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1. Emergence at T* of Euclidean Q-balls of SDW/CDW
with Cooper/local pair condensates (Q is conserved
magnon number = Noether charge) in Hubbard model
with 'nested’ antinodal points : 1st order phase 
transition 

2. Semiclassical Eliashberg equations: Q-ball local
energy minimum at finite amplitude of ‘pairing glue’

3. Q-ball properties:
i) Q-ball superconducting density ns scales linear with Tc
ii) Q-balls ‘gas’ has diamagnetic moment at   Tc<T< T*
iii) Q-ball fermionic spectral (pseudo)gap g𝟎 in the antinodal 

points of fermionic momenta  Tc<T< T*: g𝟎~ ns at T*; g𝟎~ns at Tc

4. Infinite percolating cluster of Q-balls vs infinite Q-ball radius: bulk 
superconducting transition scenarios

5.  Euclidean Q-ball of CDW (SDW) fluctuations with wave-vector QDW  
causes superconducting s (d)-wave order in the Brillouin zone
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Q-ball in the  Eliashberg scheme

3. Conservation of the ‘Noether charge’ along the Matsubara time axis:

1. Euclidean action SM of a scalar complex field M(t,r) U(1) invariant to 
global phase rotation f, M Meif :⇒

SM = d
V∫0

β

∫ τ d Dr 1
g
| ∂τM(τ ,r) |

2 +s2 | ∂rM(τ ,r) |
2 +µ0

2 |M(τ ,r) |2 +gUf (|M(τ ,r) |
2 ){ }

2. Define D+1-dimensional 'current density’            of the scalar field               :{ jτ ,
!
j } M(τ , r)

jα =
i
2
M*(τ ,r)∂αM(τ ,r)−M(τ ,r)∂αM

*(τ ,r){ }

∂
∂τ

jτV∫ d Dr = −s2 d
V∫ iv
!
j d Dr = −s2

!
j

S(V )!∫ ·d
!
S = 0 , provided that:

4. The Noether charge of the Q-ball is constant: Q = jτV∫ d Dr =ΩM 2V = const

M(τ ,r) = e−iΩτMΘ r{ }; Θ(r) ≡ 1;r ∈ V;Θ(r) ≡ 0;r ∉ V

VQ =
Q

ΩM 2The consequence is finite volume of Q-ball :
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Q-ball in  Eliashberg scheme

SM = d
V∫0

β

∫ τ d Dr 1
g
| ∂τM(τ ,r) |

2 +s2 | ∂rM(τ ,r) |
2 +µ0

2 |M(τ ,r) |2 +gUf (|M(τ ,r) |
2 ){ }

bare ‘pairing boson’ field D(𝝎, 𝒒) ∝< 𝑴𝝎,𝒒
𝟐>

𝐆𝐨𝐫"𝐤𝐨𝐯 𝐆𝐫𝐞𝐞𝐧 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝑭𝒒𝝎 =< 𝒄𝒒𝝈𝒄&𝒒&𝝈 >𝝎

gUf=∆𝛀𝒔/𝑽energy of superconducting fluctuation inside Q-ball:
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T=0.5

T=0.42

T=0.32

arb.unitsM/Ω

Ueff
The Q-ball stability condition : 
local minimum of  Ueff(M) at finite amplitude  M

spin-waves  =
weak coupling

Q-modes=
strong coupling

T*

Tc

𝑫 𝛀 = /𝑴𝟐
𝑻

Rosen (1968), S. Coleman (1985)

Source of local minimum: binding 
energy of fermions in the SDW/CDW field

gUf=∆𝛀𝒔/𝑽

𝑼𝒆𝒇𝒇(𝑴)
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𝜴𝑸 = 𝑻𝑺𝑸 =
𝟏
𝒈 𝑽 𝝏𝝉𝑴 𝟐 + 𝑽 𝝁𝟎𝟐𝑴𝟐 + 𝒈𝑼𝒇 (𝑴)

𝝁𝟎𝟐𝑴𝟐 + 𝒈𝑼𝒇(𝑴) ≡ 𝑼𝒆𝒇𝒇(M)

The Q-ball stability condition 



g! =1.3

g! =6.3

g! =7.25

g! =7.7g! =7.7

g! =7.25

g! =6.3

g! =1.3

1

T1
*=µ0/2π 

T2
*

𝜴𝑸 = 𝑻𝑺𝑸 =
𝟏
𝒈 𝑽 𝝏𝝉𝑴 𝟐 + 𝑽 𝝁𝟎𝟐𝑴𝟐 + 𝒈𝑼𝒇 (𝑴) = 𝟏

𝒈
𝑸𝟐

𝑽𝑴𝟐 + 𝑽𝑼𝒆𝒇𝒇

Q = jτV∫ d Dr =ΩM 2V = const

Finite Q-ball volume 

𝛀 = 𝟐𝝅𝑻𝒏

𝛛 ⁄𝛀𝑸 𝛛𝑽 = 𝟎 = − /𝑸𝟐
𝑽𝟐𝑴𝟐 + 𝑼𝒆𝒇𝒇

C𝐔𝐞𝐟𝐟 = − 𝛀𝑴𝟐+ 𝑼𝒆𝒇𝒇(𝑴) = 𝟎

𝑽 𝝏𝝉𝑴 𝟐= V𝜴𝟐𝑴𝟐
Q-ball volume minimizes its free energy 𝜴𝑸:

self-consistency condition for amplitude M

Conserved Q-
ball charge

Pseudogap phase with Q-balls

Contours !𝑼𝒆𝒇𝒇 = 𝟎 ; 𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬: 𝐌
𝜴
, 𝐓 for different values of the coupling constant 𝒈𝛎

!! 0
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The nature of the local minimum of 
the function Ueff(M)

Interfermion exchange by Q-ball SDW/CDW mode, with nesting 
wave-vector QDW , as a mechanism of superconducting pairing

Self-consistent solution for the amplitude of the Q-ball SDW/CDW mode and wave 
function of the superconducting condensate F

QDW

VUf (|M(τ , r) |) = ΔΩs = −T ln
Tr e

− Hint0

β
∫ (τ )dτ

G(0)
⎧
⎨
⎩

⎫
⎬
⎭

Tr G(0){ }
≡Ωs −Ω0;G(0) ≡ e

−βH0 ;
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𝑯𝐢𝐧𝐭 = H
𝐕
𝐝𝐃𝐫K

𝐪,𝛔
𝐜𝐪4𝐐𝐃𝐖,𝛔
4 𝐌 𝛀,𝐐𝐃𝐖 𝛔𝐜𝐪,𝛔 + 𝐇. 𝐜.

𝐌(𝛕, 𝐫) = 𝐌(𝒆7𝒊𝜴𝝉𝒆𝐢𝑸𝑫𝑾⋅𝒓 + 𝒆𝒊𝜴𝝉𝒆7𝐢𝑸𝑫𝑾⋅𝒓)Θ 𝒓 ; 𝚯 𝐫 ≡ 𝟏; 𝐫 ∈ 𝐕;𝚯 𝐫 ≡ 𝟎; 𝐫 ∉ 𝐕

q-Q

-q

-q+Q

   q

Q DW

  +

  +

  -  -

Q DW

The case of Q-ball SDW 

𝐧𝐞𝐬𝐭𝐢𝐧𝐠 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧: 𝜺𝐩"𝐐𝐃𝐖 = −𝛆𝐩 ≡ −𝛆;
𝐝(𝐬) − 𝐰𝐚𝐯𝐞 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧: 𝚺𝟐𝐩"𝐐𝐃𝐖 ,𝛔= −(+)𝚺𝟐𝐩,𝛔;



Σ2 p,σ (ω ) =
−TDQDW (Ω)Σ2,p−QDW ,σ (ω −Ω)

| i(ω −Ω)−ε p−QDW − Σ1p−QDW ,σ (ω −Ω) |2 + | Σ2 p−QDW ,σ (ω −Ω) |2
,

DQDW (Ω) ≡
M 2

T
; DQDW (τ ) = 2M

2 cos Ωτ( ); Σ2 p−QCDW ,σ = −Σ2 p,σ

Eliashberg Equations and Bound States Along the Axis of Matsubara Time

The exact consequence of the above is the Mathieu equation (!):  

To be solved under odd parity condition for the Gor’kov function F 

Hence we are looking for the eigenvalue  of first excited state of the Mathieu 
equation, leading to self-consistent solution for the superconducting gap:

g0
2 ≈ 2M M −Ω( )

Fp ,σ (ω ) =
−Σ2 p ,σ

| iω −ε p − Σ1p ,σ (ω ) |
2 + | Σ2 p ,σ (ω ) |

2 , ω = π (2n+1)T; n = 0,±1,...

−𝛛𝛕𝟐𝐅𝐩,𝛔 𝛕 − 𝟐𝐌𝟐 𝐜𝐨𝐬 𝛀𝛕 𝐅𝐩,𝛔 𝛕 = −𝐠𝟎𝟐𝐅𝐩,𝛔 𝛕 ;
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g0-g0 ε0-ε0

Σ2p,Ep

εp

g0

0

𝜮𝟐𝐩,𝛔 𝛚 = −𝑻K
±𝛀

𝐃𝐐𝐃𝐖 𝛀 𝚺𝟐,𝐩7𝐐𝐃𝐖,𝛔 𝛚−𝛀

𝐢 𝛚 − 𝛀 − 𝛆𝐩7𝐐𝐃𝐖 − 𝚺𝟏𝐩7𝐐𝐃𝐖,𝛔 𝛚−𝛀 𝟐 + 𝚺𝟐𝐩7𝐐𝐃𝐖,𝛔 𝛚−𝛀 𝟐

𝒈𝟎𝟐≡ 𝛆𝒑𝟐 + 𝚺𝟐𝒑,𝛔 𝛚
𝟐

Fp ,σ τ +
1
T

⎛

⎝
⎜

⎞

⎠
⎟ = −Fp ,σ τ( )

The gap g0 in the fermion spectrum Ep of Q-balls − solid 
line; self-energy 𝚺_(𝟐𝒑,𝛔) dependence on 𝛆𝒑 − short 
dashed line

𝛀 = 𝟐𝝅𝑻𝒏; n=1,2,…;



superconductor

"strange metal"

Fermi liquid

𝑼𝒆𝒇𝒇 − 𝛀𝑴𝟐 = 𝟎

𝝁𝟎𝟐𝑴𝟐 + 𝒈𝑼𝒇(𝑴) ≡ 𝑼𝒆𝒇𝒇 (*) ;

Contour plots of the self-consistency equation
and HTSC phase diagram in Q-ball model
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⇒ self-consistency equation (*) in the 
numerically obtained approximation:

𝛋∗= 𝟐𝛍𝟎
𝟑

𝟑 ⁄𝟑 𝟐 ; 𝐓𝐜 = 𝐓∗ = 𝛍𝟎
𝟐𝛑 𝟑 ; 𝝁𝟎~𝟏𝟎𝟎 − 𝟐𝟎𝟎 meV ; 

Tranquada, J.M.et al. Nature, 429, 534 (2004)
𝛋 =→ 𝟎 ; 𝐓𝐜 𝛋 =

𝛋
𝟐𝛑𝛍𝟎𝟐

; 𝐓∗ 𝛋 → 𝐓𝒎𝒂𝒙∗ =
𝛍𝟎
𝟐𝛑

𝝁𝟎𝟐 − 𝛀𝟐 − 𝛋
𝛀
= 𝟎; 𝛋 ≡ 𝐜 𝟒𝐠𝛎𝛆𝟎

𝟑
; 𝒄 ≈ 𝟎. 𝟎𝟏

⇒ 𝐓𝐦𝐚𝐱∗ ∼ 𝟐𝟎𝟎÷𝟒𝟎𝟎𝐊

⇒ 𝐓𝐜 𝐨𝐩𝐭 ∼ 𝟏𝟎𝟎÷𝟐𝟎𝟎 𝐊

Q-ball based phase diagram
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𝑼𝒆𝒇𝒇 − 𝛀𝑴𝟐 = 𝟎

𝝁𝟎𝟐𝑴𝟐 + 𝒈𝑼𝒇(𝑴) ≡ 𝑼𝒆𝒇𝒇

Contour plots of the self-consistency equation
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Q-ball based phase diagram

⇒

self-consistency equation

g! =1.3

g! =6.3

g! =7.25

g! =7.7g! =7.7

g! =7.25

g! =6.3

g! =1.3
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The ‘Uemura plot’

𝒏𝑺 ∝ 𝒈𝟎𝟐

M =Ω 1+ Tn
* −T
µ0

⎛

⎝
⎜

⎞

⎠
⎟

2
5 15µ0

2

4 2gν

⎛

⎝
⎜

⎞

⎠
⎟

2
5

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟
, Tn

* =
µ0
2πn

;

g0
2 = Tn

* −T( )
2
5 Ω2 15µ0

gν
⎛

⎝
⎜

⎞

⎠
⎟

2
5
⟹

Y. J. Uemura, et al., Universal correlations between Tc and ns/m* in 
high-Tc cuprate superconductors, PRL 62, 23 (1989).
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Exp.

Theory 𝒏𝒔 =
𝟏
𝑽K𝒑

𝑻K
𝛚
𝑭𝒑 𝛚

𝟐

nJ = 2H
K

L'
dε ν

1
2gK

tanh
gK
2T gKM − εM

M

Θ εK − ε ≈
νεK
2 tanh

4πTN
3εK

𝒈𝟎 = 𝟐𝐌 𝐌−𝛀 ≈ 𝟐𝛀𝐜; 𝒏𝒔 ≈
𝟐𝝅𝝂
𝟑

𝑻𝒄



Q-ball solution M(r)

0.05

0.5

1.9

Q-ball gas diamagnetic 
moment Tc<T<T*
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Li, et al., Diamagnetism and Cooper pairing above Tc 
in cuprates, Phys. Rev. B 81, 054510 (2010).

𝝁𝟎𝟐 − 𝐠 ⁄𝛎 𝟑 < 𝛀 < 𝛍𝟎

S.I. Mukhin, arXiv:2108.10372v3 14 Feb (2022)

⁄𝝁𝟎 𝟐𝛑 − 𝐓

existence condition of finite radius Q-balls 
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T* and Pseudogap Phase
Analytical solutions of the self-consistency equations

g0
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* −T( )
2
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gν
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VQ =
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ΩM 2
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Finite size constraints on the minimal 'Noether charge' and specific heat 
of  Q-ball 'gas'

−
!2

4m
!!χ = bg0

2χ ; Ψ(ρ) = Cχ (ρ)
ρ

; Ψ(R) = 0

Linearized Ginzburg-Landau (GL) equation for the superconducting order 
Parameter  Y for a Q-ball of radius R in the spherical coordinates:

χ ∝ sin(knρ); Rkn = πn, ; n = 1,2, ...,Solution:

!2

4m
π
Rm

⎛

⎝
⎜

⎞

⎠
⎟

2

≤ bg0
2 ,→VQ

1/3 ≥VQm
1/3 =

Qm
ΩM 2

⎛

⎝
⎜

⎞

⎠
⎟
1/3

≡ Rm = π
!2

4mbg0
2

Hence the smallest radius Rm of a Q-ball and corresponding volume 
V{Q_m} should obey the following conditions:

But at T* g0 vanishes and ,hence,
the minimal size of Q-ball diverges:

g0
2 = Tn

* −T( )
2
5 Ω2 15µ0

gν
⎛

⎝
⎜

⎞

⎠
⎟

2
5
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SQ = GQ,n
Q,n
∑ nQ,n ln

e
nQ,n

; nQ,n = exp −
EQ,n
kBT

⎧
⎨
⎩

⎫
⎬
⎭
= exp −

2QΩ
gkBT

⎧
⎨
⎩

⎫
⎬
⎭
,GQ,n =

V
VQ
,

Finite size constraints on the minimal 'Noether charge' and specific heat 
of  Q-ball 'gas'

Find Q-balls contribution to specific heat using for their entropy the 
thermodynamic expression for the Boltzmann 'gas' :

Find contribution of Q-balls to the entropy and specific heat of the system after 
summation over  charge Q>Qmin:

CV ,n
T

=
∂SQ,n
∂T

∝VΩ
3

T
1− CΩ
5g(Tn

* −T)8/5
⎛

⎝
⎜

⎞

⎠
⎟exp −

C2πn
g(Tn

* −T)3/5
⎧
⎨
⎩

⎫
⎬
⎭
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Euclidean Q-balls: “first date” 

Y. J. Uemura
2020

1 2 3 4
M

0.5

1.0

1.5

2.0

2.5

3.0

VQ

Superconducting transition temperature Tc is one,  at which Q-
ball radius becomes infinite , or at which different Q-balls with 
Cooper pairs form infinite percolating cluster.

VQ =
Q

ΩM 2

Tc ∝ gνε0 / µ
2
0 2πn

T*∝µ0 / 2πn
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T*
n=1

n=1

n=2

n=3
n=4 n=5

Tc

Tc

Ω

!

𝑴 𝛕
𝛀 =

𝒛𝟎𝟐 − 𝒄𝟐

𝒛𝟎 + 𝒄 𝐜𝐨𝐬𝛀𝒏𝛕
, 𝒄𝟐 ≡

𝟏
𝛄 𝟏 −

𝛍𝟎𝟐𝛀− 𝛀𝟑

𝛋

𝛄 ≡ −
𝒇PP 𝒛𝟎
𝟐𝒇 𝒛𝟎

≈ 𝟐. 𝟒𝟕 , 𝒛𝟎 ≈ 𝟏. 𝟑𝟖 ,

𝛋 = 𝒈𝛎𝛆𝟎𝒇 𝒛𝟎 ≈ 𝐜 𝟒𝐠𝛎𝛆𝟎
𝟑

; 𝒄 ≈ 𝟎. 𝟎𝟏

𝝁𝟎𝟐 − 𝛀𝟐 −
𝛋
𝛀 𝟏 − 𝛄𝐳𝟎𝟐 = 𝛀𝐧𝟐 , 𝐧 = 𝟏, 𝟐, …

Oscillating solutions of the self-consistency
equation for a Q-ball in the phase-space plane : 
coupling constant κ – Matsubara frequency Ω.

Discrete lines marked with integers n = 1, 2, 3, 
4, 5 contain points on the phase-space plane 
where oscillations of the spin/charge density 
modulus M occur inside the Q-balls. The 
straight line, denoted by the symbol Tc is 
transition to the bulk superconductivity.
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CONCLUSIONS

PERSPECTIVES

Supermassive dark-matter Q-balls in galactic centers?
Sergey Troitsky JCAP11, 027 (2016)

ECRYS 2022, IESC

The "gas" of Q-balls with Cooper pairs condensates can emerge at T* 
as a fluctuating "short-range order" that self-consistently condenses 
into a stable superconducting condensate at Tc, while the Q-balls 
become "vacuum gluons" providing the "glue" for Cooper pairs.

1. Investigation of the transport properties of the phase with “gas” of Q-balls 
containing condensates of Cooper pairs (s/d-wave nematic) 

2. Investigation of elementary fermionic and bosonic excitations in phase with 
Q-balls (Quantization of the spectrum of Q-ball states)

3. Applicability check for quantum computing 
4. Verification of applications in cosmology ("dark matter")
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