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1. Emergence at T* of Euclidean Q-balls of SDW/CDW

with Cooper/local pair condensates (Q is conserved |
magnon number = Noether charge) in Hubbard model:

with 'nested’ antinodal points : 15t order phase
transition

2. Semiclassical Eliashberg equations: Q-ball local
energy minimum at finite amplitude of ‘pairing glue’

3. Q-ball properties:
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doping X (coupling g)

i) Q-ball superconducting density n, scales linear with T,

ii) Q-balls ‘gas’ has diamagnetic moment at T.<T<T*

ili) Q-ball fermionic spectral (pseudo)gap g, in the antinodal
points of fermionic momenta T _<T<T*: g,~/n, at T*; g,~n;at T,

4. Infinite percolating cluster of Q-balls vs infinite Q-ball radius: bulk

superconducting transition scenarios

5. Euclidean Q-ball of CDW (SDW) fluctuations with wave-vector Qpy

causes superconducting s (d)-wave order in the Brillouin zone
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Q-ball in the Eliashberg scheme

1. Euclidean action Sy, of a scalar complex field M(t,r) U(1) invariant to
global phase rotation ¢, M = Me'? :

B 1
Su= [, [ dva”c (1o M@OF 451, M(@0) P+ 1Mz F +gU, ( M(z,0)P)

2. Define D+1-dimensional 'current density’ {jr,f} of the scalar field M(7,r) :
.1 . .
Jo= E{M (7,r)3,M(T,r)- M(z,r)3 , M (z,r)}

3. Conservation of the ‘Noether charge’ along the Matsubara time axis:

%fvjtdl)r = —g? fv div} d’r = —s* ;ds: = (), provided that:

S(V)

M(t,r)=e""MO{r}; O(r)=Lr€V;0(r)=0;r&V

4. The Noether charge of the Q-ball is constant: Q= fvjrle’ = QM*V = const
0

The consequence is finite volume of Q-ball : VQ = >

Rosen (1968), S. Coleman (1985)
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Q-ball in Eliashberg scheme

B 1 ; s
S9 = / / drdDrg 18- M|* + 2|0 M|* + | M|’} , M = M(r,v)
0 Vv

bare ‘pairing boson’ field D(w, q) x< |Mw,q|2>

S¢ = / / d'rdDrZ ¢)Cao + (C;L_QDW SM(T,r)oCq s + H.C.)]

Gor'kov Green function F,, =< ¢44C >0

S, = f f drd®r {la M(z,t) P +5* 10, M(T,r) P +u; | M(7,v) I +gU (I M(,1) |2)}

energy of superconducting fluctuation inside Q-ball: gU=AQ,/V

F+

~ {0} | oy
)|) = AQ; = —TIn Tr GO - o

E
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The Q-ball stability condition
1
20 =TSq = via. M2 + v[uim? + guy (m)]]

HM? + gU (M) = U,pp(M)

Uepr(M) The Q-ball stability condition :
; T -0 local minimum of U.s(M) at finite amplitude M
25/ Rosen (1968), S. Coleman (1985)

205—
i T=0.42
150
10 - L

: Source of local minimum: binding

5 032/ Te energy of fermions in the SDW/CDW field
Qloower_ ..+ . . == L 0
\ : ‘ \ 6M/£2 arb.uni%s F+ D(Q) == MZ/T
spin-waves = Qt-modes= i
: strong couplin DIQ
weak coupling g piing D) — gU=AQ, Y
F
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Finite Q-ball volume

2 = TSq == |VIa M| + V[u§M?

Q-ball volume minimizes its free energy 2,:

90,/0v=0=-2"/

fjeff - — .Q.Mz + Ueff(M) == O v\
T1*=},l0/27'[; ~

0.010

0.005

M/Q
Contours ﬁeff = 0 ; coordinates: {% T} for different values of the coupling constant gv

+ U
V2M? eff Conserved Q- |0 = ijTdDr = QM*V = const
ball charge

+gUp (]| = [VMZ + VU]

V|, M|*= V0?*M?

QO =2nTn

self-consistency condition for amplitude M

Pseudogap phase with Q-balls

Q-balls e




The nature of the local minimum of The case of Q-ball SDW
the function U_4(M) 8

OO~
S.l. Mukhin, Condens. Matter, 7, 31 (2022) + + O +
2) '

S.I. Mukhin, arXiv:2108.10372v3 14 Feb (202
S.l. Mukhin, Condens. Matter, 3, 39 (2018)

nesting condition: & —€

p )
d(s) — wave condition: X, o ;= —(+)Z3p; O 7t |

P—Qpw

Interfermion exchange by Q-ball SDW/CDW rr_llz)de, with lflxesting
wave-vector Qpy , as a mechanism of superconducting pairing

Hine = [ 1) (f1qmoM(@ Qow)ocy, +H.c.)
v q.0
M(t,r) = M(e ¥2%ellwT 4 ¢i2e~100wT)Q(r); @) =1L, reV;0(r)=0;regV
B
Tr{e fO Hint(r)er(O)}

T r{G(O)}

Self-consistent solution for the amplitude of the Q-ball SDW/CDW mode and wave
function of the superconducting condensate F

VU, (IM(z,r))=AQ =-TIn =Q -Q:G(0)=e"";
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Eliashberg Equations and Bound States Along the Axis of Matsubara Time

¥ (@) = _TZ DQDW(Q)ZZJP_QDW:G(O‘) — Q)
2p,c - . 2 2
0 |l(w - Q) - €p—Qpw ~ 2:1P—QDw,0("° — ﬂ)| + |ZZP—QDw,G(w — ﬂ)l
M2
Q)= - , D, (v)=2M 2 cos(Qr); Z, O 0 = " D2pe
-2
F, (w)= 2p.0 w=rx2n+1DT; n=0,zx1,...

2, @F+12, ()P’

The exact consequence of the above is the Mathieu equation (!):
_GEFP,G(T) — 2M? cos(Q1) F,(T) = —g%Fp,G(t); Fp,a(‘[+%) =-F,_(7)

Ila)—e‘p

To be solved under odd parity condition for the Gor’kov function F Zop.Ep
The gap gp in the fermion spectrum E, of Q-balls — solid \ 0 — /
line; self-energy X_(2p,o) dependence on g, — short ',"’: ;“’\
dashed line / N> N,
—! —

gO— 8p + |22pa(w)|

—€p 90 0 90 €

Hence we are looking for the eigenvalue of first excited state of the Mathieu
equation, leading to self-consistent solution for the superconducting gap:

gs~2M (M -Q) ; Q=2nTn; n=1,2,...
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T

Contour plots of the self-consistency equation
and HTSC phase diagram in Q-ball model

self-consistency equation (*) in the
Uepr — QM* =0 = numerically obtained approximation:

HgM? + gUs(M) = Ugsr (*);  (ud — Q2) —%z 0; k= c4g;£° ~ 0.01
Q-ball based phase diagram

arb. units
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Tranquada, J.M.et al. Nature, 429, 534 (2004)
K
K=o 0; To(K) = ——; T*(K) > Trpy = 22 = Tjux ~ 200:400K
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Contour plots of the self-consistency equation

Ueff_ .Q.M2=O :

HeM? + gUp(M) = U,ysp

Q-ball based phase diagram
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The ‘Uemura plot’
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Y. J. Uemura, et al., Universal correlations between Tc and n/m™ in
high-Tc cuprate superconductors, PRL 62, 23 (1989).
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Q-ball solution M(r)

. sin kr QfR 0<r<R:
. 3 r  sin
1\1(7‘) = - — QR

—exp{A(R—r)}; R <1 < o0;

r

Q-ball gas diamagnetic

'Bi2201 La0.6 UD

M arb. unlts moment Tc<T<T* (T =18K)
0.0 e Harb, units . X .
N 8 10 A.
-0.2} s . e
i 3-20
~0.4F B
i =
-0.6
: \/u%—gV/3<ﬂ<uo N
-0.8F
; 0' existence condition of finite radius Q-balls :
| S.l. Mukhin, arXiv:2108.10372v3 14 Feb (2022) ol s,
-1.2t . 0 10 20 30 40

Li, et al., Diamagnetism and Cooper pairing above Tc

in cuprates, Phys. Rev. B 81, 054510 (2010). bH (T)
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T* and Pseudogap Phase

Analytical solutions of the self-consistency equations

M=Q 1+(

T -T

U

2 2
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Finite size constraints on the minimal ‘Noether charge' and specific heat
of Q-ball ‘gas’

Linearized Ginzburg-Landau (GL) equation for the superconducting order
Parameter ¥ for a Q-ball of radius R in the spherical coordinates:

B C
s betys W)= XP . wry=0
4m p

Solution: x xsin(k,p); Rk, =mn,; n=1,2,..,

Hence the smallest radius R,, of a Q-ball and corresponding volume
Va_mj should obey the following conditions:

W\ 0, \"” H
sbgo,—>V1/3zV1/3—( mz) =R =x .
4m\R QM 4mbg,

2

But at T* go vanishes and ,hence, g (T T)s 92 (15.“0 )

the minimal size of Q-ball diverges: gv
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Finite size constraints on the minimal ‘Noether charge' and specific heat
of Q-ball ‘gas’

Find Q-balls contribution to specific heat using for their entropy the
thermodynamic expression for the Boltzmann 'gas’:

_ _ E
SQ=EGQ,an,nlnL; n,., =exp{_ Q’”}=€Xp{_ ZQQ}aGQ,n=L’
Q,n nQ," kBT ngT VQ

Find contribution of Q-balls to the entropy and specific heat of the system after
summation over charge Q>Qin:

C,, oS

O.n Q’ CcQ C2nn
C/T arb.units - *V—|1- * 8/5 28 U * 3/5
v T oT T Sg(T, -T) gT -T)
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Euclidean Q-balls: “first date”

Va
3.0
: 2
25"
T ocgve,/ u,2mn
20" 0
5 T*ocu,/2mn Vo= onp
1.0
0.5
1 2 3 4
Superconducting transition temperature T, is one, at which Q-
ball radius becomes infinite , or at which different Q-balls with
Cooper pairs form infinite percolating cluster.
o pseudogap normal
X e+e e
&Hu Y. J. Uemura

.. 2020
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Oscillating solutions of the self-consistency I
equation for a Q-ball in the phase-space plane : .|
coupling constant k — Matsubara frequency Q.

Discrete lines marked with integersn=1,2,3, ~ 10/
4, 5 contain points on the phase-space plane I
where oscillations of the spin/charge density i
modulus M occur inside the Q-balls. The 0.05
straight line, denoted by the symbol T.is I
transition to the bulk superconductivity.
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K

Q  zy+ccosQ,t’ Y

K
o2 (1 yi) =k n=12,..
f”(Zo)

2f(zo)
K = gveof(zg) = c4g;£°;c ~ 0.01

Y= — ~ 2.47 ,zy = 1.38,
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CONCLUSIONS

The "gas" of Q-balls with Cooper pairs condensates can emerge at T*
as a fluctuating "short-range order" that self-consistently condenses
into a stable superconducting condensate at T, while the Q-balls
become "vacuum gluons” providing the "glue" for Cooper pairs.

PERSPECTIVES
1. Investigation of the transport properties of the phase with “gas” of Q-balls
containing condensates of Cooper pairs (s/d-wave nematic)
2. Investigation of elementary fermionic and bosonic excitations in phase with
Q-balls (Quantization of the spectrum of Q-ball states)
Applicability check for quantum computing
Verification of applications in cosmology ("dark matter")

B

Supermassive dark-matter Q-balls in galactic centers?
Sergey Troitsky JCAP11, 027 (2016)
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