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THE BIRTH OF IMAGE FORCES

William Thomson (Later Lord Kelvin), The Cambridge and Dublin Mathematical Journal, 
Volume III (Macmillan, Barclay, and Macmillan, Cambridge, 1848), pages 141-148, with 
reference to his lectures and partially unpublished works of Joseph Liouville.

Jackson’s classical book



IMAGE (INTERFACE POLARIZATION) FORCES: PARTICULAR CASES

Dielectrics

Metals. Account of screening (spatial

dispersion of the dielectric permittivity)

Specular scattering of metal electrons at its boundary 

et al.



IMAGE FORCE ENERGY AS CHARGE SELF-ENERGY BEING EQUAL TO 
TOTAL SELF-ENERGY MINUS THE BULK ELECTRON SELF-ENERGY. 

ANALYTICAL RESULTS IN THE QUASI-CLASSICAL THOMAS-FERMI MODEL

TOTAL SELF-ENERGY (Sidyakin)
BULK CONTRIBUTION



IMAGE FORCES: MORE SOPHISTICTED APPROACHES

Jellium model

N D Lang, Solid State Physics, v. 28, p. 225-300 

(1973)



IMAGE FORCES: HIDDEN MANY-BODY PHENOMENA. 
SURFACE PLASMONS

Temporal dispersion of the dielectric function

x is the distance of the charge from the vacuum-metal interface 

For small x

The energy shift

due to the charge Ze

interaction with the 

surface plasmon field



IMAGE FORCES FOR MOVING CHARGES: TEMPORAL AND SPATIAL DISPERSION. 
SURFACE PLASMONS

The account of both spatial and temporal dispersions

leads to the saturation of image force energies at interfaces!

Damping of surface plasmons is essential since it 

eliminates the image force (polarization) energy 

oscillations far away form the interfaces!



IMAGE FORCES: TEMPORAL DISPERSION. MOVING CHARGES

Oscillations are due to

real plasmon excitation



DYNAMICAL IMAGE FORCES: TUNNELING ELECTRONS IN FIELD EMISSION

F is electrostatic field

j

In the absence of

image forces

Curve 3 takes into account the dynamic

field-dependent correction. It explains the observed

deviations from the Fowler-Nordheim law. 



IMAGE FORCES AND CHARGE-CHARGE INTERACTION: THREE-LAYER SYSTEMS. EXACT FORMULAS

The function D(K,Z,Z’) is very cumbersome

for three-layers and for specular reflection of 

charge carriers in each layer

is expressed via following blocks

In the general case, spatial and temporal dispersion are taken into account based on the Green’s 

function method. 

A. M. Gabovich, M. S. Li, H. Szymczak, A. I. Voitenko, 

Phys. Rev. B 105 (2022) 115415



CHARGE IMAGE FORCES IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS

Exact results!



CHARGE IMAGE FORCES IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS



CHARGE IMAGE FORCES IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS
CREATION OF ELECTROSTATIC BARRIERS AND TRAPS FOR ELECTRONS OR IONS



DIPOLE IMAGE FORCES IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS

For point dipoles both charges are located in the 

same layer!

Formation of purely electrostatic traps and barriers for polar molecules.

Reliability of the results: Extrema are located far from the interlayer



CHARGE INTERACTION IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS

Main problems, where one need to 
know the electrostatic interaction 
in three-layer systems:

1. Spectra of excitons in thin films

2. Spectra of interlayer excitons.

3. Excitonic insulators in three-
layer systems.

4. Electron-hole superfluidity.

The interaction energy Wint inside layers and

for charge pairs from different layers are expressed 

in terms of

J is the Bessel function

For ρ=0 all kinds of Wint are expressed analytically

in terms of the Lerch transcendent.



CHARGE INTERACTION IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS

Rytova-Keldysh approximation:

N. S. Rytova, Vestn. Mosk. Univ. 3, 30 (1967) [arXiv:1806.00976 ] 

L. V. Keldysh Journal of Experimental and Theoretical Physics Letters,

Vol. 29, p.658 (1979)

Conclusion: RKA fails for conventional

heterostructures with similar dielectric 

constants in different layers. For instance,

ε = 13.1 and 10.1 for GaAs and AlAs,

respectively.



CHARGE INTERACTION IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS

Effective-exponential approximations of the exact formulas

The function was approximated and simple algebraic formulas obtained



CHARGE INTERACTION IN THREE-LAYER SYSTEMS: CLASSICAL ELECTROSTATICS

Effective-exponential approximations of the exact formulas



CHARGE INTERACTION IN THREE-LAYER SYSTEMS: CLASSICAL 
ELECTROSTATICS

For



CHARGE AND DIPOLE ELECTROSTATICS IN TWO- AND THREE-LAYER SYSTEMS

GENERAL CONCLUSIONS: 

1. Our original approach gives a practical scheme to calculate both 
polarization (image) forces and charge-charge or dipole-dipole-interaction 
in layered systems.

2. It is general enough to incorporate both temporal and spatial dielectric 
permittivities.

3. It allows to obtain exact analytical formulas in the classical electrostatic 
approximation.

4. It allows to obtain useful and relatively simple approximate formulas on 
the basis of cumbersome original expressions.

5. The results obtained have a large range of applicability in practically 
significant cases as inputs to solve a number of problems


