red lines in 
Fig. 1). Consider first only those lines that do 
not divide the system into two parts, such as 
that in Fig. 1b. The number, g, of topologically 
distinct curves of this type is closely related 
to the genus of the surface. As the local loop 
resonances must cross such a line twice 
(as in Fig. 1a), they do not alter the parity. 
The different degenerate ground states, and 
associated topological sectors, can then be 
specified by listing the parity for each distinct 
line. Resonances only take place within each 
topological sector, keeping the states distinct. 
This results in a ground-state degeneracy of 2g 
for a 2 QSL.

A second topological property of QSLs, 
the topological entanglement entropy 
(TEE)5,6, is based on concepts from the field of 
quantum information, which are increasingly 
becoming essential to condensed-matter 
physics. Now consider lines that do split the 
surface into two parts. The parity of these 
lines is fixed. This constraint implies that 
we know one extra bit of information about 
the quantum fluctuations between the two 
distinct parts, and reduces the entanglement 
entropy between them by kBln2, an effect 
that uniquely identifies QSLs. This reduction, 
however, can be quite difficult to detect, even 
in a numerical simulation.

Jiang et al.2 were able to use the TEE to 
convincingly identify a 2 QSL in a simple 
theoretical system: the S = 1/2 Heisenberg 
model on the kagome lattice — a feat 
independently achieved by Depenbrock and 
colleagues7. The studies show that the –kBln2 
correction can be detected more readily 
than before, and this method is already 
being applied to other spin-liquid candidate 
systems. Both papers2,7 are based on 
numerical studies using the density matrix 
renormalization group (DMRG)8, which has 
emerged as a powerful tool for simulating 2D 
quantum spin systems. They build on earlier 
work that identified the kagome system as a 
QSL, but could only provide circumstantial 
evidence suggesting the 2 type9.

In both the recent studies2,7, the TEE was 
measured on open cylinders (a geometry 
amenable to DMRG techniques), by cutting 
the cylinder in half perpendicular to the axis. 
This dividing line is equivalent to that in 
Fig. 1c. A subtle complication arises in this 
case: although the parity of the line in Fig. 1c 
is fixed, giving rise to the TEE, the presence of 
two degenerate ground states associated with 
the line in Fig. 1b can erase the TEE effect. 
Any linear combination of two degenerate 
states is still an eigenstate, but in this case 
only particular linear combinations, called 
minimum-entropy states, give the full –kBln2 
correction to the TEE10,11. Jiang et al.2 were 
able to show that a built-in bias in DMRG 
towards minimum-entropy states eliminates 
this complication.

All three studies2,7,9 can be viewed as 
the culmination of decades of theoretical 
effort. Ever since Anderson’s proposal, 
both theorists and experimentalists have 
been searching for QSLs. Much of the 
recent excitement in this field is due to the 
discovery of several materials, such as the 
kagome material herbertsmithite, which 
seem to be QSLs1,12. On the theoretical 
side, soon after the initial proposal4, some 
simple, realistic spin models, including the 

kagome, were predicted to have resonating 
valence-bond ground states. Unfortunately, 
properties such as frustration that make these 
systems good candidates also make them 
extremely difficult to treat, both analytically 
and in numerical simulations. The recent 
breakthrough comes almost 25 years after 
the kagome system was first discussed as a 
QSL candidate13,14.

Now that a simple, realistic model is 
known to be a QSL, many questions remain. 
One of the most important issues is that 
herbertsmithite seems to be a gapless QSL, 
whereas the 2 QSL is gapped12. One hopes 
that this discrepancy can be resolved by 
refining the model Hamiltonian. More 
generally, with advances in analytical, 
numerical and experimental approaches, 
and with a broad landscape of possible states 
and systems, the study of QSLs promises to 
remain exciting for quite some time. ❐
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In physics, ‘understanding’ involves 
simplifying a problem as much as 
possible, but not so much that its 

essence is lost. Since high-temperature 
superconductivity (HTSC) was 

discovered in 19861, it has been widely 
accepted that the heart of the problem 
is the interrelation between the (d wave) 
superconducting state, the proximate 
‘Mott insulating’ phase that has long-range 

antiferromagnetic order and the mysterious 
‘bad metal’ phase that dominates the phase 
diagram at temperatures well above the 
superconducting transition temperature, 
Tc. Persistent evidence of other forms of 

HIGH-TEMPERATURE SUPERCONDUCTIVITY

Ineluctable complexity
The discovery of charge-density-wave order in the high-temperature superconductor YBa2Cu3O6+y places charge 
order centre stage with superconductivity, suggesting that they are intertwined rather than competing.

Eduardo Fradkin and Steven A. Kivelson
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CDW order usually occurs due to 
strong electron-phonon coupling.

What if, instead, it is caused by  
spin-charge segregation and pairing?



Cuprate Case

• Charge stripes    
‣ Compete with 3D superconductivity 
‣ Coexist with 2D superconductivity 

• Possible through Pair Density Wave state 

• General case 
‣ Stripes of pairs 
‣ Josephson coupling between stripes yields SC 
‣ Anti-phase coupling + static stripes → PDW 
‣ In-phase coupling + fluctuating stripes → uniform d-wave SC
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Competition between CDW and 3D SC

M. HÜCKER et al. PHYSICAL REVIEW B 83, 104506 (2011)

stripe order (SO) satellite reflections, the stripe correlations
between the planes, the melting of the stripe order, and the
compatibility with the generic stripe phase diagram. Further-
more, there is a great lack of information for x > 1/8 because
crystal growth becomes progressively more challenging with
increasing x.

These are the issues addressed in the present study on
La2−xBaxCuO4 single crystals with 0.095 ! x ! 0.155. We
have characterized the CO with high-energy single-crystal
x-ray diffraction (XRD), by probing the associated lattice
modulation.13,14,17 That a modulation of the electron density
truly exists has been demonstrated previously in Ref. 19 for
La1.875Ba0.125CuO4 by means of resonant soft x-ray scattering.
We have investigated the SO both in the traditional way, with
neutron diffraction (ND), as well as in a less conventional
way by tracing a recently identified weak ferromagnetic
contribution to the normal state magnetic susceptibility.51

The various structural phases have been studied mostly with
XRD, and to some extent with ND, and the SC phase was
analyzed with shielding and Meissner fraction measurements.
As a result, we obtain the temperature versus Ba-concentration
phase diagram displayed in Fig. 1. One of the key features
is that CO exists over the entire range of x that we have
studied, including the two bulk SC crystals with the lowest and
highest x and maximum Tc on the order of 30 K. According
to our quantitative analysis, the stripe order for these end
compositions is already extremely weak, while it is most
pronounced at x = 1/8. In the underdoped regime the CO
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FIG. 1. (Color online) Temperature vs hole-doping phase dia-
gram of La2−xBaxCuO4 single crystals. Onset temperatures: Tc of
bulk superconductivity (SC), TCO of charge stripe order (CO), TSO

of spin stripe order (SO), and TLT of the low-temperature structural
phases LTT and LTLO. At base temperature CO, SO, and SC coexist
at least in the crystals with 0.095 ! x ! 0.135. For x = 0.155 we
identified CO but not SO, and observe a mixed LTT and LTLO phase.
In the case of x = 0.095, very weak orthorhombic strain persists at
low T . For x = 0.165 we have measured Tc only, before the crystal
decomposed. Solid and dashed lines are guides to the eye. Although
TCO, TSO, and TLT for several x were also determined with XRD and
ND, most data points in this figure are from magnetic susceptibility
measurements. Here, only TSO for x = 0.095 is from ND and TCO

and TLT for x = 0.155 from XRD.

always disappears at the low-temperature structural transition,
and for three crystals we can show that it melts isotropically.
On the other hand, the onset of bulk SC left no noticeable mark
in our CO and SO data.

The rest of the paper is organized as follows: In Sec. II we
describe the experimental methods and the choice of reciprocal
lattice used to index the reflections. In Sec. III we present four
subsections dedicated to our results on crystal structure, CO,
SO, and SC. In Sec. IV we summarize the doping dependence
of the various properties as a function of the nominal and
an estimated actual Ba content, compare our results with the
literature, and in Sec. V finish with a short conclusion.

II. EXPERIMENTAL

A series of six La2−xBaxCuO4 single crystals with 0.095 !
x ! 0.155 has been grown at Brookhaven with the traveling-
solvent floating-zone method. Previously reported results on
some of the compositions, in particular on the x = 1/8 crystal,
have demonstrated a very high sample quality.20,34–36,44,51–55

Because the compositions of the single crystals can deviate
from their nominal stoichiometry (see Ref. 56), it has been
vital to measure the structure, stripe order, and SC on pieces
of the same crystal. In Fig. 2(a) we show the unit cell of the
high-temperature tetragonal (HTT) phase, with space group
I4/mmm. Although the supercells of the low-temperature
phases LTO (space group Bmab) and LTT (space group
P42/ncm) have a

√
2 ×

√
2 larger basal plane rotated by 45◦,

we nevertheless specify the scattering vectors Q = (h,k,ℓ) in
all phases in units of (2π/at ,2π/at ,2π/c) of the HTT cell with
lattice parameters at ≃ 3.78 Å and c ≃ 13.2 Å.57 In order to
express the orthorhombic strain s in the LTO phase, we will
refer to the lattice constants ao and bo of the LTO supercell,
which are larger than at by a factor of ∼

√
2.

The XRD experiments were performed with the triple-axis
diffractometer at wiggler beamline BW5 at DESY.58 To
create optimum conditions for studying the bulk properties
in transmission geometry, most samples were disk shaped
with a diameter (∼5 mm) significantly larger than the beam
size of 1 × 1 mm2, and a thickness (∼1 mm) close to the
penetration depth of the 100 keV photons (λ = 0.124 Å).
Counting rates are normalized to a storage ring current of
100 mA. To evaluate the x dependence of a superstructure
reflection relative to x = 0.125, we have normalized its inten-
sity with an integrated intensity ratio I (0.125)/I (x) of a nearby
fundamental Bragg reflection. For example, to normalize
the (1,0,0) and (2 + 2δ,0,5.5) reflections, we have applied
the factors I(200)(0.125)/I(200)(x) and I(206)(0.125)/I(206)(x)
of the (2,0,0) and (2,0,6) Bragg reflections, respectively.

The ND data for x = 0.115, 0.125, and 0.135 were
collected with the triple-axis spectrometer SPINS located at the
NIST Center for Neutron Research using beam collimations
of 55′-80′-S-80′-open (S = sample) with fixed final energy
Ef = 5 meV. The x = 0.095 crystal was studied at triple-axis
spectrometer HB-1 at the High Flux Isotope Reactor, Oak
Ridge National Laboratory, using beam collimations of 48′-
48′-S-40′-136′ with Ef = 14.7 meV. The cylindrical crystals,
with a typical weight between 5 and 10 g, were mounted
with their (h,k,0) zone parallel to the scattering plane. Doping

104506-2

the same slab. The parent slab exhibited a bulk diamagnetic
transition at 4 K, with 100% magnetic shielding at lower
temperatures. To measure !ab, current contacts were made
at the ends of the long crystal (7:5! 2 mm2 ! 0:3 mm
along the c-axis) to ensure uniform current flow; voltage
pads were also in direct contact with the ab-plane edges.
Voltage-current characteristics were measured over 5 or-
ders of magnitude with pulsed current ( " 1 ms) to avoid
sample heating. The thermoelectric power was measured
by the four-probe dc steady state method with a tempera-
ture gradient along the ab-plane at 1% of T across the
crystal. For !c, current contacts covered the major part
(85%) of the broad surfaces of the crystal (7:5!
3:4 mm2 ! 1:15 mm along c) to ensure uniform current
flow, with voltage contacts on the same surfaces, occupy-
ing 5% of the area. By annealing the contact pads (Ag
paint) at 200–450 #C for 0.5 h under flowing O2, low
contact resistance (< 0:2!) was always obtained.
Annealing the crystals under flowing O2 at 450 #C for
100 h did not alter the transport results. All resistivity
data reported here were taken with a dc current of 5 mA.
The magnetic susceptibility was measured on a third crys-
tal, having a mass of 0.6 g using a SQUID (superconduct-
ing quantum interference device) magnetometer.

Let us first consider the changes near Tco. Figure 2 shows
the thermopower and !ab as a function of temperature. The
thermopower shows a drastic drop below the transition,
going slightly negative below 45 K. This behavior is con-
sistent with previous studies of the thermopower and Hall
effect in La2$x$yNdySrxCuO4 and La2$xBaxCuO4 [17–

19]. In contrast, !ab shows a modest jump and then con-
tinues downward with a slope similar to that above the
transition; the sheet resistance at 45 K is %2 k!, well
within the metallic regime. Consider also the results for
!c=!ab, shown in Fig. 3(a). This ratio grows on cooling,
especially below Tco; such behavior is inconsistent with
expectations for a Fermi liquid.

The drop in thermopower suggests that the densities of
filled and empty states close to the Fermi level become
more symmetric when charge-stripe order is present. At the
same time, the small change in !ab indicates that the dc
conductivity in the planes remains essentially 2D. We also
know that the gap feature in the optical conductivity shows
up below Tco [5]. Since the gap does not seem to impact the
2D conductivity, it appears that it must be associated with
1D correlations within the stripes [3,10,20]. A possible
model for this state is the ‘‘sliding’’ Luttinger-liquid phase
[21], especially in the form worked out for neighboring
layers of orthogonal stripes [22], since we know that the
orientation of the charge stripes rotates by "=2 from one
layer to the next, following the glide symmetry of the
crystal structure [23]. The latter model predicts both 2D
metallic resistivity in the planes and !c=!ab % T$# with
#> 1, qualitatively consistent with our observations.
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2D SC and Pair-Density-Wave Superconductor
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Frustration of interlayer coupling:
    Himeda et al., PRL (2002)
    Berg et al., PRL (2007)
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Context



Antiferromagnetic Insulator

-t U J = 4t2/U

large U → localized electrons

t + Pauli excl. → AF spin alignment

superexchange:  P.W. Anderson (1959)



In-plane optical conductivity for La2-xSrxCuO4

Uchida et al., PRB (1991)



STM on underdoped Bi2Sr2-xLaxCuO6+δ

p = 0.07, insulating

P. Cai et al., Nat. Phys. 12, 1047 (2016)
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Figure 2 | DOS map of the p=0.03 sample measured at varied biases. a–d, dI/dV maps taken on the field of view marked by the yellow dashed square in
Fig. 1b at V =�0.1, 0, +0.2 and +1.6 V, respectively. The bright areas in a and c indicate the existence of low-energy in-gap states, and the dark areas are
the undoped Mott insulator phase. The anti-correlation between the low-bias (a,c) and large-bias (d) maps demonstrates the spectral weight transfer from
the UHB to low-energy excitations in doped Mott insulator. The complete darkness in b reveals the absence of DOS at EF for the whole sample.
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Figure 3 | The electronic structure evolution and chequerboard charge order in the p=0.07 sample. a, Five representative dI/dV spectra acquired at
T =5K on di�erent locations of the p=0.07 sample with set-up parameters V =�1.2V and I=4pA. The spectrum evolves systematically from close to the
Mott insulator state to a broad in-gap state and then to the V-shaped DOS suppression. Inset: topography measured at V =�0.5V and I=2pA over an
area of 330 ⇥ 330 Å2. The cross and numbers denote the locations where the spectra are taken. b, Low-bias dI/dV spectra measured on the same
locations, which reveal the evolution of the low-energy gap features. Inset: gap map measured on the same area as the inset of a. c–g, dI/dV maps
measured at varied biases. In addition to the correlation relation between spectral weight at di�erent biases, a chequerboard charge order can be clearly
observed in the low-bias maps (c,e,f). The DOS at EF is still zero everywhere (d), consistent with the insulating behaviour.

in Supplementary Fig. 3), indicating a static charge order. The
charge order pattern can be better observed in the current map
I(r , V ) shown in Fig. 4a taken at V = +100 mV, which by
definition is the integral of the dI /dV maps from 0 to +100mV.
Based on the Fourier transform of the current map (Fig. 4b),
the orientation of the chequerboard is shown to be along the
Cu–O bond direction. A line cut along this direction shows
that the chequerboard wavevector q is around 1/4 of the Cu–Cu
lattice wavevector 2⇡/a0 (Fig. 4c), corresponding to a real-space
wavelength of ⇠4a0 (a0 is the distance between neighbouring Cu
atoms). By using a Gaussian profile to fit the charge order peak (the
details are shown in the Supplementary Fig. 5), we obtain a full-
width at half-maximum ⇠0.055(±0.007)/a0, equivalent to a real-
space correlation length⇠18a0. This is longer than that in the higher
doped samples25, most likely due to the suppression of charge order
in the superconducting regime7,15.

More interestingly, there is a close correlation between the real-
space charge order and the local electronic structure. As shown
in Fig. 3e, the dI /dV spectrum taken in the dark area without
chequerboard order is close to that of the parent Mott insulator
(black curve in Fig. 3a), showing a large CTG with a very weak and
broad in-gap state. In contrast, the bright areawithwell-defined che-
querboard order shows the sharp V-shaped gap near EF (red curve
in Fig. 3a), and the high energy spectral weight is so much reduced
that the UHB cannot be clearly resolved up to 2V. In the crossover
area lying between these two extremes where the bright puddles
start to form, the spectrum shows an intermediate behaviour with
broad but pronounced in-gap state. The chequerboard order thus
emerges gradually from the Mott insulator limit and becomes more
pronounced with increasing hole doping.

As the hole density is increased further to p = 0.12, the
La-Bi2201 becomes superconducting with Tc = 19K. As shown in
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in Supplementary Fig. 3), indicating a static charge order. The
charge order pattern can be better observed in the current map
I(r , V ) shown in Fig. 4a taken at V = +100 mV, which by
definition is the integral of the dI /dV maps from 0 to +100mV.
Based on the Fourier transform of the current map (Fig. 4b),
the orientation of the chequerboard is shown to be along the
Cu–O bond direction. A line cut along this direction shows
that the chequerboard wavevector q is around 1/4 of the Cu–Cu
lattice wavevector 2⇡/a0 (Fig. 4c), corresponding to a real-space
wavelength of ⇠4a0 (a0 is the distance between neighbouring Cu
atoms). By using a Gaussian profile to fit the charge order peak (the
details are shown in the Supplementary Fig. 5), we obtain a full-
width at half-maximum ⇠0.055(±0.007)/a0, equivalent to a real-
space correlation length⇠18a0. This is longer than that in the higher
doped samples25, most likely due to the suppression of charge order
in the superconducting regime7,15.

More interestingly, there is a close correlation between the real-
space charge order and the local electronic structure. As shown
in Fig. 3e, the dI /dV spectrum taken in the dark area without
chequerboard order is close to that of the parent Mott insulator
(black curve in Fig. 3a), showing a large CTG with a very weak and
broad in-gap state. In contrast, the bright areawithwell-defined che-
querboard order shows the sharp V-shaped gap near EF (red curve
in Fig. 3a), and the high energy spectral weight is so much reduced
that the UHB cannot be clearly resolved up to 2V. In the crossover
area lying between these two extremes where the bright puddles
start to form, the spectrum shows an intermediate behaviour with
broad but pronounced in-gap state. The chequerboard order thus
emerges gradually from the Mott insulator limit and becomes more
pronounced with increasing hole doping.

As the hole density is increased further to p = 0.12, the
La-Bi2201 becomes superconducting with Tc = 19K. As shown in
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Spin waves in La2CuO4

Headings et al., PRL (2010)

J = 145 meV



Magnetic spectrum in La2-x(Sr,Ba)xCuO4

x = 0 x = 0.05 x = 0.125

Coldea et al., PRL (2001) Goka et al., Physica C (2003) JMT et al., Nature (2004)



Doping dependence of IC and Ecross

studies for both sides of the boundary.5,10,11,15 A remarkable
enhancement of ! for both the diagonal and parallel elastic
peaks are clearly observed in the superconducting phase near
xc . We remark that this enhancement is not simply caused by
an overlap of two peaks because our analysis fits the width of
each peak separately. We also note that a similar enhance-
ment was already shown in Ref. 9 in which, however, the
peak width ! was evaluated without domain-selective scans
for x"0.05 and using low-energy inelastic signals for x
#0.06. On the other hand, we show here the ! using only
elastic signals taken by domain-selective scans.

Figures 7$a% and 7$b% show & and peak angle ' $defined
in Fig. 3% versus Sr concentration x for both the parallel
$open circles% and diagonal $solid circles% elastic peaks. In
Fig. 7$b%, the size of the circles represents the relative inten-
sities of the peaks, and the vertical bars correspond to the
peak-width FWHM measured along the circle of radius & .
For samples on which we did not perform any circular scans,
the peak width in the angle unit is calculated from that per-
pendicular to the spin modulation vector. The value of & for
both peaks approximately follows the simple linear relation
&!x , except for x!0.024, as discussed in Ref. 11. However,
as seen in Fig. 7$b%, the intensity at the parallel positions
appears beyond xc , in accordance with the onset of the su-
perconductivity. These results suggest that when the parallel
component first appears at xc , it does so with a finite incom-
mensurability. Here we remark that the value of & near the
phase boundary exhibits no discontinuous change, but
does show a slight downward deviation away from the
relation &!x .

IV. DISCUSSION

In this study we experimentally clarified how the change
in the spin modulation vector takes place upon crossing the

phase boundary at x!xc . In the superconducting phase well-
defined peaks appear at parallel positions, although the diag-
onal component seen in the spin-glass phase persists. The
intensity of the parallel component becomes dominant with
the development of superconductivity upon further doping.
The coincidence of the parallel component and the supercon-
ductivity with Sr doping indicates an intimate connection
between the parallel spin modulation and the superconduc-
tivity $or the itinerant holes on the antiferromagnetic Cu-O
square lattices%. Another important result is that the incom-
mensurabilities for both diagonal and parallel peaks monoto-
nously connect at x!xc (see Fig. 7$a%). Hence it is revealed
that over a wide range of Sr concentration x, the value of &
for both the diagonal and parallel components follows the
linear relation &!x , even though the spin modulation vectors
for the two components are entirely different. Note that if
two types of hole stripes coexist corresponding to the two
types of spin modulations, the average hole density for each
stripe phase is nearly the same at x!xc .

We believe that having different spin modulation vectors
present on either side of the phase boundary is a key to
understanding the nature of the doping-induced supercon-
ducting phase transition. As already mentioned in Sec. III,
the coexistence of isotropic diagonal and parallel peaks in
the superconducting phase near xc reproduces the observed
spectra in Fig. 5 quite well. In the x!0.06 sample, both
insulating and superconducting phases may coexist or phase
separate either microscopically or mesoscopically, and our

FIG. 6. Peak width of the magnetic IC signal along the spin
modulation vector as a function of the Sr concentration. Open and
solid circles represent the peak width for the diagonal and parallel
components, respectively. Data for x!0.024 $Ref. 11%, 0.05 $Ref.
10%, 0.12 $Ref. 5%, 0.1 $Ref. 15% and 0.13 $Ref. 15% are plotted also
in the figure.

FIG. 7. Sr-concentration dependence of $a% the incommensura-
bility & and $b% the angle a defined in Fig. 3. Previous results for
x!0.024 $Ref. 11%, 0.04 $Ref. 10%, 0.05 $Ref. 10%, 0.12 $Ref. 5%, 0.1
$Ref. 15%, and 0.13 $Ref. 15% are included. In both figures, the solid
and open symbols represent the results for the diagonal and parallel
components, respectively.
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The excitations at energies above Ecross have been
characterized by time-of-flight measurements on LSCO
x ¼ 0:05.56) The original data have been reanalyzed by
Hiraka et al.,57) and the dispersion is presented in Fig. 4. The
high-energy dispersion is consistent with the spin waves of
the x ¼ 0 phase, though with a slightly reduced J. Curves for
LSCO x ¼ 0:085 and 0.16 are also shown in Fig. 4, and we
can see that there is a gradual softening of the high-energy
excitations, which can be described by a decrease in the
effective J describing the dispersion. At the same time, the
low-energy, long-wavelength excitations disperse from the
incommensurate wave vectors. Hole doping clearly reorga-
nizes the excitations below Ecross, but has a more modest
effect on the effective dispersion above it.

Returning to Fig. 3, it is intriguing that the slope of the
effective low-energy dispersion, which corresponds to a
velocity, shows little variation with doping. If the velocity is
independent of doping, while the incommensurability is
linear in x for x . 1=8, then one would expect Ecross to be
proportional to x.58,59) In Fig. 5, values for Ecross extracted
from neutron scattering studies29,32,33,60,61) are plotted. Each
symbol represents an estimate from interpolating a parabola
through the low-energy dispersion, while the error bars
indicate the energy range over which constant-energy cuts
are consistent with a single peak of minimum width. The
results are consistent with Ecross " x for x . 1=8. This trend
is opposite to the gradual decrease observed for high-energy,
antiferromagnetic-like spin excitations,18) which we will
discuss shortly.

Given the continuous evolution of Ecross with doping,
providing a connection with La1:875Ba0:125CuO4 where
charge and spin stripe order is known to occur,29) it is
considered that charge stripes and moment modulation are
likely to be an important part of the incommensurate
response in the diagonal incommensurate phase. In terms
of a stripe picture, the dominant magnetic interaction would
be superexchange within locally antiferromagnetic domains.
There is still a challenge to understand why the dispersion of

the low-energy excitations is not significantly affected by the
rotation in stripe orientation. One possibility suggested by
Granath62) is that a diagonal stripe might consist of a staircase
pattern of bond-parallel stripes, in which case local interac-
tions would be independent of average stripe orientation.
Granath62) found that such a pattern is necessary in order to
obtain consistency with the photoemission experiments.63)

The magnetic excitations have been studied theoretically
in a wide range of doping on the basis of the Hubbard model
by Seibold and Lorenzana.64,65) The magnetic excitation
spectra from the stripes almost reproduce the overall feature
of the hour-glass excitations. However, the calculations
predict much larger values for Ecross in the region of x <
0:07 than those observed experimentally in LSCO, as shown
in Fig. 3. It has been suggested that much of that
discrepancy can be eliminated by taking account of disorder,
which softens and broadens the excitations.65) Furthermore,
it is noted that, while spin-wave calculations for a diagonal-
stripe model59,66) provide a good description of the magnetic
spectrum observed in insulating La2#xSrxNiO4,

67,68) they
have difficulty in reproducing the hour-glass-like spectrum
in LSCO.

3.4 Magnetic spectral weight
Besides the dispersion, it is also important to consider

how the frequency-dependent magnetic spectral weight
evolves with doping. Neutron scattering directly measures
the dynamical structure factor, SðQ; !Þ, which is propor-
tional to !00ðQ; !Þ=ð1# e#h!!=kBT Þ, where !00ðQ; !Þ is the
imaginary part of the dynamical susceptibility. By integrat-
ing !00ðQ; !Þ over Q (within a Brillouin zone) one obtains
the local susceptibility, !00ð!Þ. There is a sum rule for
SðQ; !Þ; integrating S over Q and ! yields hS2i,
corresponding in the present case to the mean-squared spin
per Cu atom. The thermal factor connecting S and !00 goes to
unity as T ! 0, so integrating the low-temperature local
susceptibility over ! also gives a measure of the mean-
squared spin.

We begin by considering !00ð!Þ in LSCO x ¼ 0:05, as
shown in Fig. 6.56,57) In the range of 50 to 150meV, the
magnitude is comparable to that for spin waves in the
ordered antiferromagnet at x ¼ 0. There is a substantial
upturn at low frequency, which appears to correspond to the
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Fig. 4. (Color online) Magnetic dispersion of spin-glass LSCO with
x ¼ 0:05 determined by time-of-flight spectroscopy. The thick horizontal
bars (light blue) represent peak width from constant-! cuts. For reference,
results from LSCO with x ¼ 0 (antiferromagnetic insulator), 0.085
(underdoped superconductor), and 0.16 (optimally-doped superconductor)
are shown by separate (black, red, and green) curves, respectively.19,32,35)

Fig. 5. Plot of Ecross vs x in LSCO (filled circles), La2#xSrxCu1#yZnyO4

(open triangle), and La2#xBaxCuO4 (open circle) (refs. 29, 32, 33, 54, 60,
and 61). The dashed line is a guide to the eye.
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The excitations at energies above Ecross have been
characterized by time-of-flight measurements on LSCO
x ¼ 0:05.56) The original data have been reanalyzed by
Hiraka et al.,57) and the dispersion is presented in Fig. 4. The
high-energy dispersion is consistent with the spin waves of
the x ¼ 0 phase, though with a slightly reduced J. Curves for
LSCO x ¼ 0:085 and 0.16 are also shown in Fig. 4, and we
can see that there is a gradual softening of the high-energy
excitations, which can be described by a decrease in the
effective J describing the dispersion. At the same time, the
low-energy, long-wavelength excitations disperse from the
incommensurate wave vectors. Hole doping clearly reorga-
nizes the excitations below Ecross, but has a more modest
effect on the effective dispersion above it.

Returning to Fig. 3, it is intriguing that the slope of the
effective low-energy dispersion, which corresponds to a
velocity, shows little variation with doping. If the velocity is
independent of doping, while the incommensurability is
linear in x for x . 1=8, then one would expect Ecross to be
proportional to x.58,59) In Fig. 5, values for Ecross extracted
from neutron scattering studies29,32,33,60,61) are plotted. Each
symbol represents an estimate from interpolating a parabola
through the low-energy dispersion, while the error bars
indicate the energy range over which constant-energy cuts
are consistent with a single peak of minimum width. The
results are consistent with Ecross " x for x . 1=8. This trend
is opposite to the gradual decrease observed for high-energy,
antiferromagnetic-like spin excitations,18) which we will
discuss shortly.

Given the continuous evolution of Ecross with doping,
providing a connection with La1:875Ba0:125CuO4 where
charge and spin stripe order is known to occur,29) it is
considered that charge stripes and moment modulation are
likely to be an important part of the incommensurate
response in the diagonal incommensurate phase. In terms
of a stripe picture, the dominant magnetic interaction would
be superexchange within locally antiferromagnetic domains.
There is still a challenge to understand why the dispersion of

the low-energy excitations is not significantly affected by the
rotation in stripe orientation. One possibility suggested by
Granath62) is that a diagonal stripe might consist of a staircase
pattern of bond-parallel stripes, in which case local interac-
tions would be independent of average stripe orientation.
Granath62) found that such a pattern is necessary in order to
obtain consistency with the photoemission experiments.63)

The magnetic excitations have been studied theoretically
in a wide range of doping on the basis of the Hubbard model
by Seibold and Lorenzana.64,65) The magnetic excitation
spectra from the stripes almost reproduce the overall feature
of the hour-glass excitations. However, the calculations
predict much larger values for Ecross in the region of x <
0:07 than those observed experimentally in LSCO, as shown
in Fig. 3. It has been suggested that much of that
discrepancy can be eliminated by taking account of disorder,
which softens and broadens the excitations.65) Furthermore,
it is noted that, while spin-wave calculations for a diagonal-
stripe model59,66) provide a good description of the magnetic
spectrum observed in insulating La2#xSrxNiO4,

67,68) they
have difficulty in reproducing the hour-glass-like spectrum
in LSCO.

3.4 Magnetic spectral weight
Besides the dispersion, it is also important to consider

how the frequency-dependent magnetic spectral weight
evolves with doping. Neutron scattering directly measures
the dynamical structure factor, SðQ; !Þ, which is propor-
tional to !00ðQ; !Þ=ð1# e#h!!=kBT Þ, where !00ðQ; !Þ is the
imaginary part of the dynamical susceptibility. By integrat-
ing !00ðQ; !Þ over Q (within a Brillouin zone) one obtains
the local susceptibility, !00ð!Þ. There is a sum rule for
SðQ; !Þ; integrating S over Q and ! yields hS2i,
corresponding in the present case to the mean-squared spin
per Cu atom. The thermal factor connecting S and !00 goes to
unity as T ! 0, so integrating the low-temperature local
susceptibility over ! also gives a measure of the mean-
squared spin.

We begin by considering !00ð!Þ in LSCO x ¼ 0:05, as
shown in Fig. 6.56,57) In the range of 50 to 150meV, the
magnitude is comparable to that for spin waves in the
ordered antiferromagnet at x ¼ 0. There is a substantial
upturn at low frequency, which appears to correspond to the
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Stripes and Superconductivity



Charge Stripes: Superconductivity vs. CDW Order

Emery, Kivelson, Zachar, PRB 56, 6120 (1997) 

in which points on the stripes are labelled by a stripe
number, j, and by a position x along the stripe direc-
tion. Then the stripe configuration is described by the
transverse displacement in the y-direction, Yj(x), of the
jth stripe at position x. (See Fig.1.) Because of the spin
gap, the only other low energy degrees of freedom involve
fluctuations of the charge density, ρj(x), on each stripe,

ρj(x) = ρ̄ + ρ0 cos[
√

2πφj + 2kF Lj(x)], (2)

Lj(x) =

! x

0
dx′

"

1 + (∂x′Yj)2 + Lj(0) (3)

where φj(x) defines the phase of the CDW with wave vec-
tor equal to twice the Fermi wave vector kF and Lj(x)
is the arc-length along stripe j. The quantum dynamics
of this system is equivalent to a theory of the longitudi-
nal (φj) and transverse (Yj) vibrations of coupled elastic
strings. Technically, this defines the fixed point Hamilto-
nian for the smectic phase. (A substrate potential would
inevitably lock the smectic phase to a wave vector com-
mensurate with the underlying crystal lattice, and hence
the transverse modes would be gapped.12)

x
1

2

 3

 4

j

Y(x)

FIG. 1. Schematic representation of a smectic stripe phase.
The coloured circles represent periodic stuctures along the
stripes, which are forced out of phase by the transverse fluc-
tuations

The coupling between the CDW’s on neighbouring
stripes is of the form

Hc =
#

j

!

dxV (∆jY ) cos[
√

2π(∆jφ) − 2kF (∆jL)] (4)

plus higher harmonics. Here Lj is the arc-length defined
in Eq. (3), ∆jF ≡ Fj+1 − Fj , and the function V [∆jY ]
reflects the fact that CDW’s on adjacent stripes are more
strongly coupled where the stripes are close together than
where they are far apart. When this coupling is strong,
it will drive the system into a fully-crystalline state. Fi-
nally, there is a term in the Hamiltonian representing the
Josephson tunnelling of (superconducting) pairs of elec-
trons between stripes. The tunnelling matrix element

J (Y ) ≈ J0 exp[αY ] (5)

depends roughly exponentially on the local spacing of the
stripes. The fact that superconductivity is a k = 0 order
implies that the Josephson coupling does not depend on
the arc length Lj , and hence it is not affected by the
geometry of the stripes.

With this background, it is possible to state our cen-
tral point that, to all orders in perturbation theory in
powers of V , all terms that are not invariant under the
transformation φj(x, τ) → φj(x, τ) + δj for arbitrary
δj are non-vanishing only near the “surface,” so in the
thermodynamic limit there is no locking of the phase of
the CDW fluctuations on neighbouring stripes. (Tech-
nically, this proves that the fixed point Hamiltonian is
perturbatively stable.) The physical origin of this ef-
fect is easily understood. The difference in arc lengths,
∆jL = Lj+1(x) − Lj(x), is a sum of contributions of
random sign, and more or less independently distributed
along the distance |x|. For this reason, ∆jL (and the
dephasing) grow with increasing |x| as in a random walk,
i.e. |∆jL|2 ∼ D|x|, where D is a quantum diffusion con-
stant.

This result may be obtained formally13 by integrating
out the stripe fluctuations (Y ) perturbatively in powers
of V and, subsequently, J . To first order in V , the ef-
fective interaction between the CDW’s on neighbouring
stripes, V (1)(φ1 − φ2), is given by the expression

V (1) = ⟨V (∆Y ) cos[
√

2π(∆φ) − 2kF (∆L)]⟩, (6)

where < > implies averaging over transverse stripe fluc-
tuations. To lowest order in a cumulant expansion

V (1) = Ṽ cos[
√

2π(∆φ)],

Ṽ = ⟨V (∆Y )⟩ exp{−(2k2
F )⟨[∆L]2⟩}

≈ ⟨V (∆Y )⟩ exp[−(2k2
F D)|x|]. (7)

This expression, which can readily be extended to higher
order in perturbation theory and higher order in the cu-
mulant expansion, captures the essential general point
of physics- that the coupling between CDW’s vanishes
very rapidly except in a region of width ∼ (2k2

F D)−1 at
the ends of the stripes and hence can be ignored in the
thermodynamic limit.14

It is interesting to note that the quantum problem may
be reformulated as a classical theory in space-time to
bring out the close analogy with a well established phase
of conventional liquid crystals, the three-dimensional
hexatic smectic B phase.15 In the space-time represen-
tation, the world sheets of the stripes can be regarded
as classical fluctuating membranes and the CDW fields
are analogous to a two-dimensional hexatic phase living
on the membrane. Despite the fact that the power-law
order in the plane of each “membrane” is modulated only
in the space direction, whereas the classical hexatic has
a triangular lattice form, this analogy assures us that we
have not omitted any important interactions from our
analysis.
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Electronic liquid crystal phases: 

fluctuations suppress CDW order

Kivelson, Fradkin, Emery, Nature 393, 550 (1998) 



Charge stripes in LBCO do not fluctuate
2

FIG. 1. (Color online) Measurement configuration at the 23-
ID-1 (CSX-1) beamline at NSLS-II. X-rays from the undu-
lator are energy-dispersed and focused onto a 10 µm pinhole
⇠ 5 mm from the sample. This pinhole acts like an monochro-
mator exit slit achieving ⇠ 2 µm longitudinal coherence and
defines the beamsize and transverse coherence length at the
sample. Bragg speckle patterns are measured using a charge
coupled device (CCD) based device capable of 100 frames per
second [51].

ex-situ and mounted on an in-vacuum helium cryostat
with the [1, 0, 0] and [0, 0, 1] directions in the scattering
plane. A di↵ractometer, also in-vacuum, allowed us to
reach the (0, 0, 2) and (±1, 0, 1) lattice Bragg peaks for
alignment and both CDW Bragg peak satellites in ver-
tical scattering geometry. All data were collected with
horizontal (�)-polarized incident x-rays.
Figure 2(a) plots the detector image obtained at

(�0.236, 0, 1.5) at 15 K using the Cu L
3

-edge resonance.
Intensity modulations, or speckles, are clearly visible on
top of the CDW Bragg peak and serve as a fingerprint of
the domain configuration. The line cut in Fig. 2(b) shows
the separate components to the scattering. In Bragg co-
herent scattering measurements, the speckle intensity is
modulated by an overall envelope, calculated here by ap-
plying the Savitzky-Golay smoothing method to the mea-
sured intensity [53]. This generates the line shape one
would expect to obtain with an incoherent x-ray beam.
The CDW peak sits on top of an approximately flat back-
ground, primarily from x-ray fluorescence.
The relative strength of the speckles can be quantified

by calculating the intensity variation

V =
Imax

s

� Imin

s

Imax

s

+ Imin

s

(1)

where Imax

s

and Imin

s

are the maximum and minimum
speckle-modulated intensities. There is a substantial in-
coherent background from sample fluorescence that we
choose to subtract before evaluating V . After averaging
over several cuts close to the dotted horizontal line in
15 K data shown in Fig. 2(a), we find V = 0.15 ± 0.05.

FIG. 2. (Color online) (a) A detector image from the
LBCO 1/8 CDW Bragg peak at 15 K. The black diagonal
line is an artifact from the beamstop. (b) A line cut of the
measured intensity taken on the dotted line in panel (a) is
shown in yellow. Red and black lines indicate the smoothed
peak envelope and the fluorescence-dominated background re-
spectively. The speckle-modulations on top of the peak arise
from coherent interference between di↵erent CDW domains.

Similar values are obtained independent of data accu-
mulation time, from 1 minute, the shortest time in which
su�cient statistics can be collected, to 2 3/4 hours of total
measurement time. The background subtraction allows
us to compare the measured V values to the theoretical
intensity variation, which was calculated based on the
expected x-ray coherence properties, scattering geometry
and x-ray penetration depth. The calculation [54] yields
V = 0.15 consistent with the measured value. Additional
measurements at the +H satellite and the O K-edge res-
onance are also consistent with calculated values [54].
Next we address the time evolution of the observed

speckles to test for CDW dynamics, which we examine in
“waterfall” plots or kymographs shown in Fig. 3. These

LBCO x=1/8 

Coherent soft-x-ray scattering 
resonant at Cu L3 edge 

Speckle pattern  
does not change with time

X. Chen et al., PRL 117, 167001 (2016) 

Measured on CSX beam line at NSLS II

V. Thampy et al., PRB 95, 241111(R) (2017) 

LBCO x = 0.11,  Tc = 22 K 
measurements down to 10 K



Same sensitivity of spin and SC orders to Zn
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FIG. 1. The temperature dependence of the in-plane resistivity
of Zn-substituted YBa2Cu3O72y

with y ≠ 0.37 (solid curves)
and y ≠ 0.07 (dashed curves) shown in the upper panel, and the
results for La 22x

Sr
x

CuO4 with x ≠ 0.15 and 0.20 are shown
in the middle and lower panels, respectively. z ≠ 0.031 and
0.032 for y ≠ 0.37 of Y123 are different crystals taken from
the same batch.

because of nearly equal average spacing between CuO2
planes.

The highly doped superconducting compounds show a
contrasting behavior. As demonstrated for x ≠ 0.20 of
La214, the material remains metallic even after the su-
perconductivity disappears at z ≠ 0.04 where the resid-
ual resistivity is by a factor of 4 smaller than the critical
value observed for x ≠ 0.10 and 0.15. The 90 K Y123
s y ≠ 0.07d would behave in the same manner, when more
Zn (perhaps ,8% may be necessary for the destruction
of superconductivity) could be introduced, as the linear
extrapolation of the r0-z curve (see Fig. 4) to z ≠ 0.08
reaches only 1y3 of the critical value.

Figure 2 illustrates how the in-plane resistivity varies
with changing doped hole density for fixed z. One
recognizes that the magnitude of the residual resistivity is
fairly large in the underdoped regime (x ≠ 0.10 and 0.15
for La214 and oxygen content 6.68 and 6.73 for Y123)
and is rapidly reduced for higher hole density. Using the
results in Figs. 1 and 2, the values of T

c

normalized to
the value T

c0 for the Zn-free compound are plotted in
Fig. 3 against r2D

0 for the two systems with various z and
xs yd. Figure 3 displays another aspect of the universal T

c

depression in the underdoped cuprates. Irrespective of the
doped hole density, the data for the underdoped cuprates
merge into a single pair-breaking curve which points
toward the universal 2D resistance hy4e

2 as T

c

! 0.

FIG. 2. The temperature dependence of the in-plane resistivity
of YBa2sCu12z

Zn
z

d3O72y

with z ≠ 0.02 and 0.03 for various
oxygen contents between 6.68 and 6.93 (from top to bottom).
The data for z ≠ 0 crystals are shown by the dashed curves.
The lower panel shows the result for La22x

Sr
x

Cu12z

Zn
z

O4 with
z ≠ 0.02 and x ranging from x ≠ 0.10 to x ≠ 0.30 (from top
to bottom).

By contrast, the highly doped cuprates (x ≠ 0.20 for
La214 and oxygen contents 6.93, 6.88, and 6.83 for Y123)
show quite distinct T

c

-r2D
0 curves which are strongly

dependent on the doped hole density. As the hole density
increases, the T

c

degradation speeds up as a function of
r2D

0 and the T

c

-r2D
0 curve appears to end up at r2D

0
considerably lower than hy4e

2.
A possible explanation for nonuniversal behavior would

be that the highly doped material is a three-dimensional
(3D) superconductor. Certainly, it is a general trend

FIG. 3. Normalized critical temperature T

c

yT

c0 plotted as a
function of the in-plane 2D residual resistance (per CuO2
plane). The solid curve is a line onto which all the data
in the underdoped regime merge. The data for the same Sr
composition or oxygen content in the highly doped regime are
connected by a dotted line. Theoretical estimates by Radtke
et al. [13] for a d-wave superconductor with nonmagnetic
impurities are in the region between the dashed curves.
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Josephson plasma resonance

DETERMINATION OF THE OPTICAL PROPERTIES OF La . . . PHYSICAL REVIEW B 85, 134510 (2012)

FIG. 5. (Color online) The temperature dependence of the re-
flectance of La2−xBaxCuO4 for light polarized in the a-b planes over
a wide frequency range for (a) a polished sample with x = 0.095,
(b) a cleaved sample for x = 0.125, and (c) a polished sample with
x = 0.145. Insets: the temperature dependence of the reflectance in
the far-infrared region.

≃800 cm−1 to a broad plateau in the midinfrared; there
is a shoulder at about 4000 cm−1 (0.5 eV) above which
the conductivity continues to decrease until about 1 eV, at
which point it begins to slowly rise again. Superimposed on
the room-temperature conductivity curve are several sharp
resonances at ≃126, 358, and 682 cm−1; these are the
normally-active infrared vibrations that are observable due
to the poor screening in this class of materials.88 The weak
antiresonances observed in the reflectance in Fig. 4(c) at
≃460 and 570 cm−1 attributed to a surface misorientation
manifest themselves as weak resonances or antiresonances in
the conductivity. In the HTT phase, the irreducible vibrational
representation for the infrared active modes is

!HTT
IR = 4A2u + 4Eu,

where the singly-degenerate A2u modes are active along the
c axis and the doubly-degenerate Eu modes are active in
the a-b planes. Below the structural phase transition in the
LTO phase, the unit cell is larger and more complicated. The
lowered symmetry results in the removal of degeneracy and

FIG. 6. (Color online) The real part of the optical conductiv-
ity of La1.905Ba0.095CuO4 for light polarized in the a-b planes.
(a) The infrared region for several temperatures above Tc = 32 K. The
antiresonances observed in the reflectance in Fig. 4(c) are indicated
by asterisks, while the in-plane infrared-active lattice modes are
indicated by the arrows. Inset: the Drude-Lorentz fit to the data at
295 K. The Drude component (dashed line) and Lorentz oscillators
(dash-dot lines) combine (long-dashed line) to reproduce the data
(solid line) quite well. (b) The optical conductivity just above and
well below Tc in the infrared region illustrating the transfer of spectral
weight into the condensate. Inset: the Drude-Lorentz fit to the data at
35 K.

more infrared modes:

!LTO
IR = 4Au + 6B1u + 7B2u + 4B3u,

where the Au modes are silent, and the singly-degenerate
B1u, B2u, and B3u modes are active along the c, b, and a
axes, respectively. The additional low-temperature structural
transition to either a LTLO or LTT + LTLO phase represents
a further reduction of symmetry; for the LTT phase, the
irreducible vibrational representation becomes

!LTT
IR = 3A1u + 7A2u + 8B1u + 3B2u + 12Eu,

where the A1u, B1u, and B2u modes are silent; as in the case
of the HTT phase the A2u and Eu modes are active along the
c axis and the a-b planes, respectively.

At room temperature, La1.905Ba0.095CuO4 appears to be
in the HTT phase (demonstrated by the c-axis properties in
Sec. III B); of four possible in-plane modes, only three are

134510-5
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FIG. 10. (Color online) The critical temperature Tc vs the product
of the dc resistivity measured just above Tc and the spectral weight of
the condensate, ρdc ρs0/8, in the copper-oxygen planes for a variety of
electron and hole-doped cuprates, compared with the a-b plane results
for La2−xBaxCuO4 for x = 0.095 and 0.145 (highlighted within the
circles). The dashed line corresponds to the general result for the
cuprates Tc ≃ 0.23 (ρdc ρs0/8).

(Tc ≃ 24 K) material, "r ≃ 12 meV and #pg ≃ 10 meV
suggesting features at ≃22 and 32 meV; however, no obvious
structure in the scattering rate is observed in Fig. 9(c) at either
of these energies.

5. Parameter scaling

It has been noted that the high-temperature superconductors
obey the scaling relation ρs0/8 ≃ 4.4 σdc Tc, where σdc =
σ1(ω → 0) is the dc conductivity in the normal state measured
at T ! Tc, and the superfluid density ρs0 is determined for
T ≪ Tc; this scaling relation is valid for both the metallic a-b
planes as well as along the poorly conducting c axis, in both the
electron- and hole-doped cuprates.70–73 In this representation,
the scaling relation is valid over five orders of magnitude and
as such is usually shown as a log-log plot. However, when only
the a-b plane results are considered, the results span less than
two orders of magnitude and it is convenient to rewrite this
relation as

Tc ≃ 0.23 (ρdc ρs0/8), (6)

where ρdc = 1/σdc. The scaling relation now has a similar
appearance to the well-known Uemura relation,113 Tc ∝ ρs0,
and may be shown using a linear scale. In Fig. 10, the values for
Tc are plotted against ρdc ρs0/8 determined in the a-b planes for
a variety of single-layer and double-layer cuprates. The values
for La2−xBaxCuO4 for x = 0.095 (Tc = 32 K, σdc = 4100 ±
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c axis is shown in Figs. 11(a)–11(c) for the x = 0.095,
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polarization is dramatically different than what is observed in
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absence of a free-carrier contribution to the dielectric function,
the reflectance is dominated by the normally infrared-active
c-axis lattice modes. In the normal state as ω → 0, the
reflectance displays a slight upturn, indicative of a weakly
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material. Below Tc, a sharp plasma edge is observed in the
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1/8 phase material shows no hint of a plasma edge in the
reflectance; however, this is not surprising as the bulk Tc in this
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(Tc ≃ 24 K) material, "r ≃ 12 meV and #pg ≃ 10 meV
suggesting features at ≃22 and 32 meV; however, no obvious
structure in the scattering rate is observed in Fig. 9(c) at either
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and may be shown using a linear scale. In Fig. 10, the values for
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and may be shown using a linear scale. In Fig. 10, the values for
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structure in the scattering rate is observed in Fig. 9(c) at either
of these energies.

5. Parameter scaling

It has been noted that the high-temperature superconductors
obey the scaling relation ρs0/8 ≃ 4.4 σdc Tc, where σdc =
σ1(ω → 0) is the dc conductivity in the normal state measured
at T ! Tc, and the superfluid density ρs0 is determined for
T ≪ Tc; this scaling relation is valid for both the metallic a-b
planes as well as along the poorly conducting c axis, in both the
electron- and hole-doped cuprates.70–73 In this representation,
the scaling relation is valid over five orders of magnitude and
as such is usually shown as a log-log plot. However, when only
the a-b plane results are considered, the results span less than
two orders of magnitude and it is convenient to rewrite this
relation as
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where ρdc = 1/σdc. The scaling relation now has a similar
appearance to the well-known Uemura relation,113 Tc ∝ ρs0,
and may be shown using a linear scale. In Fig. 10, the values for
Tc are plotted against ρdc ρs0/8 determined in the a-b planes for
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1/8 phase material shows no hint of a plasma edge in the
reflectance; however, this is not surprising as the bulk Tc in this
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the a-b plane results are considered, the results span less than
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Q. Li et al., PRL (2007)

the same slab. The parent slab exhibited a bulk diamagnetic
transition at 4 K, with 100% magnetic shielding at lower
temperatures. To measure !ab, current contacts were made
at the ends of the long crystal (7:5! 2 mm2 ! 0:3 mm
along the c-axis) to ensure uniform current flow; voltage
pads were also in direct contact with the ab-plane edges.
Voltage-current characteristics were measured over 5 or-
ders of magnitude with pulsed current ( " 1 ms) to avoid
sample heating. The thermoelectric power was measured
by the four-probe dc steady state method with a tempera-
ture gradient along the ab-plane at 1% of T across the
crystal. For !c, current contacts covered the major part
(85%) of the broad surfaces of the crystal (7:5!
3:4 mm2 ! 1:15 mm along c) to ensure uniform current
flow, with voltage contacts on the same surfaces, occupy-
ing 5% of the area. By annealing the contact pads (Ag
paint) at 200–450 #C for 0.5 h under flowing O2, low
contact resistance (< 0:2!) was always obtained.
Annealing the crystals under flowing O2 at 450 #C for
100 h did not alter the transport results. All resistivity
data reported here were taken with a dc current of 5 mA.
The magnetic susceptibility was measured on a third crys-
tal, having a mass of 0.6 g using a SQUID (superconduct-
ing quantum interference device) magnetometer.

Let us first consider the changes near Tco. Figure 2 shows
the thermopower and !ab as a function of temperature. The
thermopower shows a drastic drop below the transition,
going slightly negative below 45 K. This behavior is con-
sistent with previous studies of the thermopower and Hall
effect in La2$x$yNdySrxCuO4 and La2$xBaxCuO4 [17–

19]. In contrast, !ab shows a modest jump and then con-
tinues downward with a slope similar to that above the
transition; the sheet resistance at 45 K is %2 k!, well
within the metallic regime. Consider also the results for
!c=!ab, shown in Fig. 3(a). This ratio grows on cooling,
especially below Tco; such behavior is inconsistent with
expectations for a Fermi liquid.

The drop in thermopower suggests that the densities of
filled and empty states close to the Fermi level become
more symmetric when charge-stripe order is present. At the
same time, the small change in !ab indicates that the dc
conductivity in the planes remains essentially 2D. We also
know that the gap feature in the optical conductivity shows
up below Tco [5]. Since the gap does not seem to impact the
2D conductivity, it appears that it must be associated with
1D correlations within the stripes [3,10,20]. A possible
model for this state is the ‘‘sliding’’ Luttinger-liquid phase
[21], especially in the form worked out for neighboring
layers of orthogonal stripes [22], since we know that the
orientation of the charge stripes rotates by "=2 from one
layer to the next, following the glide symmetry of the
crystal structure [23]. The latter model predicts both 2D
metallic resistivity in the planes and !c=!ab % T$# with
#> 1, qualitatively consistent with our observations.
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FIG. 2 (color online). (a) Thermoelectric power vs temperature
for several different magnetic fields [as labeled in (b)], applied
along the c-axis. (b) In-plane resistivity vs temperature for the
same magnetic fields as in (a). The vertical dashed line indicates
Tco.
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FIG. 3 (color online). (a) Ratio of !c to !ab vs temperature in
fields of 0, 1 T, and 3 T, as labeled in (b). Inset shows zero-field
resistivity vs temperature; note that !ab reaches zero (within
error) at 18 K, while !c does not reach zero until 10 K. (b) In-
plane resistivity vs temperature on a semilog scale, for three
different c-axis magnetic fields, as labeled. The lines through the
data points correspond to fits to Eq. (1). Inset shows !c at zero
field on a linear scale.
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Charge stripes found in numerical calculations

Figure 3: Energies of stripes with different wavelengths relative to that of the wavelength 8
stripe from DMET, AFQMC, iPEPS and DMRG. To aid readability, the data points are shifted
horizontally. Inset: Relative energies of stripes with different wavelengths from UHF, with an
effective coupling U/t = 2.7.
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B.X. Zheng et al., arXiv:1701:00054

density on a 14 × 4 system with the results of Tohyama,
et. al. [9]; precise agreement was found.

In a previous study of the 4-leg t− J ladder, we found
that four-hole diagonal domain walls formed as the dop-
ing increased. In Figure 1(a) and (b) we show the rung
density

⟨nr(ℓ)⟩ =
4

!

i=1

⟨nℓi⟩ (2)

versus ℓ for J/t = 0.35 on a 12 × 4 lattice with 8 holes
and open boundary conditions. For t′ = 0, we clearly see
the formation of two domain walls, signaled by two broad
peaks in ⟨nr(ℓ)⟩. As t′/t is varied, one clearly sees that
the static domain wall structure is suppressed for either
sign of t′.
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FIG. 1. (a) Hole density per rung for a 12 × 4 system
with 8 holes, J/t = 0.35 and open boundary conditions, with
t′ <= 0. (b) Same as in (a), but with t′ >= 0. (c) and (d)
d-wave pairing correlations for the systems shown in (a) and
(b), respectively.

For this same 12× 4 lattice, we have studied the pair-
field correlation function

D(ℓ) =
"

∆i+ℓ∆
+
i

#

(3)

with ∆+
i a pair creation operator which creates a singlet

dx2−y2 pair centered on the i th site of the second leg.
Figure 1(b) shows a plot of D(ℓ) versus ℓ for the 4 × 12
ladder for J/t = 0.35 with 8 holes and various values of
t′/t. As t′/t initially increases, the pairing correlations
are enhanced but as t′/t becomes greater than ∼ 0.3,
they are suppressed. They are suppressed for t′ negative,
with very strong suppression occuring for t′ ≤ −0.2.

Results for the charge density and spin structure of
a 12 × 6 lattice with J/t = 0.5 and 8 holes are shown
in Figure 2. Here we have taken cylindrical boundary
conditions, i.e. periodic in the y-direction, open in the
x-direction. In this case, for t′/t = 0, the holes form two
transverse domains each containing 4 holes. The π-phase
shifted antiferromagnetic regions which are separated by
these domains are clearly visible in Figure 2 for t′ = 0.
The DMRG calculation has selected a particular spin or-
der, breaking symmetry; as the number of states kept
per block increases, the magnitude of this spin order de-
creases, and the exact ground state would have no net
spin on any site. However, here the spin order serves
to illustrate the underlying spin correlations in the exact
ground state, which we expect to be a superposition of
the broken symmetry state rotated to all possible direc-
tions.
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FIG. 2. Hole and spin densities on 12 × 6 systems with
cylindrical boundary conditions. The hole density is propor-
tional to the diameter of the circles, according to the indicated
scale, and similarly the length of the arrows gives the expec-
taiton value of Sz.
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In t-J model, charge stripes show SC
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FIG. 1. (Color online) Competing low-energy states in the t-J
model found with iPEPS simulations using di↵erent supercells
(J/t = 0.4). The diameter of the red dots (length of the ar-
rows) is proportional to the local hole density (local magnetic
moment) with average values given by the first (second) row
of numbers below a panel. The width of a bond between two
sites scales with the (singlet) pairing amplitude on the corre-
sponding bond with di↵erent sign in horizontal and vertical
direction indicated by the two di↵erent colors. [U] Uniform d-
wave superconducting state with coexisting antiferromagnetic
order (� ⇠ 0.1, D = 14), where two di↵erent tensors for the
two sublattices have been used. [W5] A site-centered vertical
stripe state of width W = 5 with in-phase d-wave order in a
5 ⇥ 2 supercell (� ⇠ 1/8, D = 14). [W5AP] A site-centered
stripe state of width W = 5 with anti-phase d-wave order in
a 10 ⇥ 2 supercell (� ⇠ 1/8, D = 10). [Diag] A fully-doped
(⇢

l

= 1), insulating diagonal stripe in a L ⇥ L cell using L
di↵erent tensors at a doping � = 1/L (here L = 5, D = 14).
We considered sizes up to L = 11.

similar ansatz has been employed in Ref. [37], however,
here we use a more accurate optimization scheme (the
full update, cf. Ref. [27]) to find the best variational pa-
rameters. We also push the simulations to larger bond
dimensions by exploiting U(1) symmetries [38, 39] and a
more e�cient contraction method (see supplemental ma-
terial [40]).

We compare various competing low-energy states in
the t-J model by using di↵erent supercell sizes in iPEPS,
e.g. a uniform state with d-wave SC order coexisting with
AF order at low doping, and di↵erent types of stripe
states, with examples presented in Fig. 1. Each panel
shows several order parameters computed with iPEPS:
the hole density �

i

= 1 � hn̂
i

i and the local magnetic
moment Ŝz

i

on each site i, and the singlet pairing ampli-
tude � = hĉ

i"ĉj# � c
j#ĉi"i/

p
2 between neighboring sites

i and j.

Uniform d-wave state – We first discuss the results ob-
tained with an iPEPS consisting of only two tensors, one
for each sublattice, for J/t = 0.4. The lowest energy state
we find with this ansatz has a uniform charge distribution
and a d-wave SC order, coexisting with AF order at low
doping (see [U] in Fig. 1). A similar state has been found
in several previous studies [10, 41–47], however, here we
obtain a lower variational energy for this state than the
best result from fixed-node Monte Carlo combined with
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FIG. 2. (Color online) (a) Energies of the competing states
as a function of inverse bond dimension for � = 0.12. The
horizontal lines show the best fixed-node Monte Carlo result
(with 2 Lanczos steps) from Ref. [47]. (b)-(c) Order param-
eters of the uniform d-wave state as a function of doping:
(b) the pairing amplitude � and (c) the local magnetic mo-
ment m. The extrapolated values have been obtained from
a linear extrapolation of the finite D data, which provides a
rough estimate of the order parameters in the infinite D limit.
(d) Order parameters of the W5 stripe state as a function of
inverse D for � = 0.12: the modulation strength of the local
hole density �n = n

max

� n
min

and of the local magnetic
moment �m = m

max

�m
min

, where n = hn̂i and m = |hŜ
z

i|
are evaluated on each lattice site in the supercell. The filled
squares show the maximal singlet pairing |�|. The order pa-
rameters decrease with increasing D, but remain finite in the
infinite D limit. The dashed lines are a guide to the eye.

two Lanczos steps (FNMC+2L) [47], see Fig. 2(a). For
example, at doping � = 0.12 we find an energy per hole
E

hole

= (E
s

� E
0

)/� = �1.578t for D = 14, where E
s

is
the energy per site and E

0

= �0.467775 the value at zero
doping taken from Ref. [48]. This value is considerably
lower than E

hole

= �1.546t obtained for a system with
N = 162 in Ref. [47], where the energy increases with
system size.

In Fig. 2(b) we present results for the singlet pairing
amplitude � of the uniform state as a function of doping,
for D = 6, D = 12 and the extrapolated data in 1/D (see
[40] for additional data). It is suppressed with increas-
ing D, but tends to a finite value in the infinite D limit,
� ⇡ 0.025 for � = 0.12. The local magnetic moment
m shown in Fig. 2(c) decreases rapidly with doping, and
is also suppressed with increasing D. For � . 0.1 the
extrapolated value of m in 1/D is finite, but it vanishes
for larger �. Thus, we find coexisting d-wave and anti-
ferromagnetic order for � . 0.1 in close agreement with
previous results [10, 42–47].

P. Corboz, T.M. Rice, & M. Troyer, PRL (2014)

uniform stripe

PDW

variational studies using infinite projected-entangled pair states (iPEPS)

PDW very close in energy to SC stripes;
Both are lower in energy than uniform SC

All of these states have 
very similar energies
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FIG. 3. (Color online) (a) Pairing amplitude as a function of
J/t for � = 0.14, D = 10. (b) Optimal stripe filling ⇢

l

= �/W
as a function of J/t (D = 10, W = 5).

system. Fig. 3(b) shows that for J/t = 0.2 the optimal
⇢
l

is ⇡ 0.35, i.e. smaller than half filling, whereas for
J/t = 0.8 the minimum energy per hole is found for a
fully-doped stripe (⇢

l

= 1).
Nematic case – Motivated by the fourfold rotational

lattice symmetry breaking in each CuO
2

layer in the LTT
phase of La

2�x

Ba
x

CuO
4

and related compounds around
x = 1/8 we study the e↵ect of a nematic anisotropy
in the t-J model. In Fig. 4(a) we show the results for
t
x

= 0.85t
y

and J
x

= (0.85)2J
y

with J
y

/t
y

= 0.4, at
a doping � = 0.1. Comparing with the isotropic case,
the vertical W5 stripe state has lowered its energy with
respect to the uniform state, which shows that nematic-
ity helps to stabilize the stripe state, in agreement with
previous findings [60–62]. We also find that the optimal
stripe filling is shifted towards smaller doping, around
⇢
l

⇡ 0.4, see [40].
At low doping the preferred orientation of the stripe

is along the direction with stronger couplings, i.e the y-
direction in this case as found in Refs. [61–63] (and in
Ref. [60] for non-superconducting stripes). However, we
find that at large doping (� & 0.14) it is the opposite ori-
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FIG. 4. (Color online) (a) Energies as a function of inverse
bond dimension for � = 0.1 in the nematic t-J model with
J/t = 0.4 and t

x

= 0.85t. (b) The pairing amplitude of
the uniform state decreases with increasing nematicity (here
(t

x

+t
y

)/2 = 1 and (J
x

/t
x

+J
y

/t
y

)/2 = 0.4 are kept constant,
� = 0.13, D = 8).

entation which is preferred, i.e. horizontal stripes. This
can be understood by looking at the energy contribu-
tions in the two spacial directions in the isotropic case
(see [40] for the individual energy contributions): For a
vertical stripe around half filling the exchange term EJ

is dominant over the kinetic term Ekin, and it is stronger
(lower) in y- than in x-direction, Ekin

y

< Ekin

x

. Thus,
in the nematic case the stripe can minimize its energy
by orienting itself parallel to the direction with stronger
couplings. However, for large � it is the transverse kinetic
energy Ekin

x

which is dominant, since with increasing dop-
ing EJ becomes weaker. Furthermore, EJ

x

< EJ

y

at large
doping, so that for the total energy we find Etot

x

< Etot

y

.
Thus, in the nematic case at large doping it is favorable
for the stripe to form perpendicular to the direction with
stronger couplings. [A similar conclusion for fully-doped
stripes has been reached in Ref. [60].]

Finally, we study the e↵ect of the nematicity on the
pairing amplitude, shown in Fig. 4(b). For both the uni-
form and the stripe state we find that the pairing am-
plitude is suppressed with increasing nematicity, i.e. the
maximal pairing is obtained in the isotropic case.

Conclusion – Even with a substantially higher accu-
racy than in previous studies, and in the limit of an in-
finite system where boundary and finite size e↵ects are
negligible, we still find an extremely close competition
between the uniform and the vertical stripe state. The
origin of this near degeneracy remains a crucial open
question and requires further theoretical investigation.
One possibility is that the nearest-neighbor t-J model is
at or close to a phase transition which separates the two
states, i.e. small additional terms in the Hamiltonian can
be enough to stabilize one of the states. These additional
terms depend on the particular cuprate compound, and
we believe that studying the e↵ect of these terms will
explain why stripes appear in certain materials whereas
other compounds show no signs of stripes. For example,
here we confirmed that a nematic anisotropy, which can
be found in the LTT phase of La

2�x

Ba
x

CuO
4

, favors the
stripe state over the uniform state.

We have studied the properties of the competing states
individually: the uniform state has d-wave order coexist-
ing with antiferromagnetic order for � . 0.1. The pairing
amplitude increases with J/t approximately linearly and
gets suppressed with increasing nematicity. The vertical
stripe state is site-centered and has a finite modulation
amplitude of the spin and charge order. Stripes with
anti-phase order have a similar or only slightly higher
energy than stripes with in-phase order. In the presence
of a nematic anisotropy the stripe orientation depends
on the doping. Finally, we have shown that the optimal
stripe filling is not necessarily ⇢

l

= 0.5, but depends on
J/t. Therefore, a theory of the physics of stripes should
include the optimal stripe filling as a free parameter.

Pairing Gap

Uniform d-wave SC

Stripe-modulated SC

Total energies are ~ the same, 
but stripes have lower average pair energy; 
difference must come from trading  
pair energy for exchange energy

Corboz et al., PRL (2014)



Spin dynamics in 3-band Hubbard model
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Fig. 3. Magnetic excitations around (⇡,⇡). (A to F) Dynamical spin structure factor
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y

= ⇡, calculated by MaxEnt analytic continuation (28 ) of DQMC data at
various levels of hole doping. The exchange energy (32 ) is J = 4t4

pd

(U
d

+�
pd

)/(U
d

�3
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) =
0.36 eV for our parameters. Cluster geometry is 16 ⇥ 4 with periodic boundaries, corre-
sponding to a momentum resolution of ⇡/8 in the horizontal direction. Spline interpolation
is applied to approximate spectra at interlying wavevectors. Green lines represent EDC
(energy distribution curves) centers, determined via Lorentzian fits, with dots at nonunin-
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Related behavior in LBCO x = 0.095
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(a)

(b)

(c)

FIG. 14. (Color online) (a) Integrated intensity of the magnetic
superlattice peak at wave vector (0.6,0.5,0) in µ0H⊥ = 0 T (violet
circles) and 7 T (red squares), obtained by neutron diffraction. (b)
Integrated intensity of the charge-order superlattice peak (0.2,0,8.5)
in µ0H⊥ = 0 T (violet circles) and 10 T (red diamonds), obtained
by x-ray diffraction. (c) Integrated intensity of the (300) superlattice
peak, characterizing the structural transition to the low-temperature
phase, in 0 and 10 T as in (b). For (a) and (b), intensities are normalized
(approximately) to results for LBCO x = 0.125 in zero field (Ref. 49);
for (c), intensities are normalized at low temperature. Error bars
correspond to one standard deviation of counting statistics. Lines
through the data points are guides to the eye. Gray regions emphasize
the change induced by the magnetic field.

by ∼0.015. The fact that they did not see any change in the
intensity of a spin-order superlattice peak in µ0H⊥ = 7 T
is consistent with the greater hole concentration and larger
zero-field stripe order. A significant field enhancement is only
observed when the zero-field intensity is weak.16,17

V. SUMMARY AND DISCUSSION

We have experimentally studied the anisotropic resistivity
in LBCO x = 0.095 and the impact of an applied magnetic
field, especially when oriented perpendicular to the CuO2
layers. Measuring the onset of detectable resistivity versus
temperature for various values of H⊥, we find quite different
thresholds for the loss of superconducting order depending
on whether the measurement current is parallel or perpen-
dicular to the layers. For current parallel to the layers, the
nonlinear voltage versus current behavior is consistent with

survival of superconducting order to rather high temperatures
and magnetic fields. In contrast, a small current applied
perpendicular to the layers leads to linear voltage dependence
(within the regime of detectable resistivity), with nonlinear
behavior at higher currents. This behavior is consistent with
thermal-noise-induced voltage fluctuations across independent
interlayer Josephson junctions.24–28 This effect is expected
to be quite sensitive to the effective area of the Josephson
junction.24 Applying the empirical result of Hettinger et al.27

that the effective area is comparable to the area per vortex,
we get reasonable consistency with the optical measurement
of λ⊥.31

We have also used diffraction techniques to measure the
impact of H⊥ on stripe order. We have observed that both
charge- and spin-stripe orders are significantly enhanced by
the field. The correlation lengths for the vortex-induced stripe
orders30 are significantly larger than the typical vortex core
size, so that the induced stripe order must coexist with
superconducting screening currents.

Can we find a way to make sense of the different
behaviors in ρ∥ and ρ⊥ in the regime where one indicates
superconducting order and the other does not? One way to
possibly understand these differences is in terms of anisotropic
vortex pinning. In measuring ρ∥, the response necessarily
indicates that vortices are pinned. This pinning may be aided
by the stripes present in the system. In the LTLO or LTT
lattice structures, stripes are pinned in orthogonal directions
from one layer to the next. For a current flowing parallel
to the layers with applied field H⊥, the transverse Lorentz
force in the plane would push pancake vortices in half of
the layers in the modulation direction of the induced stripe
order. Given that the vortices appear to induce stripe order, the
Lorentz force may serve to pin each vortex core within the
halo of induced spin order. Because vortices between layers
are (attractively) coupled electromagnetically,54 pinning in one
layer will aid pinning in adjacent layers, even in those layers
where the Lorentz force acts along the stripe. In contrast,
for a current perpendicular to the layers, there is no Lorentz
force on the pancake vortices, thus allowing them freedom to
fluctuate parallel to the stripes, resulting in a lower threshold
for detectable resistivity.

Another possibility to consider is whether there might be an
intimate connection between the superconductivity and stripe
order. A state with apparent superconducting order parallel
to the planes but finite resistivity between the planes was
previously observed in LBCO x = 1/8.34,35 There, it occurs
in zero field and onsets together with spin-stripe order. Frus-
tration of the interlayer Josephson coupling is evident from
the extreme anisotropy of the resistivity and diamagnetism.35

For the present case of x = 0.095, the interlayer Josephson
coupling is finite in zero field, but the coupling is reduced by
the field. Dissipation appears while the Josephson coupling is
still finite. A large magnitude of ρ⊥ in strong H⊥ occurs for a
range of temperatures where ρ∥ remains very small, suggesting
a frustration of Josephson coherence. We have also observed
that H⊥ enhances spin- and charge-stripe order. Thus, there
are significant qualitative similarities between the phases of
superconductivity with uniaxial resistivity in the x = 0.095
and 0.125 samples. Of course, there are also some quantitative
differences. Even in the state of uniaxial resistivity, the in-plane
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FIG. 10. (Color online) Diamagnetic magnetization obtained
from χ (H ⊥ ab) data of Fig. 9 after subtracting a linear fit to the data
between 80 and 100 K. The high-field crossover at T ∼ 30 K is con-
sistent with the appearance of the LVL state, as discussed in the text.

previously, especially in Bi2Sr2CaCu2O8+δ (Refs. 55 and
56) and Bi2Sr2−xLaxCuO6+δ (Ref. 57). The rise of ρ⊥ with
increasing H⊥ is due to suppression of the conduction channel
associated with interlayer pair tunneling; on crossing the
maximum, single-particle transport dominates.55 The region
of negative magnetoresistance at high field has been attributed
to the impact of H⊥ on the pseudogap;56 reducing the antinodal
gap increases the density of normal carriers that can move
between planes. Parallels have also been drawn with the
field-tuned superconductor-insulator transition observed in
disordered thin films of various metals.58–60 By this latter
analogy, the resistive transition in ρ⊥ can be viewed as a
transition to a Cooper-pair insulator phase at high µ0H⊥. In our
case, the Cooper pairs are localized along the c axis, becoming
restricted to the CuO2 layers.

To emphasize the striking difference between ρ⊥ and ρ∥ in
an applied field, we compare their temperature dependencies
in Fig. 11 for µ0H⊥ = 0, 20, and 35 T. For ρ⊥, the field appears
to shift the superconducting transition to low temperature.
In contrast, ρ∥ shows a substantial drop near 30 K even in
the highest field, and it continues towards zero on further
cooling. There is clearly a broad regime in which the
superconducting layers are decoupled in terms of coherent
Cooper-pair transport.

Now, we want to be a bit more quantitative in defining tran-
sitions and crossovers. The regime of 3D superconductivity
ends when ρ⊥ becomes finite. We label the field at which this
occurs as H⊥

c . Our determination of H⊥
c is indicated by the

triangles in Fig. 1(a).
To analyze the growth of ρ⊥ with field, we start with the

model of a stack of Josephson junctions between supercon-
ducting CuO2 layers.18 It has been argued by several groups
that the field-induced rise in ρ⊥ can be understood in terms
of phase fluctuations in the interlayer Josephson junctions
due to thermal noise.61–64 In this interpretation, the relevant
quantity is the extensive resistance per Josephson junction.
Hettinger et al.64 demonstrated empirically that the effective
junction area corresponds to A = $0/(B⊥ + B0), where $0
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FIG. 11. (Color online) Measurements of (a) ρ⊥ and (b) ρ∥ as a
function of temperature for µ0H⊥ = 0, 20, and 35 T. The dashed lines
in (a) are guides to the eye. The solid lines in (b) are calculations of
2D flux-flow resistivity, as discussed in the text. Inset of (b) shows
%ρ∥/%T as a function of H⊥ and T .

is the flux quantum and B0 is a parameter. Some of us have
shown previously31 that this approach gives a good description
of the evolution of ρ⊥(T ,H⊥) in our sample for T < Tc0 with
B⊥ ≈ µ0H⊥ and B0 = 2.2 T. The effective junction resistance
is then R⊥ = ρ⊥s/A, where s is the interlayer spacing (6.6 Å).

According to Halperin et al.65 the criterion for a Josephson
junction to become effectively insulating is that it exceed RQ =
h/(4e2) = 6.45 k&, the quantum of resistance for Cooper
pairs. We define HQ as the field at which R⊥ = RQ; the T
dependence of HQ is shown by the squares in Fig. 1(a). As
one can see, the separation between HQ and H⊥

c is rather
modest.

Looking at Fig. 2(a), it appears that there is a common shape
to ρ⊥(H⊥) measured at different temperatures. In Fig. 12,
we show that R⊥/RQ scales as [(H⊥ − H⊥

c )/(HQ − H⊥
c )]α(T ),

with the T dependence of the exponent α displayed in the inset.
The scaling is motivated by a calculation from Konik66 for ρ⊥
in a model of weak Josephson coupling between 2D layers;
he predicts αK = 3

4 (1 + t), with t = (Tc0 − T )/Tc0, which is
represented by the dashed line in the inset.

E. In-plane resistivity ρ∥(H⊥,T )

We have already noted that the Hall effect and susceptibility
measurements indicate the onset of strong superconducting
fluctuations below 40 K, in a fashion that is surprisingly
independent of field. We see related behavior of ρ∥ in
Fig. 11(b), where the high-field data show a rapid drop at
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H || c enhances CDW, decouples layers, but 2D SC survives
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FIG. 1. (Color online) Resistivities vs temperature for a range of
magnetic fields, corresponding to the configurations (a) ρ⊥ in H⊥;
(b) ρ⊥ in H∥; (c) ρ∥ in H⊥; (d) ρ∥ in H∥. The values of µ0H , ranging
from 9 T (red) to 0 T (violet), are indicated by values and arrow in
(c). The orientations of the measuring current I and the magnetic
field are indicated in the insets. (e) Phase diagram for H⊥ indicating
anisotropic boundaries for the onset of finite resistivity. (f) Similar
phase diagram for H∥.

quantitatively similar to the curve for the loss of supercon-
ducting order reported by others in LSCO (Refs. 19 and 20)
and LBCO (Ref. 21) for very similar doping.22 The distinctive
feature here is seeing the onset of finite ρ∥ delayed to much
higher temperatures. For the case of H∥, summarized in
Fig. 1(f), the difference between the onset curves for finite ρ⊥
and ρ∥ is much smaller. In measurements on a closely related
material La1.6−xNd0.4SrxCuO4, Xiang et al.23 have shown that
the magnetoresistance measured perpendicular to the planes
has a fourfold oscillation as H∥ is rotated in the ab plane;
similar behavior may be expected in our case, although we
have not tested for it.

Returning to the results in H⊥, which are the main focus of
this paper, voltage versus current measurements indicate linear
resistivity at the onset of ρ⊥ with nonlinear behavior at higher
currents. These observations are consistent with a model24 of
thermally induced voltage fluctuations at currents below the
interlayer Josephson critical current that has been applied in
previous studies of ρ⊥ in cuprates.25–28 In contrast, ρ∥ is found
to be nonlinear in current, consistent with superconducting
order, despite the linear ρ⊥.

A complication in our sample is that there is a structural
transition that overlaps with the superconducting transition.
In LBCO, there is a transition from the low-temperature
orthorhombic (LTO) phase, also found in LSCO, to the

low-temperature tetragonal (LTT) or low-temperature less-
orthorhombic (LTLO) phase.18,29 For the present composition,
the transition is to the LTLO phase;18 however, it is a
first-order transition, with coexisting phases over a range
of temperatures. We have characterized this behavior with
neutron diffraction, thermal conductivity, and thermopower
in the following paper,30 which we will refer to as paper II. A
consequence of the transition is a reduction of the interlayer
Josephson coupling in the LTLO phase,31 resulting in the sharp
structure in ρ⊥ near 27 K when modest H⊥ is applied,30 as
apparent in Figs. 1(a) and 1(b).

An interesting feature of the LTLO and LTT phases is
that they are able to pin charge- and spin-stripe orders.18,32,33

Here, we are interested in the potential for field-induced stripe
order15–17 and possible connections with the field-induced
decoupling of the superconducting layers. We present neutron
and x-ray diffraction measurements of spin- and charge-stripe
orders, respectively, demonstrating that both are enhanced by
H⊥. To our knowledge, magnetic-field-induced enhancement
of charge-stripe superlattice intensity has not been reported
previously.

The apparent decoupling of superconducting layers, to-
gether with the presence of stripe order, has similarities to
the quasi-two-dimensional (2D) superconductivity found in
LBCO with x = 1/8.34,35 In the latter case, the quasi-2D
superconductivity survived in finite H⊥, although the onset
temperature decreased with H⊥ much more rapidly than in the
present case. While the field dependence was not explained, a
proposed explanation for the zero-field decoupling involves
an intertwining between the superconductivity and stripe
order.36,37 The same type of intertwining might be involved
in the field-induced state.

The rest of the paper is organized as follows. The experi-
mental methods, including comparisons with previous work,
are discussed in the next section. The resistivity data and
voltage versus current measurements are discussed in Sec. III,
while the diffraction results are presented in Sec. IV. The
results are summarized and their implications are discussed in
Sec. V.

II. EXPERIMENTAL METHODS

A. Resistivity measurements

The crystals for this study were grown by the traveling-
solvent, floating-zone technique; characterizations of the
crystals are reported in paper II and in Refs. 18 and 31. The
resistivity measurements were performed at Brookhaven by
the standard four-probe technique in a Physical Properties
Measurement System (Quantum Design). Different crystals,
cut from the same parent, were used for the ρ⊥ and ρ∥
measurements, and the ρ∥ results were confirmed on a third
crystal. For ρ⊥, the crystal dimensions (l × w × t) were
1.7 × 2.7 × 1.1 mm3 with voltage and current contacts on the
a-b faces; for ρ∥, the dimensions were 8.0 × 0.8 × 1.3 mm3

with 2.9 mm between voltage contacts. Contacts, made with
Ag paste, were annealed at 400 ◦C for 1 h; the contact
configurations are illustrated in Fig. 2. In each case, contact
resistance was measured at room temperature and confirmed
to be less than 2 " before and after the transport studies. The
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Figure 3. Decoupling of the CDW and SDW in the precursor phase. a-c The results of fitting the quasi-elastic intensity
showing: a the full width at half maximum, b the incommensurability and c the intensity at the peak. The black dashed line
at 54 K corresponds to the low temperature LTT-LTO structural phase transition which is depicted in b, blue and yellow code
temperatures below and above this threshold [18]. The orange dashed line at 42 K in c represents the static SDW transition.
The behavior of the SDW, taken from inelastic neutron scattering results at 3 and 6 meV energy transfer from Ref. [5] are
included on panels a and b. We see that the CDW and SDW incommensurabilities evolve in di↵erent directions above 54 K,
which indicates a decoupling of the charge and spin degrees of freedom. We also note that the precursor CDW (P-CDW) width
and intensity show no detectable changes through the LTT-LTO transition (any possible changes would be smaller than our
error bars, which are obtained from the least-squares fitting algorithm).

peak energies obtained by fitting the paramagnon line-
shape are compared to the dispersion expected for a stan-
dard Néel antiferromagnet (AF) in Fig. 4c, finding a soft-
ening of the excitation energy over a broad range of re-
ciprocal space around QCDW (see Supplementary Fig. 7).
The significant deviation observed at low temperatures
shows that stripe-formation modifies the short-range spin
correlations around QCDW at low temperature, but this
coupling is much reduced at higher temperatures, con-
sistent with a weakened charge-spin coupling above the
transition. There have been extensive e↵orts to model
such stripe-related modifications in the spin excitation
spectrum as this provides a means to develop detailed
models for the character of the ground state [24, 37, 42–
47]. These theories do a good job of capturing the mag-
netic dispersion around QSDW, but none of these the-
ories adequately capture the dispersion around QCDW.
We discovered that a partially ordered CDW state with
meandering charge stripes (see the inset of Fig. 4d), as
constrained by the measured charge scattering, does suc-
cessfully capture the observed modification in the mag-
netic dispersion. Figure 4d plots our calculations (see
the methods section for full details). Despite the sim-
plicity of the model, it captures what is observed in Fig-
ure 4c, confirming that we have identified the essential
features of the ground state. Calculations based on a
perfectly stripe-ordered crystalline CDW predict several
sharp modes which are not observed (see Supplementary
Fig. 8).

DISCUSSION

The di↵erent wavevectors and presence or absence of
spin/charge locking has motivated discussion of a possi-
ble role for nesting and electron-phonon coupling mecha-
nisms controlling CDW formation in YBCO and BSCCO
[9, 14–17]. In La1.875Ba0.125CuO4, which we study here,
the evolution of the CDW wavevector shown in Fig. 3b
puts strong constraints on the microscopic mechanism of
CDW formation. Although the low temperature CDW
wavevector is close to the vector that connects the end-
points of Fermi-arcs [48], its temperature evolution is
opposite to that expected from simple nesting scenar-
ios [9], where the expanded Fermi-arc would imply that
the CDW wavevector should decrease at higher tem-
peratures, opposite to what is observed here. We in-
stead suggest that CDW formation mechanism based
on the competition between superexchange, kinetic en-
ergy, and Coulomb interactions are more appropriate [1–
3, 23, 24, 46]. The properties of the precursor CDW in
La1.875Ba0.125CuO4, is also very similar to that observed
in YBCO and BSCCO pointing towards a universal pic-
ture for CDWs in all cuprates. These models usually
assume a regular crystal of defects of the AF order which
fails to describe correctly the magnetic excitation spec-
trum close to QCDW. We expect that meandering ef-
fects, that we find play an important role in explaining
the magnetic excitation spectrum, would be need to be
incorporated to describe the phenomenology of CDW in
other compounds. For example, changes in wavevector
can relate to changes in the meandering defects in the
charge order [25, 26, 49].

From our observations, we can construct a detailed pic-
ture of CDW formation in La1.875Ba0.125CuO4. Above

H. Miao et al., arXiv:1701.00022
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superconducting gap, as obtained, for example, from Andreev
reflection in point-contact spectroscopy with current flowing
along an in-plane Cu-O bond direction. As a function of
doping, Δc forms a dome, with 2Δc=kBTSC ∼ 4–6 (Deutscher,
1999), as indicated schematically in Fig. 3 (top). The other
gap, the pseudogap Δpg, can be measured by tunneling along
the c axis. In the overdoped regime, Δpg ∼ Δc, but as x
decreases,Δpg grows monotonically (Deutscher, 1999; Hüfner
et al., 2008). Δc is detected only for T < TSC, whereas Δpg

can be observed up to T ∼ T! (Timusk and Statt, 1999; Hüfner
et al., 2008), as indicated in Fig. 3 (bottom).
Further information on the gaps and their relationship is

provided by ARPES (Damascelli, Shen, and Hussain, 2003;
Hashimoto, Vishik et al., 2014), much of which has been done
on Bi2Sr2CaCu2O8þδ, because of its excellent cleavability.
Spectroscopic imaging with STM provides further informa-
tion (Fischer et al., 2007; K. Fujita et al., 2012). Where
ARPES averages over a substantial surface area, STM is able
to map the microscopic variation of states.
With the possible exception of samples with x≲ 0.08,

ARPES experiments on Bi2Sr2CaCu2O8þδ deep in the super-
conducting state (T ≪ TSC) exhibit a Fermi-surface gap with
d-wave symmetry. For nearly optimal doping, the gap has the
simple angular dependence ΔðkÞ ≈ Δ0½cosðkxÞ − cosðkyÞ& as
indicated in Fig. 4. While the near-nodal gap appears to be
approximately x independent for a broad range of doping
below optimal (Vishik et al., 2012; da Silva Neto
et al., 2013), the antinodal gap increases with decreasing x.
Sharp “quasiparticle” peaks with energy ΔðkÞ and width
small compared to the antinodal gap energy exist along the
entire Fermi surface, again with the possible exception of
highly underdoped samples (Vishik et al., 2012; Zhao et al.,
2013). Likewise, in single-layer ðBi; PbÞ2ðSr;LaÞ2CuO6þδ,
quasiparticle peaks are harder to identify, but by looking at the
difference between the spectra above and below Tc, coherent
quasi-particle-like features have been identified around the
entire Fermi surface, but only for doping above optimal
(Kondo et al., 2009). However, for x≲ 0.18 a rather different

picture emerges from an analysis of the quasiparticle inter-
ference (QPI) signal measured in STM. From this it is inferred
that there are no coherent quasiparticles in the antinodal
regime (beyond the AF Brillouin zone boundary) and, more-
over, that there is effectively a nodal arc—despite the fact that
one is deep in the superconducting state (Fujita et al., 2014;
He et al., 2014).
For underdoped and even slightly overdoped samples,

although the gap in the antinodal portion of the Fermi surface
unambiguously persists (Ding et al., 1996; Loeser et al., 1996;
Kanigel et al., 2006) for a range of temperatures above TSC
and below T!, simple measures indicate that the gap closes at
TSC along a finite “Fermi arc” (Norman et al., 1998) in the
near-nodal region, as indicated in Fig. 4. The antinodal Δ0

thus corresponds to Δpg, while the coherent gap Δc seemingly
corresponds to ΔðkÞ at the wave vectors corresponding to the
ends of the normal-state Fermi arc (Pushp et al., 2009;
Rameau et al., 2011; Reber et al., 2013). However, the arc
ends are probably not very well defined; indeed, it is unclear
whether the arcs are produced by the vanishing of the nodal
gap (Lee et al., 2007), or simply indicate the portion of the
Fermi surface in which the scattering rate is greater than the
gap (Kondo et al., 2013; Reber et al., 2013). The near-nodal
scattering rate appears to be strongly T dependent near Tc in
this analysis. Indeed, while the energy of the antinodal
quasiparticles does not change to any detectable extent upon
approach to Tc, the coherent spectral weight [i.e., the peak
in the spectral function at ΔðkÞ] vanishes at Tc or slightly
above (Fedorov et al., 1999).
As mentioned previously, there are significant differences

in aspects of the quasiparticle spectrum measured in ARPES
and those inferred from the QPI analysis of the STM
spectrum. Reconciling these, which we will not attempt here,
is a major open issue. Still, in the superconducting state, STM

FIG. 3. Schematic diagram summarizing doping dependence
of gaps and characteristic temperatures. Above optimal doping,
the experimental identification of the pseudogap can differ
depending on whether one is looking at measurements in
the normal or superconducting state; the behavior shown is
consistent temperature-dependent tunneling measurements. From
Deutscher, 1999.

FIG. 4 (color online). Schematic diagram summarizing ARPES
measurements of gaps around the Fermi surface in underdoped
cuprates. The combined gray regions indicate the d-wave gap,
with magnitude Δ0, observed at T < TSC. At TSC, the dark gray
part of the gap closes, leaving a gapless arc of states in the near-
nodal region and a pseudogap (light gray) in the antinodal region.
The pseudogap loses definition at T ∼ T!. The energy scale for
coherent pairing Δc indicated by tunneling empirically corre-
sponds to the magnitude of the d-wave gap at the wave vector
corresponding to the end of the nodal arc.
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Fig. 2). Our first key finding is then that, above some energy D0, the
dispersing BQP interference wavevectors qi(E) always disappear, to
be replaced by a completely non-dispersive excitation spectrum
represented by q1* and q5*.

In Fig. 3a we plot the kB(E) determined from the same data. Here it
is apparent that when the BQP interference patterns disappear at D0,
the k states are near the diagonal lines between (0, 6p/a0) and (6p/
a0, 0) within the CuO2 Brillouin zone. This k-space ‘extinction point’
for BQP interference is defined not only by the change from dispers-
ive to non-dispersive characteristics, but also by the disappearance of
the q2, q3, q6 and q7 modulations (Fig. 2f and Supplementary Fig. 5).
Thus, the BQP interference signatures of delocalized Cooper pairs
vanish close to the perimeter of a k-space region bounded by lines
between (0, 6p/a0) and (6p/a0, 0). We emphasize that this occurs
neither at precisely the same k vector nor energy D0 for each p, but
always near the boundary of this restricted region (Fig. 3a). Within
this region, the quasi-particles are confined to a Bogoliubov arc (fine
solid lines in Fig. 3a) that shrinks rapidly towards k 5 (61/2, 61/
2)p/a0 with decreasing p. We hypothesize that this Bogoliubov arc is
always coincident with the Fermi arc detected in the normal
state30–34,36,37.

Carrier density counts

Conventional theory would predict that the minima (maxima) of the
Bogoliubov bands kB(6E) should occur at the k-space location of the
Fermi surface of the non-superconducting state. By making this
assumption here, we may ask if the carrier density count satisfies
Luttinger’s theorem, which states that twice the k-space area enclosed
by the Fermi surface, measured in units of the area of the first
Brillouin zone, equals the number of electrons per unit cell, n. In
Supplementary Fig. 4a we show as fine solid lines hole-like Fermi
surfaces fitted to our measured kB(E). Using Luttinger’s theorem
with these k-space contours would result in a calculated hole density
p (when measured from half filling, this is defined conventionally as

1 2 n) for comparison with the estimated hole density in the samples.
These data are shown by filled symbols in the inset to Fig. 3a. We see
that the classic Luttinger theorem is strongly violated at all dopings
below p , 10%. This is neither a unique nor an anomalous obser-
vation: equivalent results have been reported previously for
Ca22xNaxCuO2Cl2 at similarly low p values31.

However, the copper oxides are not metals but carrier-doped Mott
insulators. For such systems, Luttinger’s theorem must be amended39

so that the zero-energy contours bounding the k-space region repre-
senting carriers are defined not only by poles in the Green’s functions,
but also by their zeros. Essentially, the perturbation theory descrip-
tion of the metallic Fermi liquid breaks down and correlations among
the particles generate zeros in the Green’s functions. The locus of
zeros of these Green’s functions may be expected to occur at the lines
joining k 5 (0, 6p/a0) to k 5 (6p/a0, 0). In that situation, the hole
density is related quantitatively to the area between the lines joining
k 5 (0, 6p/a0) to k 5 (6p/a0, 0) and the Fermi arcs. The carrier
densities calculated using the region bounded by kB(E) (arcs in
Fig. 3a) and the hypothesized lines of zeros between k 5 (0, 6p/a0)
and k 5 (6p/a0, 0) (for example the dashed diagonal line in Fig. 3a)
are shown by open symbols in the inset to Fig. 3a. These are in better
agreement with the estimated hole density (see Supplementary
Information). Thus, we conclude that if the Green’s function lines
of zeros occur between k 5 (0, 6p/a0) and k 5 (6p/a0, 0), the mea-
sured k-space structure and the doped-hole density can remain con-
sistent as p R 0.

Relationship of superconducting energy gap to the pseudogap
energy

In Fig. 3b we plot the doping dependence of the superconducting
energy gap D(hk) (see Supplementary Information, section IV) in
terms of hk, the angle in k-space measured about the point (p,p) as
shown in the inset. We find that D(hk) is always cut off by the BQP
extinction at the boundary of the restricted region. Moreover, we find
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Figure 3 | Extinction of BQP interference. a, Locus of the Bogoliubov band
minimum kB(E) found from extracted QPI peak locations qi(E), in five
independent Bi2Sr2CaCu2O81d samples with decreasing hole density. Fits to
quarter-circles are shown and, as p decreases, these curves enclose a
progressively smaller area. We find that the BQP interference patterns
disappear near the perimeter of a k-space region bounded by the lines joining
k 5 (0, 6p/a0) and k 5 (6p/a0, 0). The spectral weights of q2, q3, q6 and
q7 vanish at the same place (dashed line; see also Supplementary Fig. 3).
Filled symbols in the inset represent the hole count p 5 1 2 n derived using
the simple Luttinger theorem, with the fits to a large, hole-like Fermi surface
shown in Supplementary Fig. 4a and indicated schematically here in grey.
Open symbols in the inset are the hole counts calculated using the area

enclosed by the Bogoliubov arc and the lines joining k 5 (0, 6p/a0) and
k 5 (6p/a0, 0), and are indicated schematically here in blue. b, The evolution
of the superconducting energy gap D(k) is shown for the k-space points
shown in a, but here as a function of the angle hk about the point (p, p) (see
the lower insert). These are fitted to the parameterization
D(hk) 5 DQPI[Bcos(2hk) 1 (1 2 B)cos(6hk)] for each hole density (and offset
vertically for clarity) as indicated by the fine solid lines. The measured
D(hk) values are shown by the coloured data symbols on the left-hand side,
and the error bars (1 s.d.) for each measurement are shown on the right-hand
side. As p decreases, it is obvious that the fitted DQPI increases rapidly. The
upper inset shows the relationship between DQPI and the average pseudogap
energy ÆD1æ.
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capped by a perfectly square CaCl layer and
with Na dopant atoms substituted at the Ca site.
Dy-Bi2212 has a CuO2 bilayer, above which are
both BiO and SrO layers whose unit cells
undergo the incommensurate crystal super-
modulation; nonstoichiometric oxygen dopant
atoms are located interstitially near the BiO
layer. Therefore, we assert that TA-imaging
phenomena that are identical in these two
materials should be ascribed to their only com-
mon characteristic—the intrinsic electronic struc-
ture of the CuO2 plane.

Atomic-resolution TA imaging. In Fig. 2, B
and C, we show standard dI/dV spectra mea-
sured under identical junction conditions at ran-
dom locations on the surfaces of the Na-CCOC
and Dy-Bi2212 samples (all data were acquired
at 4.2 K). Within |E| < 100 meV, they both
exhibit the expected V-shaped dI/dV centered on
E = 0 (6, 7). Unexpectedly, at higher energies,
the same intense spatial variations in the tun-
neling asymmetry of spectra were observed in
both materials. These can be seen vividly at
the left-hand perimeter of Fig. 2, B and C
(because our procedures normalize the inte-
grated dI/dV on the positive side). The corre-
sponding variations in TA indicate the existence
of intense atomic-scale variations in electronic
structure.

To explore the spatial arrangements of these
phenomena, we used an atomic resolution “R
map”—spatially imaging Rðr→, V Þ of Eq. 4b.
Figure 3, A and B, show typical topographic
images of the CaCl and BiO layers obtained by
cleavage, in cryogenic ultrahigh vacuum, of
Na-CCOC and Dy-Bi2212, respectively. The
brightest regions in Fig. 3A indicate the loca-
tions of Cl atoms that are directly above the Cu
atoms in Na-CCOC, whereas those in Fig. 3B
indicate the Bi atoms that are above the Cu
atoms in Dy-Bi2212. The dark, cross-shaped re-
gions in Fig. 3A are the missing Cl atoms and, in
Fig. 3B, are displaced Bi atoms along maxima of

the crystalline supermodulation. Figure 3, C and
D, are images of Rðr→, V ¼ 150 mVÞ measured
in the identical fields of view of Fig. 3, A and B,
respectively. These R maps are markedly similar
in texture and exhibit far finer spatial details than
their related surface topographs; the reason is that
much of their contrast stems from features
occurring within each Cu plaquette (Fig. 1A).
TheRmaps exhibit no long-range spatial order of
any kind. Nevertheless, autocorrelation analysis
shows that they do have short-range ~ 4a0 × 4a0
periodic correlations, where a0 is the Cu-O-Cu
distance. The most obvious and arguably most
important observation in Fig. 3, C and D, is a loss
of both translational and 90°-rotational (C4)
invariance in the spatial arrangements of elec-
tronic structure at the 4a0 scale—these effects
being virtually indistinguishable in Na-CCOC
and Dy-Bi2212. It is also evident from Fig. 3,
C and D, that the internal structure of these
“domains,” as well as the overall matrix in which
they are embedded, retains further degrees of
electronic complexity at the atomic scale.

Cu-O-Cu bond-centered electronic glass
with disperse 4a0-wide domains. To visualize
these spatial elements more clearly, we take the
Laplacian ∇2R of Fig. 3, C and D (Fig. 3, E and
F). At atomic scale, we then see an electronic
structure consisting of a0-length elements dis-
tributed in a disordered fashion along both Cu-O
directions.Within this matrix are embedded 4a0-
wide unidirectional regions or “domains.” These
domains, because they are periodic along the
long axis, appear to be ordered. Repeating 4a0-
wide domains of this type are always uni-
directional, extending along one or other Cu-O
direction. Thus, at the nm scale, the electronic
structure of these lightly hole-doped cuprates
breaks both C4 symmetry and translational
symmetry of the ideal square crystal lattice.

In Fig. 4, A and D, we show higher-
resolution studies of equivalent domains from
Na-CCOC and Dy-Bi2212, respectively (at the

fine blue boxes of Fig. 3, C and D). Here the R
maps are rotated to put a CuO axis, and thus the
domain axis, vertical. The pairs of dark lines
(representing high TA) in R maps indicated by
the arrows are precisely 4a0 apart and represent
the perimeter of a single domain. In Fig. 4, A
and D, multiple, parallel, 4a0-wide domains run
from the bottom to the top of each image—
exhibiting virtually identical internal structure in
both materials.

We next examine, in Fig. 4, B and E, the
internal structure of the domains (at the boxes of
Fig. 3, A and B, and Fig. 4, A and D) with
identification of atomic sites from the simulta-
neous topographs (Fig. 4, C and F, respectively).
We see immediately that the primary spatial
variations in the Rmaps are concentrated, not on
the Cu sites, but rather on the O site within each
Cu-O-Cu bond. Here the domain’s symmetry
axis is along a vertical line starting at the arrows
labeled 1. Along this axis are a line of oxygen
sites, each within a horizontal Cu-O-Cu bond
and all exhibiting high R. The vertical line
labeled 2 is the line of vertical Cu-O-Cu bonds;
these oxygen sites exhibit low R. Thus, R is very
different for the horizontal Cu-O-Cu bonds
transverse to line 1 and the vertical Cu-O-Cu
bonds along line 2, even though these bonds
share a Cu atom on the corner of the same
plaquette. The next vertical line of Cu atoms
away from the axis is labeled 3, and line 4
represents the line of oxygen sites that is 2a0 to
the right of axis 1. The sequence of horizontal
Cu-O-Cu bonds along line 4 exhibits a uni-
formly low R. These patterns exhibit mirror
symmetry about the vertical axis 1—meaning
that the whole domain is precisely 4a0 wide. We
find these uniaxial domains in all R maps—
randomly dispersed with equal probability of
orientation along the two Cu-O axes (Fig. 3, E
and F) and with virtually identical structure in
both materials.

A noteworthy observation here is that the
O sites within Cu-O-Cu bonds, even though
crystallographically equivalent, are in electroni-
cally inequivalent states (Figs. 3 and 4). In general,
the spatial arrangements of these Cu-O-Cu bond
states exhibit no long-range order. Nonetheless,
there are clear short-range relations between
them: Sequential vertical or horizontal Cu-O-Cu
bonds along a vertical axis can all be in the
same state, whereas the Cu-O-Cu bonds at 90°
to each other and sharing a corner Cu atom are
electronically inequivalent. Most notably, these
TA images indicate that the cuprate electronic
“cluster glass” (8–21) stems from spatial vari-
ations in the electronic state of each Cu-O-Cu
bond.

Atomic-scale electronic structure within
the 4a0-wide domains. Next, we consider the
energy dependence of electronic structure of
the domains in Fig. 4. Although dI/dV images
are not simply related to spatial arrangements
of LDOS, individual dI/dV spectra still retain
much physical importance—especially in the

Fig. 6. A 25-nm2 R map; no long-
range order is apparent. Instead, we
see randomly distributed electronic
variations of the Cu-O-Cu bond state
with equal probability of orientation
along the two Cu-O axes. The Cu-O
bond directions are shown as pairs
of orthogonal black arrows. The
inset shows its Fourier transform.
The predominant peaks occur at
wave vectors q→ ~ (3/4,0) and (0,3/4)
in units 2p/a0 (orange arrows), and
the peaks at q→ ~ (1/4,0) and (0,1/4)
(blue arrows) are weaker. Atomic
peaks q→ ~ (1,0) and (0,1) are shown
by black arrows.
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anti-phase coupling between 
charge stripes yields PDW

For in-phase coupling, 
the system must gap  
the intervening  
spin correlations.



Uniform d-wave superconductor
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LSCO  x = 0.16 
Tc = 38.5 K

Low-energy  
spin fluctuations 

gapped out for T < Tc



Field-induced stripe order in LSCO

J. Chang et al., PRB (2008)

spin gapno spin gap



Trade off: AF spin correlations vs. SC phase coherence
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Conclusions

• Competition between KE of holes and J between 
spins leads to inhomogeneity 
‣ Which can take the form of stripes 

• Charge stripes may contain strong pairing correlations 
‣ Josephson coupling between stripes gives SC 

• SC phase coherence 
‣ Spin order survives — Pair-density-wave SC 
‣ Spin fluct. develop gap — uniform d-wave SC


