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• “conventional” ordered states: CDW, AFM, SF, liquid crystals…

– local order parameter, S(r)
– classified by patterns of spontaneously broken symmetry
– short-range entangled 

States of (bosonic) matter: Landau paradigm

Tc Tordered
(ferromagnet, nematic)

disordered
(paramagnet, isotropic)

Lev Landau

H = a|�S|2 + b|�S|4

low-energy 
Goldstone modes No low-energy modes 



Example:  U(1) Spin Liquid

String condensate (Wen)
vanishing line tension

Emergent 
electromagnetism!

Geometric frustration
(e.g. “spin-ice rules”)

• “conventional” quantum‘liquid’ states, e.g., FQHE, spin ice, 
toric code, …

– Gauge theory (Z2, U(1), …) description

Anderson
Laughlin
Wen
Kitaev
Sachdev
Fisher
…

States of quantum matter
(beyond symmetry breaking)



Fracton quantum matterC. Chamon, 2005
A. Rasmussen, et al., 2016
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…

planons lineons

fracton

• new class of quantum‘liquids’: Z2 fractons, e.g., Haah’s code, 
X-cube, lattice rotors,… 

– Non-local, fractionalized excitations with restricted mobility and         
exponential topological degeneracy, beyond TQFT description,…

• -> at corners of extended objects: fractons – immobile in isolation

• -> at ends of undeformable string: dipoles - subdimensional
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S. Vijay, J. Haah, L. Fu, 2016

Ma, Lake, Chen, Hermele, 2017

• “gauging” global Z2 subdimensional symmetry spin model

• Coupled-layers construction 

• Coupled-chains construction 

• Parton construction

• Higher rank tensor gauge theory

Fracton developmentsS. Vijay, et al., 2015, ’16
M. Pretko, 2016, ’17 
T. Hsieh, et al., 2017
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M. Pretko, 2016



Outline

• Crystal elasticity – tensor gauge theory duality         
(with Pretko, PRLs 2018, 2018)

• Fractons in vector gauge theories                          
(with Hermele, PRL 2020)

• Quantum smectic and its vector gauge dual  

• Higgs crystal to smectic gauge dual transition           
(L.R. PRL 2020, and with Zhai PRB 2020)



• U(1) symmetric tensor gauge theory (2+1D):

• Gauss’ law: 

• Conservation of charges and of dipoles ---> fracton phenomenology!

-> moving charge changes dipole moment -> forbidden by dipole conservation

- immobile

-> dipole motion constrained

- subdimensional

Fractons via tensor gauge theoryRasmussen, You, 
C. Xu, 2016
Pretko, 2016
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any physical realizations ??

Fractons

YES: 2D quantum crystal!



Faraday <-> Newton

Fracton-elasticity dualityM. Pretko, 
L. R., 2017
PRLs 2018
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• Reformulate elasticity into 3 flavored coupled xy models: 

• Dualize to 3 coupled U(1) vector gauge theory:  

- Gauss’ law:

- Gauge redundancy:

- fractons: 

gauge invariance demands

Fractons via vector gauge theory L. R. 
Hermele, 
PRL 2020

� · Ek = p̃k
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� · e = s
<latexit sha1_base64="d9QOSs39vel4qDGyKc7zhA7G6GE=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSN7opFt24rGAv0IQymUzaoZNJmJkIJRT6Km5cKOLWN3Dvzrdx2opo6w8DH/85h3PmDzPOlHbdT2tpeWV1bb20YW9ube/sOnv7TZXmktAGSXkq2yFWlDNBG5ppTtuZpDgJOW2Fg+tJvXVPpWKpuNPDjAYJ7gkWM4K1sbrOoS9wyLFPolQXfhgjOqoi1XXKbsWdCv2ANw/ly3e7OgaAetf58KOU5AkVmnCsVMdzMx0UWGpGOB3Zfq5ohskA92jHoMAJVUExPX+ETowToTiV5gmNpu7viQInSg2T0HQmWPfVfG1i/lfr5Dq+CAomslxTQWaL4pwjnaJJFihikhLNhwYwkczcikgfS0y0Scw2ISx8eRGaZxXP8K1brl3BTCU4gmM4BQ/OoQY3UIcGECjgAZ7g2Rpbj9aL9TprXbK+Zw7gj6y3Lybjlxg=</latexit><latexit sha1_base64="3tO4AdgfMtI7CXKtgS1KI6HKYok=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWwVVJ3eimWHTjsoK9QBPKZDJph04mYeZEKKHgq4jgQhG3voF7N+LbOG1FtPWHgY//nMM58wep4Bpc99MqLCwuLa8UV+219Y3NLWd7p6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgrGFyM660bpjRP5DUMU+bHpCd5xCkBY3WdPU+SQBCPhgnkXhBhNqpi3XVKbtmdCP9AZRZKZ292Nb3/sOtd590LE5rFTAIVROtOxU3Bz4kCTgUb2V6mWUrogPRYx6AkMdN+Pjl/hA+NE+IoUeZJwBP390ROYq2HcWA6YwJ9PVsbm//VOhlEp37OZZoBk3S6KMoEhgSPs8AhV4yCGBogVHFzK6Z9oggFk5htQpj78jw0j8sVw1duqXaOpiqifXSAjlAFnaAaukR11EAU5egOPaIn69Z6sJ6tl2lrwfqe2UV/ZL1+ARhymIw=</latexit><latexit sha1_base64="3tO4AdgfMtI7CXKtgS1KI6HKYok=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWwVVJ3eimWHTjsoK9QBPKZDJph04mYeZEKKHgq4jgQhG3voF7N+LbOG1FtPWHgY//nMM58wep4Bpc99MqLCwuLa8UV+219Y3NLWd7p6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgrGFyM660bpjRP5DUMU+bHpCd5xCkBY3WdPU+SQBCPhgnkXhBhNqpi3XVKbtmdCP9AZRZKZ292Nb3/sOtd590LE5rFTAIVROtOxU3Bz4kCTgUb2V6mWUrogPRYx6AkMdN+Pjl/hA+NE+IoUeZJwBP390ROYq2HcWA6YwJ9PVsbm//VOhlEp37OZZoBk3S6KMoEhgSPs8AhV4yCGBogVHFzK6Z9oggFk5htQpj78jw0j8sVw1duqXaOpiqifXSAjlAFnaAaukR11EAU5egOPaIn69Z6sJ6tl2lrwfqe2UV/ZL1+ARhymIw=</latexit><latexit sha1_base64="5bEHS+voUuvY8F5XLlQxC09aEaY=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWwVWZcaMboejGZQV7gc5QMplMG5pJhuSMUIaCr+LGhSJufQ53vo3pBdHWHwIf/zmHc/JHmeAGPO/LKa2srq1vlDcrW9s7u3vu/kHLqFxT1qRKKN2JiGGCS9YEDoJ1Ms1IGgnWjoY3k3r7gWnDlbyHUcbClPQlTzglYK2eexRIEgkS0FhBEUQJZuMrbHpu1at5U+Ef8BehiuZq9NzPIFY0T5kEKogxXd/LICyIBk4FG1eC3LCM0CHps65FSVJmwmJ6/hifWifGidL2ScBT9/dEQVJjRmlkO1MCA7NYm5j/1bo5JJdhwWWWA5N0tijJBQaFJ1ngmGtGQYwsEKq5vRXTAdGEgk2sYkNY+vIytM5rvuU7r1q/nsdRRsfoBJ0hH12gOrpFDdREFBXoCb2gV+fReXbenPdZa8mZzxyiP3I+vgG3nJVL</latexit>

(p̃k = pk � ek)
<latexit sha1_base64="gTykEnSvHb9cc2bz7v76+UR7DHc=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMkCBEx7NpoIwRtLCOYC2SXZXZykgyZvTAzK4QQG1/EwsZCEVvfws63cXIpNPHADB//fw4z5w8SwZW27W8rs7S8srqWXc9tbG5t7+R39+oqTiXDGotFLJsBVSh4hDXNtcBmIpGGgcBG0L8e+417lIrH0Z0eJOiFtBvxDmdUG8nPH5RczUUbSeL3yeXkPiXo94/9fNEu25Mii+DMoFgpuCdPAFD1819uO2ZpiJFmgirVcuxEe0MqNWcCRzk3VZhQ1qddbBmMaIjKG042GJEjo7RJJ5bmRJpM1N8TQxoqNQgD0xlS3VPz3lj8z2ulunPhDXmUpBojNn2okwqiYzKOg7S5RKbFwABlkpu/EtajkjJtQsuZEJz5lRehflZ2DN+aNK5gWlk4hAKUwIFzqMANVKEGDB7gGV7hzXq0Xqx362PamrFmM/vwp6zPH6dElow=</latexit><latexit sha1_base64="dCpVZijRWt9CasBcQbo7Jq+9E40=">AAACAXicbZDLSgMxFIYz9VbrbdSN4Ca0CBVRZtzoRii6cVnBXqBThkzmtA3NZIYkIwylbnwFH8GNC0Xc+hbu+jaml4W2Hkj4+P9zSM4fJJwp7TgjK7e0vLK6ll8vbGxube/Yu3t1FaeSQo3GPJbNgCjgTEBNM82hmUggUcChEfRvxn7jAaRisbjXWQLtiHQF6zBKtJF8+6DsacZDwInfx1eT+xSD3z/27ZJz5kwKL4I7g1Kl6J08jypZ1be/vTCmaQRCU06UarlOotsDIjWjHIYFL1WQENonXWgZFCQC1R5MNhjiI6OEuBNLc4TGE/X3xIBESmVRYDojontq3huL/3mtVHcu2wMmklSDoNOHOinHOsbjOHDIJFDNMwOESmb+immPSEK1Ca1gQnDnV16E+vmZa/jOpHGNppVHh6iIyshFF6iCblEV1RBFj+gFvaF368l6tT6sz2lrzprN7KM/ZX39ALCumBI=</latexit><latexit sha1_base64="dCpVZijRWt9CasBcQbo7Jq+9E40=">AAACAXicbZDLSgMxFIYz9VbrbdSN4Ca0CBVRZtzoRii6cVnBXqBThkzmtA3NZIYkIwylbnwFH8GNC0Xc+hbu+jaml4W2Hkj4+P9zSM4fJJwp7TgjK7e0vLK6ll8vbGxube/Yu3t1FaeSQo3GPJbNgCjgTEBNM82hmUggUcChEfRvxn7jAaRisbjXWQLtiHQF6zBKtJF8+6DsacZDwInfx1eT+xSD3z/27ZJz5kwKL4I7g1Kl6J08jypZ1be/vTCmaQRCU06UarlOotsDIjWjHIYFL1WQENonXWgZFCQC1R5MNhjiI6OEuBNLc4TGE/X3xIBESmVRYDojontq3huL/3mtVHcu2wMmklSDoNOHOinHOsbjOHDIJFDNMwOESmb+immPSEK1Ca1gQnDnV16E+vmZa/jOpHGNppVHh6iIyshFF6iCblEV1RBFj+gFvaF368l6tT6sz2lrzprN7KM/ZX39ALCumBI=</latexit><latexit sha1_base64="ciIO7UsNMDSHKfZXfROfnpbVWqw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaLUBeWxI1uhKIblxXsBdoQJpOTdsjkwsxEKKFufBU3LhRx61u4822cpllo64EZPv7/HGbO76WcSWVZ38bS8srq2nplo7q5tb2za+7td2SSCQptmvBE9DwigbMY2oopDr1UAIk8Dl0vvJn63QcQkiXxvRqn4ERkGLOAUaK05JqH9YFi3AecuiG+Ku4zDG546po1q2EVhRfBLqGGymq55tfAT2gWQawoJ1L2bStVTk6EYpTDpDrIJKSEhmQIfY0xiUA6ebHBBJ9oxcdBIvSJFS7U3xM5iaQcR57ujIgayXlvKv7n9TMVXDo5i9NMQUxnDwUZxyrB0ziwzwRQxccaCBVM/xXTERGEKh1aVYdgz6+8CJ3zhq35zqo1r8s4KugIHaM6stEFaqJb1EJtRNEjekav6M14Ml6Md+Nj1rpklDMH6E8Znz+UxZUD</latexit>

ak � ak + �k�� �k, a0 � a0 + �t�
<latexit sha1_base64="u5Qn1oZ1jikO4R1LhbJR5o1L014="></latexit><latexit sha1_base64="wyj6VwONpH6iO7bFoSRHaKii1x0="></latexit><latexit sha1_base64="wyj6VwONpH6iO7bFoSRHaKii1x0="></latexit><latexit sha1_base64="XqA+MVB6zqtAEmipG8FpHJtdmgM="></latexit>

Ak � Ak +��k, A0k � A0k + �t�k
<latexit sha1_base64="B+FCaFzxHfr2OAqcrsaE5KDFXZ8="></latexit><latexit sha1_base64="QTC9AZU0km00zVZ6oiAZGk4YAg0="></latexit><latexit sha1_base64="QTC9AZU0km00zVZ6oiAZGk4YAg0="></latexit><latexit sha1_base64="w7AYhcSilj0Yo3Nm7US5Lbh/HdE="></latexit>

�tpk +� · Jk = jk
<latexit sha1_base64="jkg+kXLyR3qUKEj+jITWOthzLi0="></latexit><latexit sha1_base64="1i2l9WDEUHb8YYeKIbIFGef/u+c="></latexit><latexit sha1_base64="1i2l9WDEUHb8YYeKIbIFGef/u+c="></latexit><latexit sha1_base64="bWnmBHXmfJ9jR3PhmiCA3TrdUL0=">AAACFnicbZBNS8NAEIY3ftb6VfXoZbEIgiiJF70IRS/iScFqoQlhst3UNZtN2J0IJfRXePGvePGgiFfx5r9xU3vw64WFh3dmmJ03yqUw6LofzsTk1PTMbG2uPr+wuLTcWFm9NFmhGW+zTGa6E4HhUijeRoGSd3LNIY0kv4qS46p+dcu1EZm6wEHOgxT6SsSCAVorbOz4OWgUIEOkeZjQbeoriCT4rJdh6UcxPR2GZTKkh/QmTMJG0911R6J/wRtDk4x1Fjbe/V7GipQrZBKM6XpujkFZrWSSD+t+YXgOLIE+71pUkHITlKOzhnTTOj0aZ9o+hXTkfp8oITVmkEa2MwW8Nr9rlflfrVtgfBCUQuUFcsW+FsWFpJjRKiPaE5ozlAMLwLSwf6XsGjQwtEnWbQje75P/wuXermf53G22jsZx1Mg62SBbxCP7pEVOyBlpE0buyAN5Is/OvfPovDivX60TznhmjfyQ8/YJDc6eow==</latexit>

�� j = 0
<latexit sha1_base64="h4MGgV4tC4frV04YFx6FuN+okHo=">AAACFnicbVDLSgMxFL1T3/U16lIXQRHcWKZuFIpQdONSwarQGUomzbSxmWRIMkoZ5ivc+Cm6caGIW3Hnzk8xnYqo9UDgcM595YQJZ9p43rtTGhufmJyaninPzs0vLLpLy2daporQBpFcqosQa8qZoA3DDKcXiaI4Djk9D3uHA//8iirNpDg1/YQGMe4IFjGCjZVa7nbmF0OykGPSy30uRUexTtdgpeR17tf8WuaHEbrM0T7yWu6GV/EKoG9S/Us26mt3Jx8AcNxy3/y2JGlMhSEca92seokJMqwMI5zmZT/VNLGLcYc2LRU4pjrIiotytGmVNoqksk8YVKg/OzIca92PQ1sZY9PVf72B+J/XTE20F2RMJKmhggwXRSlHRqJBRqjNFCWG9y3BRDF7KyJdrDAxNsmyDWHky6PkbKdStfzEpnEAQ0zDKqzDFlRhF+pwBMfQAAI3cA+P8OTcOg/Os/MyLC05Xz0r8AvO6yfWzKHt</latexit><latexit sha1_base64="1NHmJkUPgFrgc+K4UMDI1ucNgP4=">AAACFnicbVDLSgMxFM34rPU16lKRYBHcWKZuFIpQdOOyBfuATimZNDONzSRDklHKMEu/wI2fUjcuFHEr7vwGf8K0FdHWA4HDOfeV40WMKu04H9bM7Nz8wmJmKbu8srq2bm9s1pSIJSZVLJiQDQ8pwignVU01I41IEhR6jNS93vnQr18Tqajgl7ofkVaIAk59ipE2Uts+TNzRkMRjCPdSlwkeSBp0NZJS3KRu0S0mrufDqxSeQqdt55y8MwL8IYVJkivtDCqft7uDctt+dzsCxyHhGjOkVLPgRLqVIKkpZiTNurEikVmMAtI0lKOQqFYyuiiF+0bpQF9I87iGI/V3R4JCpfqhZypDpLtq0huK/3nNWPsnrYTyKNaE4/EiP2ZQCzjMCHaoJFizviEIS2puhbiLJMLaJJk1IUx9eZrUjvIFwysmjTMwRgZsgz1wAArgGJTABSiDKsDgDjyAJ/Bs3VuP1ov1Oi6dsb57tsAfWG9ftRGjUw==</latexit><latexit sha1_base64="1NHmJkUPgFrgc+K4UMDI1ucNgP4=">AAACFnicbVDLSgMxFM34rPU16lKRYBHcWKZuFIpQdOOyBfuATimZNDONzSRDklHKMEu/wI2fUjcuFHEr7vwGf8K0FdHWA4HDOfeV40WMKu04H9bM7Nz8wmJmKbu8srq2bm9s1pSIJSZVLJiQDQ8pwignVU01I41IEhR6jNS93vnQr18Tqajgl7ofkVaIAk59ipE2Uts+TNzRkMRjCPdSlwkeSBp0NZJS3KRu0S0mrufDqxSeQqdt55y8MwL8IYVJkivtDCqft7uDctt+dzsCxyHhGjOkVLPgRLqVIKkpZiTNurEikVmMAtI0lKOQqFYyuiiF+0bpQF9I87iGI/V3R4JCpfqhZypDpLtq0huK/3nNWPsnrYTyKNaE4/EiP2ZQCzjMCHaoJFizviEIS2puhbiLJMLaJJk1IUx9eZrUjvIFwysmjTMwRgZsgz1wAArgGJTABSiDKsDgDjyAJ/Bs3VuP1ov1Oi6dsb57tsAfWG9ftRGjUw==</latexit><latexit sha1_base64="/01bPzzKDdPiGjfPQ0AMTsq8qR4=">AAACFnicbVDNS8MwHE3n15xfVY9egkPw4mi9KAxh6MXjBLcJaxlplnZxaVKSVBmlf4UX/xUvHhTxKt78b8y6Ibr5IPB47/eVFySMKu04X1ZpYXFpeaW8Wllb39jcsrd32kqkEpMWFkzImwApwignLU01IzeJJCgOGOkEw4ux37kjUlHBr/UoIX6MIk5DipE2Us8+yrxiSBYwhIe5xwSPJI0GGkkp7nOv7tUzLwjhbQ7PoNOzq07NKQB/iDtLqmCKZs/+9PoCpzHhGjOkVNd1Eu1nSGqKGckrXqpIYhajiHQN5Sgmys+Ki3J4YJQ+DIU0j2tYqL87MhQrNYoDUxkjPVCz3lj8z+umOjz1M8qTVBOOJ4vClEEt4Dgj2KeSYM1GhiAsqbkV4gGSCGuTZMWEMPfledI+rrmGXznVxvk0jjLYA/vgELjgBDTAJWiCFsDgATyBF/BqPVrP1pv1PiktWdOeXfAH1sc3xtKfqA==</latexit>

H =
1
2
�2

k +
1
2
C(�iuk � ��ik)2 +

1
2
L2 +

1
2
K(��)2

<latexit sha1_base64="F/xhmSywQ6KjoJseihS36nU1wPU="></latexit>

H̃ =
1
2
C|Ek|2 +

1
2
(��Ak)2 +

1
2
K|e|2 +

1
2
(�� a�A[ij])2 �Ak · Jb

k � a · js
<latexit sha1_base64="banP1469nNasWRDEqmGInWhbxx4="></latexit>

(A[ij] � �ikAik)
<latexit sha1_base64="xebLTzgAr+dCRGmTxIsi6c5/dnI=">AAACD3icbVC7TsMwFHV4lvIKMLJYVKB2oErKAGMLDIxFog8pjSLHdVtT54HtVKqi/AELn8HKwgBCrAwsbEj8Bjtu2gFajmTdo3Pu1fU9bsiokIbxqc3NLywuLWdWsqtr6xub+tZ2XQQRx6SGAxbwposEYdQnNUklI82QE+S5jDTc/tnIbwwIFzTwr+QwJLaHuj7tUIykkhz9IF9xYote2wlskZuIDlQJBWXKi2k/gZW0FBw9ZxSNFHCWmBOSKxe+3w/Pv+6rjv7Ragc48ogvMUNCWKYRSjtGXFLMSJJtRYKECPdRl1iK+sgjwo7TexK4r5Q27ARcPV/CVP09ESNPiKHnqk4PyZ6Y9kbif54Vyc6JHVM/jCTx8XhRJ2JQBnAUDmxTTrBkQ0UQ5lT9FeIe4ghLFWFWhWBOnzxL6qWieVQsXao0TsEYGbAL9kAemOAYlMEFqIIawOAWPIAn8KzdaY/ai/Y6bp3TJjM74A+0tx863qCP</latexit>



Fracton condensation transitionZhai, L. R., 2018

2D scalar fracton model:

2D

H̃ =
1
2
B�1(�2�)2 � gs cos

�
2�

6
�

�
� gb

�

n=1,2,3

cos (bn · ẑ ���)
<latexit sha1_base64="ts4X0Va7fIOlzl/JsIcAYbLIO6k="></latexit><latexit sha1_base64="neYiYYcmC7hmyri89EcSFjt3ejY="></latexit><latexit sha1_base64="neYiYYcmC7hmyri89EcSFjt3ejY="></latexit><latexit sha1_base64="XXeaMvYNBHOvukXoFV7wrg3XUpQ="></latexit>

charges dipoles

T/B

gb

gs

Hb =
1
2
B�1(�2�)2 � gb cos(��)

<latexit sha1_base64="vNuyJ2GjKucNHs4Nxqa6EAK5aPs="></latexit><latexit sha1_base64="Wnz9ySdXO28gWroE7ltOOgZADEM="></latexit><latexit sha1_base64="Wnz9ySdXO28gWroE7ltOOgZADEM="></latexit><latexit sha1_base64="/E5pMxNAVbzU+k2ToxlEMyj1MOA="></latexit>

Hs =
1
2
gb(��)2 � gs cos(�)

<latexit sha1_base64="HN8oVJ16oewSTxaeBXs9u5ZdGfw="></latexit><latexit sha1_base64="O3DNrZhskd5cW/OGMvcNa61CDNw="></latexit><latexit sha1_base64="O3DNrZhskd5cW/OGMvcNa61CDNw="></latexit><latexit sha1_base64="RRhujEeswaUs+gD+VfbyLh8Wx0U="></latexit>

KT, Halperin, Nelson, Young ‘79
2D melting



Quantum melting fractonsM. Pretko, 
L. R., PRL2018

• Fracton dipoles                    condense: ->  super-hexatic

2+1D Kumar
Potter, 2018

bn =
�

nde
i�n

<latexit sha1_base64="GhXK9Li6kLqvfOtI7LeShwUztrY=">AAACCnicbZA9SwNBEIbn/Pb8ilrarAbBSu5stBFEGzsjmCgk8djbTMzi3t65OyeEI4WVjT/CP2BjoYitv8DOf+MmsfDrhYWHd2aYnTfOlLQUBB/eyOjY+MTk1LQ/Mzs3v1BaXKrZNDcCqyJVqTmLuUUlNVZJksKzzCBPYoWn8eVBv356jcbKVJ9QN8Nmwi+0bEvByVlRaTWONNtlDXtlqNBRq8fwvJAN6iDxSPd8349K5WAzGIj9hfALynvlm6N7AKhEpfdGKxV5gpqE4tbWwyCjZsENSaGw5zdyixkXl/wC6w41T9A2i8EpPbbunBZrp8Y9TWzgfp8oeGJtN4ldZ8KpY3/X+uZ/tXpO7Z1mIXWWE2oxXNTOFaOU9XNhLWlQkOo64MJI91cmOtxwQS69fgjh75P/Qm1rM3R87NLYh6GmYAXWYANC2IY9OIQKVEHALTzAEzx7d96j9+K9DltHvK+ZZfgh7+0TGnmbYA==</latexit><latexit sha1_base64="QBfAXe2LaB1+vY8rtyQmsw16OJo=">AAACCnicbZC/TsMwEMYd/hP+FRhZDBUSU5WwwIKEYGGjSLQgtSVy3Gtr1XGCfUFUUQYmFh4FFgYQYuUJ2HgBngO3ZYDCJ1n66bs7ne8LEykMet6HMzY+MTk1PTPrzs0vLC4VlleqJk41hwqPZazPQ2ZACgUVFCjhPNHAolDCWdg97NfPrkAbEatT7CXQiFhbiZbgDK0VFNbDQNE9WjeXGjMVNHMKF5moYweQBSp3XTcoFL2SNxD9C/43FPeLN8f3n/l1OSi815sxTyNQyCUzpuZ7CTYyplFwCblbTw0kjHdZG2oWFYvANLLBKTndtE6TtmJtn0I6cH9OZCwypheFtjNi2DGjtb75X62WYmu3kQmVpAiKDxe1Ukkxpv1caFNo4Ch7FhjXwv6V8g7TjKNNrx+CP3ryX6hul3zLJzaNAzLUDFkjG2SL+GSH7JMjUiYVwskteSBP5Nm5cx6dF+d12DrmfM+skl9y3r4ApbedRw==</latexit><latexit sha1_base64="QBfAXe2LaB1+vY8rtyQmsw16OJo=">AAACCnicbZC/TsMwEMYd/hP+FRhZDBUSU5WwwIKEYGGjSLQgtSVy3Gtr1XGCfUFUUQYmFh4FFgYQYuUJ2HgBngO3ZYDCJ1n66bs7ne8LEykMet6HMzY+MTk1PTPrzs0vLC4VlleqJk41hwqPZazPQ2ZACgUVFCjhPNHAolDCWdg97NfPrkAbEatT7CXQiFhbiZbgDK0VFNbDQNE9WjeXGjMVNHMKF5moYweQBSp3XTcoFL2SNxD9C/43FPeLN8f3n/l1OSi815sxTyNQyCUzpuZ7CTYyplFwCblbTw0kjHdZG2oWFYvANLLBKTndtE6TtmJtn0I6cH9OZCwypheFtjNi2DGjtb75X62WYmu3kQmVpAiKDxe1Ukkxpv1caFNo4Ch7FhjXwv6V8g7TjKNNrx+CP3ryX6hul3zLJzaNAzLUDFkjG2SL+GSH7JMjUiYVwskteSBP5Nm5cx6dF+d12DrmfM+skl9y3r4ApbedRw==</latexit><latexit sha1_base64="xZk+vtq3Oc54r8FCiR/nfl7PG4Q=">AAACCnicbZC7SgNBFIZn4y2ut6ilzWgQrMKujTZC0MYygrlAEpfZyUkyZHZ2nTkrhCW1ja9iY6GIrU9g59s4uRSa+MPAx3/O4cz5w0QKg5737eSWlldW1/Lr7sbm1vZOYXevZuJUc6jyWMa6ETIDUiiookAJjUQDi0IJ9XBwNa7XH0AbEatbHCbQjlhPia7gDK0VFA7DQNEL2jL3GjMVdEYU7jLRwj4gC9TIdd2gUPRK3kR0EfwZFMlMlaDw1erEPI1AIZfMmKbvJdjOmEbBJYzcVmogYXzAetC0qFgEpp1NThnRY+t0aDfW9imkE/f3RMYiY4ZRaDsjhn0zXxub/9WaKXbP25lQSYqg+HRRN5UUYzrOhXaEBo5yaIFxLexfKe8zzTja9MYh+PMnL0LttORbvvGK5ctZHHlyQI7ICfHJGSmTa1IhVcLJI3kmr+TNeXJenHfnY9qac2Yz++SPnM8fpAqZjQ==</latexit>

b̂†bb̂†�bâ
<latexit sha1_base64="m46aafohKi5/NXWrozMiwEXXlgk=">AAACHXicbZDJSgNBEIZrXGPc4nLz0iiCB5UZEfQY9OIxgolCJg7VPT1JY89Cd48QhoDP4cVX8eJBEQ9exLexs4BL/KHh56sqquunmRTauO6nMzE5NT0zW5orzy8sLi1XVlYbOs0V43WWylRdUdRcioTXjTCSX2WKY0wlv6Q3p/365S1XWqTJhelmvBVjOxGRYGgsCiqHfgdNQXvXfojtNldB4dOI0F4fE/pN935gDCpb7r47EBk33shsVXfXm3cAUAsq736YsjzmiWEStW56bmZaBSojmOS9sp9rniG7wTZvWptgzHWrGFzXI9uWhCRKlX2JIQP6c6LAWOtuTG1njKaj/9b68L9aMzfRcasQSZYbnrDhoiiXxKSkHxUJheLMyK41yJSwfyWsgwqZsYGWbQje35PHTeNg37P+3KZxAkOVYAM2YQc8OIIqnEEN6sDgHh7hGV6cB+fJeXXehq0TzmhmDX7J+fgCmFCjoQ==</latexit><latexit sha1_base64="80SOagWPTJcHZWhldPZj09iYA68=">AAACHXicbZDLSgMxFIYz9VbrrV52boJFcKFlRgRdFt24rGAvMDOWkzTThmYuJBmhDH0EX8CNr+KmC0VcuBHfxrQVrK0/BH6+cw4n5yeJ4Erb9peVW1hcWl7JrxbW1jc2t4rbO3UVp5KyGo1FLJsEFBM8YjXNtWDNRDIIiWAN0rsa1Rv3TCoeR7e6nzA/hE7EA05BG9Qqnnld0BkZ3Hlt6HSYbGUeCTAZjDAmv/RkCkOrWLLL9lh43jg/plQ53nMfhlWr2ip+eO2YpiGLNBWglOvYifYzkJpTwQYFL1UsAdqDDnONjSBkys/G1w3woSFtHMTSvEjjMZ2eyCBUqh8S0xmC7qrZ2gj+V3NTHVz4GY+SVLOIThYFqcA6xqOocJtLRrXoGwNUcvNXTLsggWoTaMGE4MyePG/qp2XH+BuTxiWaKI/20QE6Qg46RxV0jaqohih6RM/oBb1aT9bQerPeJ60562dmF/2R9fkNHg6kxA==</latexit><latexit sha1_base64="80SOagWPTJcHZWhldPZj09iYA68=">AAACHXicbZDLSgMxFIYz9VbrrV52boJFcKFlRgRdFt24rGAvMDOWkzTThmYuJBmhDH0EX8CNr+KmC0VcuBHfxrQVrK0/BH6+cw4n5yeJ4Erb9peVW1hcWl7JrxbW1jc2t4rbO3UVp5KyGo1FLJsEFBM8YjXNtWDNRDIIiWAN0rsa1Rv3TCoeR7e6nzA/hE7EA05BG9Qqnnld0BkZ3Hlt6HSYbGUeCTAZjDAmv/RkCkOrWLLL9lh43jg/plQ53nMfhlWr2ip+eO2YpiGLNBWglOvYifYzkJpTwQYFL1UsAdqDDnONjSBkys/G1w3woSFtHMTSvEjjMZ2eyCBUqh8S0xmC7qrZ2gj+V3NTHVz4GY+SVLOIThYFqcA6xqOocJtLRrXoGwNUcvNXTLsggWoTaMGE4MyePG/qp2XH+BuTxiWaKI/20QE6Qg46RxV0jaqohih6RM/oBb1aT9bQerPeJ60562dmF/2R9fkNHg6kxA==</latexit><latexit sha1_base64="bu64q34ficttZ3luE+92pBlf66I=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCG8uMCLosunFZwV6gU4eTTKYNzVxIMkIZ+iJufBU3LhRx4UZ8G9N2wNr6Q+DnO+dwcn6SCq6043xbS8srq2vrpY3y5tb2zq69t99USSYpa9BEJLJNQDHBY9bQXAvWTiWDiAjWIoPrcb31wKTiSXynhynrRtCLecgpaIN8+9zrg87J6N4LoNdj0s89EmIyGmNMfunpDAbfrjhVZyK8aNzCVFChum9/ekFCs4jFmgpQquM6qe7mIDWngo3KXqZYCnQAPdYxNoaIqW4+uW6Ejw0JcJhI82KNJ3R2IodIqWFETGcEuq/ma2P4X62T6fCym/M4zTSL6XRRmAmsEzyOCgdcMqrF0Bigkpu/YtoHCVSbQMsmBHf+5EXTPKu6xt86ldpVEUcJHaIjdIJcdIFq6AbVUQNR9Iie0St6s56sF+vd+pi2LlnFzAH6I+vrB8PjokY=</latexit>

H̃cr = |(i�� pkAk)�k|2 + V (�k) + H̃Max[Ak,Ek]
<latexit sha1_base64="d6docSYu8bn3w9I8QlKp4fDzM/k="></latexit>

Higgs transition - condensation of x,y-dipoles (dislocations)

 x 6= 0,  y 6= 0 ! Ax,y ⇡ 0 Higgs’ed/gapped

<latexit sha1_base64="gJ2Mq8O8Jq/k7MocNoBOI1TyDmU="></latexit>

Quantum melting: crystal à superfluid



Quantum liquid crystals
• Quantum Hall Fogler, et al. ‘96, Moessner, Chalker ’96, Fradkin, Kivelson ‘99,  

MacDonald, Fisher ’99,  L.R., Dorsey ’02,…Eisenstein, et al. ’99

• SDW, CDW, PDW in doped Mott insulators                
Tranquada, et al., ‘95, Kivelson, Fradkin, Emery ’98, 
Sachdev,…

• Imbalanced FFLO Fermi gases, SOC Bose gases, L.R. et al. ’09,’11, 
Zhai ‘15

• Helical, frustrated magnets, e.g., MnSi, FeGe, AB2X4,…      
Pfleiderer, et al.’ 09, Bergman, et al. ‘07

#

:

Newspin2 Markus Garst

Chiral magnets in a magnetic field

[111]

Skyrmion crystal
S. Mühlbauer et al. Science (2009)

MnSi



Crystal – smectic – gauge dualityL.R PRL 2020
L.R., Z. Zhai
AOP 2021



Anisotropic quantum melting

• Crystal: 

• Condense x-dislocations:                   ->  super-smectic

• Super-smectic: 

bx =
�

nde
i�x

<latexit sha1_base64="070tTmtq2p9tt1UhCu3GHjejRrQ=">AAACCnicbZA9SwNBEIbn/Pb8ilrarAbBSu5stBGCNnYqGBWSeOxtJmZxb+/cnRPDkcLKxh/hH7CxUMTWX2Dnv3GTWPj1wsLDOzPMzhtnSloKgg9vaHhkdGx8YtKfmp6ZnSvNLxzbNDcCqyJVqTmNuUUlNVZJksLTzCBPYoUn8cVur35yhcbKVB9RJ8NGws+1bEnByVlRaTmOrtk2q9tLQ4WOml2GZ4WsUxuJR9dd3/ejUjlYD/pifyH8gnKlfLN/DwAHUem93kxFnqAmobi1tTDIqFFwQ1Io7Pr13GLGxQU/x5pDzRO0jaJ/SpetOqfJWqlxTxPru98nCp5Y20li15lwatvftZ75X62WU2urUUid5YRaDBa1csUoZb1cWFMaFKQ6Drgw0v2ViTY3XJBLrxdC+Pvkv3C8sR46PnRp7MBAE7AEK7AGIWxCBfbgAKog4BYe4AmevTvv0XvxXgetQ97XzCL8kPf2CTodm3Q=</latexit><latexit sha1_base64="TnLoAlX8l5kCuSehHzmnqfjauaw=">AAACCnicbZC7TsMwFIYdriXcCowshgqJqUpYYEGqYGGjSBSQ2hI57mlr4TjBPkGtogxMLDwKLAwgxMoTsPECPAduy8Dtlyx9+s85Oj5/mEhh0PPenbHxicmp6cKMOzs3v7BYXFo+MXGqOdR4LGN9FjIDUiiooUAJZ4kGFoUSTsOL/UH99Aq0EbE6xn4CzYh1lGgLztBaQXEtDHp0lzbMpcZMBa2cwnkmGtgFZEEvd103KJa8sjcU/Qv+F5QqpevDu4+8Vw2Kb41WzNMIFHLJjKn7XoLNjGkUXELuNlIDCeMXrAN1i4pFYJrZ8JScblinRduxtk8hHbrfJzIWGdOPQtsZMeya37WB+V+tnmJ7p5kJlaQIio8WtVNJMaaDXGhLaOAo+xYY18L+lfIu04yjTW8Qgv/75L9wslX2LR/ZNPbISAWyStbJJvHJNqmQA1IlNcLJDbknj+TJuXUenGfnZdQ65nzNrJAfcl4/AcVbnVs=</latexit><latexit sha1_base64="TnLoAlX8l5kCuSehHzmnqfjauaw=">AAACCnicbZC7TsMwFIYdriXcCowshgqJqUpYYEGqYGGjSBSQ2hI57mlr4TjBPkGtogxMLDwKLAwgxMoTsPECPAduy8Dtlyx9+s85Oj5/mEhh0PPenbHxicmp6cKMOzs3v7BYXFo+MXGqOdR4LGN9FjIDUiiooUAJZ4kGFoUSTsOL/UH99Aq0EbE6xn4CzYh1lGgLztBaQXEtDHp0lzbMpcZMBa2cwnkmGtgFZEEvd103KJa8sjcU/Qv+F5QqpevDu4+8Vw2Kb41WzNMIFHLJjKn7XoLNjGkUXELuNlIDCeMXrAN1i4pFYJrZ8JScblinRduxtk8hHbrfJzIWGdOPQtsZMeya37WB+V+tnmJ7p5kJlaQIio8WtVNJMaaDXGhLaOAo+xYY18L+lfIu04yjTW8Qgv/75L9wslX2LR/ZNPbISAWyStbJJvHJNqmQA1IlNcLJDbknj+TJuXUenGfnZdQ65nzNrJAfcl4/AcVbnVs=</latexit><latexit sha1_base64="ggvSroSbhoslK3A1JNGMEQU/RpU=">AAACCnicbZA9T8MwEIad8h2+AowshgqJqUpYYEGqYGEEiUKltkSOe22tOk6wL6hV1JmFv8LCAEKs/AI2/g3uxwAtr2Tp0Xt3Ot8bpVIY9P1vpzA3v7C4tLzirq6tb2x6W9s3Jsk0hwpPZKKrETMghYIKCpRQTTWwOJJwG3XPh/XbB9BGJOoa+yk0YtZWoiU4Q2uF3l4U9ugprZt7jbkKmwMKd7moYweQhb2B67qhV/RL/kh0FoIJFMlEl6H3VW8mPItBIZfMmFrgp9jImUbBJQzcemYgZbzL2lCzqFgMppGPThnQA+s0aSvR9imkI/f3RM5iY/pxZDtjhh0zXRua/9VqGbZOGrlQaYag+HhRK5MUEzrMhTaFBo6yb4FxLexfKe8wzTja9IYhBNMnz8LNUSmwfOUXy2eTOJbJLtknhyQgx6RMLsglqRBOHskzeSVvzpPz4rw7H+PWgjOZ2SF/5Hz+AMOumaE=</latexit>
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<latexit sha1_base64="VWffr2HaCrrMbm+bYxWauUgy/G4="></latexit>
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<latexit sha1_base64="OIYbnot+yVfLo3qVi0pxb6p11fM="></latexit>

bosonic atomsquantum smectic elasticity

L.R PRL 2020
L.R., Z. Zhai
AOP 2021

Ostlund, Halperin ‘81



• Super-smectic: 

• Dualize to U(1) vector gauge theory:  

- Gauss’ law:

- Gauge redundancy:

- restricted mobility: 

gauge invariance demands

Smectic elasticity – gauge duality Z. Zhai, 
L. R.,2020

Hsm =
C

2
(�uy � �x̂)2 +

K

2
(��)2 +

1
2
�2 +

1
2
L2 +

1
2
(��s)2 +

U

2
n2

<latexit sha1_base64="OIYbnot+yVfLo3qVi0pxb6p11fM="></latexit>

bosonic atomsquantum smectic elasticity

H̃sm =
1
2
CE2 +

1
2
(��A)2 +

1
2
Ke2 +

1
2
(�� a� ŷ ·A)2 �A · J� a · j

<latexit sha1_base64="JjYyDzH6Hv+uhK0S0TbsxwzIrKI="></latexit>

� · E = nb + x̂ · e
<latexit sha1_base64="DaBBjTwKOEviK4wwaOEKHmleRxE="></latexit>

� · e = ns
<latexit sha1_base64="vXOeFGe9B1pg98TTkH5QhQBxiBM=">AAACAHicbVDLSsNAFJ34rPUVFXThZrAIrkpaF7oRSt24bME+oAlhMpm0QyczYWYilJCNv+LGhUXcuvYL3LnxW5y2Itp64MLhnHu5954gYVRpx/mwlpZXVtfWCxvFza3tnV17b7+tRCoxaWHBhOwGSBFGOWlpqhnpJpKgOGCkEwyvJ37njkhFBb/Vo4R4MepzGlGMtJF8+8jlKGDIxaHQmRtEkORXkPvKt0tO2ZkC/pDKPCnVDpufdFx/a/j2uxsKnMaEa8yQUr2Kk2gvQ1JTzEhedFNFEoSHqE96hnIUE+Vl0wdyeGqUEEZCmuIaTtXfExmKlRrFgemMkR6oeW8i/uf1Uh1dehnlSaoJx7NFUcqgFnCSBgypJFizkSEIS2puhXiAJMLaZFY0ISy8vEja1XLlvFxtmjTqYIYCOAYn4AxUwAWogRvQAC2AQQ4ewBMYW/fWo/Vsvcxal6zvmQPwB9brFynxmdE=</latexit>

A� A +��, A0 � A0 + �t�
<latexit sha1_base64="9ZYTNUlaT5ZhL91JsEHGxIbzy+0="></latexit>

a� a +��� �x̂, a0 � a0 + �t�
<latexit sha1_base64="S3kwCpIfkWuxQqsO9PGLLjPFuQI="></latexit>

�tnb +� · J = x̂ · j
<latexit sha1_base64="X7E7CjNQJbpWG27mozbondFgb9E="></latexit>

�� jx = 0
<latexit sha1_base64="0dMt75z/+9xmSy4YOk7+ixMzCb4=">AAACEnicdVDLSgMxFM3UV62vqktFgkXQTZmpC4UiFN24bME+oFNKJk3b2EwyJBm1DLN07cZfEYoLRdy6cuc3+BOmrUJ9HbhwOOe+OF7AqNK2/WYlpqZnZueS86mFxaXllfTqWkWJUGJSxoIJWfOQIoxyUtZUM1ILJEG+x0jV650M/eoFkYoKfqb7AWn4qMNpm2KkjdRM70XuaEnkMYR7scsE70ja6WokpbiM3bybP29ewSNoN9MZJ2uPAO1f5MvKFDYHpffrrUGxmX51WwKHPuEaM6RU3bED3YiQ1BQzEqfcUJHAHEUdUjeUI5+oRjT6JoY7RmnBtpCmuIYjdXIiQr5Sfd8znT7SXfXTG4p/efVQtw8bEeVBqAnH40PtkEEt4DAf2KKSYM36hiAsqfkV4i6SCGuTYmoyhP9JJZd19rO5kknjGIyRBBtgG+wCBxyAAjgFRVAGGNyAO/AAHq1b6956sp7HrQnrc2YdfIP18gG/t6HK</latexit>



Higgs’ing crystal gauge dual -> smectic gauge dual  

• Crystal gauge dual: 

Ø Higgs transition - condensation of y-dipoles (x-dislocations)

• Smectic gauge dual:

H̃sm =
1
2
CE2 +

1
2
(��A)2 +

1
2
Ke2 +

1
2
(�� a� ŷ ·A)2 �A · J� a · j

<latexit sha1_base64="JjYyDzH6Hv+uhK0S0TbsxwzIrKI="></latexit>

H̃cr = |(i�� pkAk)�k|2 + V (�k) + H̃Max[Ak,Ek]
<latexit sha1_base64="d6docSYu8bn3w9I8QlKp4fDzM/k="></latexit>

�x = 0, �y �= 0 � Ay � 0 gapped
<latexit sha1_base64="PY7FUMrUIEh0b0YFGZFBvyPNUHM="></latexit>

H̃ =
1
2
C|Ek|2 +

1
2
(��Ak)2 +

1
2
K|e|2 +

1
2
(�� a�A[ij])2 �Ak · Jb

k � a · js
<latexit sha1_base64="banP1469nNasWRDEqmGInWhbxx4="></latexit>

H̃sm[Ax,a] � H̃cr[Ax,Ay = 0,a]
<latexit sha1_base64="DQ2wLYHxnui0mz1YZCTU1AUmTVo="></latexit>

L.R PRL 2020
L.R., Z. Zhai
AOP 2021



Restricted disclination mobility

• Fractonic restricted dynamics via disclination microscopics:

requires a nonlocal process of adding a pair smectic half-layer 
per lattice constant of disclination separation

L.R PRL 2020
L.R., Z. Zhai
AOP 2021

�� jx = 0
<latexit sha1_base64="0dMt75z/+9xmSy4YOk7+ixMzCb4=">AAACEnicdVDLSgMxFM3UV62vqktFgkXQTZmpC4UiFN24bME+oFNKJk3b2EwyJBm1DLN07cZfEYoLRdy6cuc3+BOmrUJ9HbhwOOe+OF7AqNK2/WYlpqZnZueS86mFxaXllfTqWkWJUGJSxoIJWfOQIoxyUtZUM1ILJEG+x0jV650M/eoFkYoKfqb7AWn4qMNpm2KkjdRM70XuaEnkMYR7scsE70ja6WokpbiM3bybP29ewSNoN9MZJ2uPAO1f5MvKFDYHpffrrUGxmX51WwKHPuEaM6RU3bED3YiQ1BQzEqfcUJHAHEUdUjeUI5+oRjT6JoY7RmnBtpCmuIYjdXIiQr5Sfd8znT7SXfXTG4p/efVQtw8bEeVBqAnH40PtkEEt4DAf2KKSYM36hiAsqfkV4i6SCGuTYmoyhP9JJZd19rO5kknjGIyRBBtgG+wCBxyAAjgFRVAGGNyAO/AAHq1b6956sp7HrQnrc2YdfIP18gG/t6HK</latexit>

�tp +� · J = x̂ · j
<latexit sha1_base64="0IoKh+A3bRbkI4HdU6nv4S84HOw="></latexit>

gauge invariance demands



Anomalous ‘diffusion’

• Fractonic restricted dynamics -> anomalous hydrodynamics

-> continuity: 

-> Fick’s law for dipoles:

->

-> à

�tp +� · J = jx
<latexit sha1_base64="ujt21LecNevA1GdQvMO3LuoE21Y=">AAACEHicbVA9SwNBEN3z2/gVtVRkMYiCEO600EYQbcRKwUQhF465zZ6u7u0du3NiOFJa2vhXbFIoYmtp52/wT7j5KDT6YODx3gwz88JUCoOu++kMDY+Mjo1PTBampmdm54rzC1WTZJrxCktkoi9CMFwKxSsoUPKLVHOIQ8nPw5vDjn9+y7URiTrDZsrrMVwqEQkGaKWguO6noFGADJCmdJP6CkIJPmskmPthRI9bdI9eB3dBseSW3S7oX+L1SWl/uX36db/SPgmKH34jYVnMFTIJxtQ8N8V63lnGJG8V/MzwFNgNXPKapQpibup596EWXbNKg0aJtqWQdtWfEznExjTj0HbGgFdm0OuI/3m1DKPdei5UmiFXrLcoyiTFhHbSoQ2hOUPZtASYFvZWyq5AA0ObYcGG4A2+/JdUt8rednnr1KZxQHqYIEtklWwQj+yQfXJETkiFMPJAnsgzeXEenbbz6rz1Woec/swi+QXn/Rv1YJ+X</latexit>

�tn +� · j = 0
<latexit sha1_base64="dIjW/3bxXQOZwigfKeJO4jNtTzw=">AAACEHicbVA9SwNBEN3z2/gVtVRkMYiCEO600EYQbSwTMBrIhTC32Yure3vH7pwQjpSWNv4VmxSK2Fra+Rv8E+4lFmp8MPB4b4aZeUEihUHX/XDGxicmp6ZnZgtz8wuLS8XllQsTp5rxGotlrOsBGC6F4jUUKHk90RyiQPLL4OY09y9vuTYiVufYTXgzgo4SoWCAVmoVt/0ENAqQLaSK7lJfQSDBZ+0YMz8I6XWPHlG3UGgVS27ZHYCOEu+blI7X+9XPu41+pVV899sxSyOukEkwpuG5CTazfBmTvFfwU8MTYDfQ4Q1LFUTcNLPBQz26ZZU2DWNtSyEdqD8nMoiM6UaB7YwAr8xfLxf/8xophofNTKgkRa7YcFGYSooxzdOhbaE5Q9m1BJgW9lbKrkADQ5thHoL39+VRcrFX9vbLe1WbxgkZYoaskU2yQzxyQI7JGamQGmHknjySJ/LsPDh958V5HbaOOd8zq+QXnLcvozaeuA==</latexit>

J = ���p = ���xn
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jx = � · J = ��2�xn
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�tn + �̂n = 0
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y + �k4

x
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n(t) � t�3/4
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• Fractons – elasticity duality
realized as defects in quantum crystal

• Fractonic phases and transitions:

• Fractonic smectic via anisotropic melting -> Higgs, dualize

Summary and conclusions



Thank you
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• U(1) symmetric tensor gauge theory (2+1D):

• Gauss’ law: 

• Conservation of charges and of dipoles ---> fracton phenomenology!

-> moving charge changes dipole moment -> forbidden by dipole conservation

- immobile

-> dipole motion constrained

- subdimensional

Fractons via tensor gauge theoryRasmussen, You, 
C. Xu, 2016
Pretko, 2016

[Eij , Aij ] = i�(2)(x)
<latexit sha1_base64="WT/sALe662v2VNTNo2MXxe+4lmg=">AAACEHicbVDLSsNAFL3xWeur6tLNYBUiSEncqAuhKoLLCtYKaVom04mOTh7MTMQS8gtu/BURXPjaunTnh7h30nah1QOXezjnXmbu8WLOpLKsT2NkdGx8YrIwVZyemZ2bLy0snsooEYTWScQjceZhSTkLaV0xxelZLCgOPE4b3tVB7jeuqZAsCk9UN6ZugM9D5jOClZbaJdM5bKXsMtvYa+fNRbuINTuUK9xKzc31zEybno9usvV2qWxVrB7QX2IPSLm6+vXwCgC1dumj2YlIEtBQEY6ldGwrVm6KhWKE06zYTCSNMbnC59TRNMQBlW7auyhDa1rpID8SukKFeurPjRQHUnYDT08GWF3IYS8X//OcRPnbbsrCOFE0JP2H/IQjFaE8HtRhghLFu5pgIpj+KyIXWGCidIhFHYI9fPJfUt+s7FTsYx3GPvRRgGVYARNs2IIqHEEN6kDgFu7hCZ6NO+PReDHe+qMjxmBnCX7BeP8Gn+2ewQ==</latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="YVOqhcwJU8M+Pr+Rsi3kZfGQ084=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VoQUrSjboQqiK4rGBsoUnLZDppx04ezEzEEvILbvwVNy5U3Lp05984abPQ1gOXezjnXmbucSNGhTSMb62wsLi0vFJcLa2tb2xu6ds7tyKMOSYWDlnI2y4ShNGAWJJKRtoRJ8h3GWm5o4vMb90TLmgY3MhxRBwfDQLqUYykknp6pXPZTehdenjWy5oDTyG1+4RJ1E0q9WpaSWzXgw9ptaeXjZoxAZwnZk7KIEezp3/Z/RDHPgkkZkiIjmlE0kkQlxQzkpbsWJAI4REakI6iAfKJcJLJRSk8UEofeiFXFUg4UX9vJMgXYuy7atJHcihmvUz8z+vE0jt2EhpEsSQBnj7kxQzKEGbxwD7lBEs2VgRhTtVfIR4ijrBUIZZUCObsyfPEqtdOaua1UW6c52kUwR7YBxVggiPQAFegCSyAwSN4Bq/gTXvSXrR37WM6WtDynV3wB9rnD9hMm/I=</latexit>
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1
2
EijEij +

1
2
BiBi + �� + J ijAij
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Bi = �jk�jAki
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�i�jE
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Pretko, 2016



any physical realizations ??

Fractons

YES: 2D quantum crystal!



b

• Disclination:

• Dislocation climb:

• Dislocation glide:

Topological defects in a crystal L. R., 2016
classical duality
vector gauge theory

immobile 

constrained by 
v/i diffusion

subdimension (d-1) 
motion

b



b

• Disclination:

• Dislocation climb:

• Dislocation glide:

Topological defects in a crystal L. R., 2016
classical duality

immobile 

constrained by 
v/i diffusion

subdimension (d-1) 
motion

b



• Eulerian phonons:

• Strain:

• Hamiltonian:

• Topological defects

– Disclinations: 

– Dislocations:

– Vacancies/interstitials:

Elasticity theory and defects

uij =
1
2
(�i

�R · �j
�R� �ij) �

1
2
(�iuj + �jui)
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<latexit sha1_base64="ts8tH/Sp41z5x2g+IJ8KbiINKOc="></latexit><latexit sha1_base64="N7ghMyhzemyqlyixb8yCh4hlkok="></latexit><latexit sha1_base64="N7ghMyhzemyqlyixb8yCh4hlkok="></latexit><latexit sha1_base64="qRM88H4xz1eN2Hh4VegBJooL5O0=">AAACKHicbVDLSgNBEJz1GeMr6tHLYBAUJGy8qAch6MVjBGOEbAy9k44ZnJ1dZ3oDIfg7XvwVLwoqufolTl7iq2Cgpqqb7q4wUdKS7/e9qemZ2bn5zEJ2cWl5ZTW3tn5p49QIrIhYxeYqBItKaqyQJIVXiUGIQoXV8PZ04Fc7aKyM9QV1E6xHcKNlSwogJzVypUBDqCAgGaGd8DYS8GNug72giYrgen8n6KDgZjfAu1R2uJ38s9lGLu8X/CH4Fyn+Jnk2RrmRewmasUgj1CQUWFsr+gnVe2BICoX32SC1mIC4hRusOarBLVbvDS+959tOafJWbNzTxIfq944eRNZ2o9BVRkBt+9sbiP95tZRah/We1ElKqMVoUCtVnGI+iI03pUFBqusICCPdrly0wYAgF+4ghD8n/yWV/cJRoXju50sn4zQybJNtsR1WZAesxM5YmVWYYA/sib2yN+/Re/bevf6odMob92ywH/A+PgHFu6U1</latexit>

(bond angle: θ = ½ εij∂iuj )

���ui = bi�
2(�r) � bi(�r).

<latexit sha1_base64="1fqODPm3iqgbvwekYUeOWmGhNdA="></latexit><latexit sha1_base64="lP3obJzbFr/xFJRiD38/QYhvyCk="></latexit><latexit sha1_base64="lP3obJzbFr/xFJRiD38/QYhvyCk="></latexit><latexit sha1_base64="SRw8TvypmiJkjBy6HpRoHNKI3To=">AAACJ3icbZBNSwMxEIazflu/qh69BIugl7L1oh5E0YtHBatCty6z6dSGZrNrMlsoxZ/jxb/iRURFj/4T0w9FWwcCD+87Q2beKFXSku9/eGPjE5NT0zOzubn5hcWl/PLKhU0yI7AsEpWYqwgsKqmxTJIUXqUGIY4UXkbN465/2UJjZaLPqZ1iNYYbLetSADkpzB8EGiIFAckYbZ95Fkq+H4UyqKEiuN7eDFoouNkK8DaTLe6cb6WYC/MFv+j3iv9AaRgKbFCnYf45qCUii1GTUGBtpeSnVO2AISkU3uWCzGIKogk3WHGowe1V7fQOveMbTqnxemLc08R76u+JDsTWtuPIdcZADTvsdcX/vEpG9d1qR+o0I9Si/1E9U5wS3k2N16RBQartAISRblcuGmBAkMu2G8LIyaNQ3i7uFUtnfuHwaJDGDFtj62yTldgOO2Qn7JSVmWD37JG9sFfvwXvy3rz3fuuYN5hZZX/K+/wCRoWlAA==</latexit>

nd = nv � ni
<latexit sha1_base64="LpARgNK3/H1izBfGV33eW5z9ffI=">AAAB93icbVBNS8NAEJ3Ur1o/GhW8eFksghdL6kU9CEUvHlswWmhD3Gw27dLNJuxuCjX0l3jxoOLVv+LNi7/FbSuirQ9meLw3w86+IOVMacf5sAoLi0vLK8XV0tr6xmbZ3tq+UUkmCXVJwhPZCrCinAnqaqY5baWS4jjg9DboX4792wGViiXiWg9T6sW4K1jECNZG8u2y8EN0joQ/QEemM9+uOFVnAvRDarOkUt9tft4BQMO33zthQrKYCk04Vqpdc1Lt5VhqRjgdlTqZoikmfdylbUMFjqny8snhI3RglBBFiTQlNJqovzdyHCs1jAMzGWPdU7PeWPzPa2c6OvVyJtJMU0GmD0UZRzpB4xRQyCQlmg8NwUQycysiPSwx0Sarkglh7svzxD2unlVrTRPGBUxRhD3Yh0OowQnU4Qoa4AKBDB7gCZ6te+vRerFep6MF63tnB/7AevsCtTWTiw==</latexit><latexit sha1_base64="LzTBSGUs3gBlYC6HrgyAjGdw/dg=">AAAB93icbVC7SgNBFL3rM8ZHVgUbm8Eg2Bh2bdRCCLGxTMA1gWRZZiezyZDZ2WVmNhBDvsTGQsXGwn/wC+xs/BYniYgmHriXwzn3MndOmHKmtON8WAuLS8srq7m1/PrG5lbB3t65UUkmCfVIwhPZCLGinAnqaaY5baSS4jjktB72Lsd+vU+lYom41oOU+jHuCBYxgrWRArsggja6QCLoo2PTWWAXnZIzAfoh7iwplvdqn+yl8lYN7PdWOyFZTIUmHCvVdJ1U+0MsNSOcjvKtTNEUkx7u0KahAsdU+cPJ4SN0aJQ2ihJpSmg0UX9vDHGs1CAOzWSMdVfNemPxP6+Z6ejMHzKRZpoKMn0oyjjSCRqngNpMUqL5wBBMJDO3ItLFEhNtssqbEOa+PE+8k9J5ya2ZMCowRQ724QCOwIVTKMMVVMEDAhncwQM8WrfWvfVkPU9HF6zvnV34A+v1CwTJlUc=</latexit><latexit sha1_base64="LzTBSGUs3gBlYC6HrgyAjGdw/dg=">AAAB93icbVC7SgNBFL3rM8ZHVgUbm8Eg2Bh2bdRCCLGxTMA1gWRZZiezyZDZ2WVmNhBDvsTGQsXGwn/wC+xs/BYniYgmHriXwzn3MndOmHKmtON8WAuLS8srq7m1/PrG5lbB3t65UUkmCfVIwhPZCLGinAnqaaY5baSS4jjktB72Lsd+vU+lYom41oOU+jHuCBYxgrWRArsggja6QCLoo2PTWWAXnZIzAfoh7iwplvdqn+yl8lYN7PdWOyFZTIUmHCvVdJ1U+0MsNSOcjvKtTNEUkx7u0KahAsdU+cPJ4SN0aJQ2ihJpSmg0UX9vDHGs1CAOzWSMdVfNemPxP6+Z6ejMHzKRZpoKMn0oyjjSCRqngNpMUqL5wBBMJDO3ItLFEhNtssqbEOa+PE+8k9J5ya2ZMCowRQ724QCOwIVTKMMVVMEDAhncwQM8WrfWvfVkPU9HF6zvnV34A+v1CwTJlUc=</latexit><latexit sha1_base64="b1/SY5hZ8p+o59u36EiAB6bmevk=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEN5bEjboQim5cVjC20IYwmUzaoZNJmJkUauiXuHGh4tZfceffOH0g2nrgXg7n3MvcOWHGmdKO82WVVlbX1jfKm5Wt7Z3dqr23/6DSXBLqkZSnsh1iRTkT1NNMc9rOJMVJyGkrHNxM/NaQSsVSca9HGfUT3BMsZgRrIwV2VQQRukIiGKJT01lg15y6MwX6Ie4iqcEczcD+7EYpyRMqNOFYqY7rZNovsNSMcDqudHNFM0wGuEc7hgqcUOUX08PH6NgoEYpTaUpoNFV/bxQ4UWqUhGYywbqvFr2J+J/XyXV84RdMZLmmgsweinOOdIomKaCISUo0HxmCiWTmVkT6WGKiTVYVE8LSl5eJd1a/rLt3Tq1xPU+jDIdwBCfgwjk04Baa4AGBHJ7gBV6tR+vZerPeZ6Mla75zAH9gfXwDKIKRpg==</latexit>

H =
1
2
�2 +

1
2
Cij,kluijukl =

1
2
�2 + µ(uij)2 +

1
2
�(uii)2

<latexit sha1_base64="XNFUGwwDrWx1egWxucD4Y2r4Sz0="></latexit><latexit sha1_base64="3CqNOhQliXEXkTlKTFgRiZWh264="></latexit><latexit sha1_base64="3CqNOhQliXEXkTlKTFgRiZWh264="></latexit><latexit sha1_base64="032RB0AeSFd8PF/lBAOskZPWeGQ="></latexit>



particles
Gauss’s law:

� · E = �
<latexit sha1_base64="hTvKqY/55FY8BHE65/nwRbzS1ok=">AAACAnicbZC7SgNBFIbPeo3xtmolWgwGwSrs2mgjBEWwTMBcIBvC7GQ2GTI7s8zMCmEJNr6KjYUiNhY+hZ2dj+LkUmjiDwMf/zmHM+cPE8608bwvZ2FxaXllNbeWX9/Y3Np2d3ZrWqaK0CqRXKpGiDXlTNCqYYbTRqIojkNO62H/alSv31GlmRS3ZpDQVoy7gkWMYGOttrsfCBxyHJCONFkQRuh6iC5QoHqy7Ra8ojcWmgd/CoXS4XvlGwDKbfcz6EiSxlQYwrHWTd9LTCvDyjDC6TAfpJommPRxlzYtChxT3crGJwzRsXU6KJLKPmHQ2P09keFY60Ec2s4Ym56erY3M/2rN1ETnrYyJJDVUkMmiKOXISDTKA3WYosTwgQVMFLN/RaSHFSbGppa3IfizJ89D7bToW67YNC5hohwcwBGcgA9nUIIbKEMVCNzDIzzDi/PgPDmvztukdcGZzuzBHzkfP0oQmOk=</latexit><latexit sha1_base64="pa184r8F3HE2D+6LwBrIzlhtLKY=">AAACAnicbZDLSgMxFIYz9VbrbdSVKBIsgqsy40Y3QlEEly3YC3SGkslk2tBMMiQZoQzFjT6KGxeKuOnCp3DnM/gSppeFtv4Q+PjPOZycP0gYVdpxvqzcwuLS8kp+tbC2vrG5ZW/v1JVIJSY1LJiQzQApwignNU01I81EEhQHjDSC3tWo3rgjUlHBb3U/IX6MOpxGFCNtrLa953EUMOThUOjMCyJ4PYAX0JNd0baLTskZC86DO4Vi+WBY/X48HFba9qcXCpzGhGvMkFIt10m0nyGpKWZkUPBSRRKEe6hDWgY5ionys/EJA3hsnBBGQprHNRy7vycyFCvVjwPTGSPdVbO1kflfrZXq6NzPKE9STTieLIpSBrWAozxgSCXBmvUNICyp+SvEXSQR1ia1ggnBnT15HuqnJddw1aRxCSbKg31wBE6AC85AGdyACqgBDO7BE3gBr9aD9Wy9We+T1pw1ndkFf2R9/AAoVZpP</latexit><latexit sha1_base64="pa184r8F3HE2D+6LwBrIzlhtLKY=">AAACAnicbZDLSgMxFIYz9VbrbdSVKBIsgqsy40Y3QlEEly3YC3SGkslk2tBMMiQZoQzFjT6KGxeKuOnCp3DnM/gSppeFtv4Q+PjPOZycP0gYVdpxvqzcwuLS8kp+tbC2vrG5ZW/v1JVIJSY1LJiQzQApwignNU01I81EEhQHjDSC3tWo3rgjUlHBb3U/IX6MOpxGFCNtrLa953EUMOThUOjMCyJ4PYAX0JNd0baLTskZC86DO4Vi+WBY/X48HFba9qcXCpzGhGvMkFIt10m0nyGpKWZkUPBSRRKEe6hDWgY5ionys/EJA3hsnBBGQprHNRy7vycyFCvVjwPTGSPdVbO1kflfrZXq6NzPKE9STTieLIpSBrWAozxgSCXBmvUNICyp+SvEXSQR1ia1ggnBnT15HuqnJddw1aRxCSbKg31wBE6AC85AGdyACqgBDO7BE3gBr9aD9Wy9We+T1pw1ndkFf2R9/AAoVZpP</latexit><latexit sha1_base64="pvgyBdaw4/oSZIDH1zN7qoYGL40=">AAACAnicbZDNSgMxFIUz9a/Wv1FX4iZYBFdlxo1uhKIILivYWugMJZNm2tBMMiR3hDIUN76KGxeKuPUp3Pk2pu0stPVA4OPce7m5J0oFN+B5305paXllda28XtnY3NrecXf3WkZlmrImVULpdkQME1yyJnAQrJ1qRpJIsPtoeDWp3z8wbbiSdzBKWZiQvuQxpwSs1XUPAkkiQQLaU5AHUYyvx/gCB3qgum7Vq3lT4UXwC6iiQo2u+xX0FM0SJoEKYkzH91IIc6KBU8HGlSAzLCV0SPqsY1GShJkwn54wxsfW6eFYafsk4Kn7eyIniTGjJLKdCYGBma9NzP9qnQzi8zDnMs2ASTpbFGcCg8KTPHCPa0ZBjCwQqrn9K6YDogkFm1rFhuDPn7wIrdOab/nWq9YvizjK6BAdoRPkozNURzeogZqIokf0jF7Rm/PkvDjvzsesteQUM/voj5zPHzoWlqQ=</latexit>

vortices
topological
winding

�� j = �
<latexit sha1_base64="CZGp3A9LVljDLjBlHldHq72e2Pg=">AAACA3icbZC7SgNBFIbPeo3xtmqnFoNBsAq7NtoIQRvLBMwFsiHMTmaTMbMzy8ysEJaAja9iY6GIhY0vYWfnozi5FJr4w8DHf87hzPnDhDNtPO/LWVhcWl5Zza3l1zc2t7bdnd2alqkitEokl6oRYk05E7RqmOG0kSiK45DTeti/GtXrd1RpJsWNGSS0FeOuYBEj2Fir7e4HAoccB4bFVGdBGKHbIbpAgerJtlvwit5YaB78KRRKh++VbwAot93PoCNJGlNhCMdaN30vMa0MK8MIp8N8kGqaYNLHXdq0KLBd2crGNwzRsXU6KJLKPmHQ2P09keFY60Ec2s4Ym56erY3M/2rN1ETnrYyJJDVUkMmiKOXISDQKBHWYosTwgQVMFLN/RaSHFSbGxpa3IfizJ89D7bToW67YNC5hohwcwBGcgA9nUIJrKEMVCNzDIzzDi/PgPDmvztukdcGZzuzBHzkfP2memZA=</latexit><latexit sha1_base64="RowOapX8RIjX16CU2JFbtWPHWlY=">AAACA3icbZC7SgNBFIZn4y3G26qdigwGwSrs2mgjBG0sEzAXyIZwdjKbjJmdXWZmhbAEbPIqNhaKWKTxJex8Bl/CyaXQxB8GPv5zDmfO78ecKe04X1ZmaXlldS27ntvY3NresXf3qipKJKEVEvFI1n1QlDNBK5ppTuuxpBD6nNb83s24XnugUrFI3Ol+TJshdAQLGAFtrJZ94AnwOXiahVSlnh/g+wG+wp7sRi077xScifAiuDPIF49G5e/h8ajUsj+9dkSSkApNOCjVcJ1YN1OQmhFOBzkvUTQG0oMObRgUYFY208kNA3xqnDYOImme0Hji/p5IIVSqH/qmMwTdVfO1sflfrZHo4LKZMhEnmgoyXRQkHOsIjwPBbSYp0bxvAIhk5q+YdEEC0Sa2nAnBnT95EarnBddw2aRxjabKokN0gs6Qiy5QEd2iEqoggh7RE3pBr9bQerberPdpa8aazeyjP7I+fgBH45r2</latexit><latexit sha1_base64="RowOapX8RIjX16CU2JFbtWPHWlY=">AAACA3icbZC7SgNBFIZn4y3G26qdigwGwSrs2mgjBG0sEzAXyIZwdjKbjJmdXWZmhbAEbPIqNhaKWKTxJex8Bl/CyaXQxB8GPv5zDmfO78ecKe04X1ZmaXlldS27ntvY3NresXf3qipKJKEVEvFI1n1QlDNBK5ppTuuxpBD6nNb83s24XnugUrFI3Ol+TJshdAQLGAFtrJZ94AnwOXiahVSlnh/g+wG+wp7sRi077xScifAiuDPIF49G5e/h8ajUsj+9dkSSkApNOCjVcJ1YN1OQmhFOBzkvUTQG0oMObRgUYFY208kNA3xqnDYOImme0Hji/p5IIVSqH/qmMwTdVfO1sflfrZHo4LKZMhEnmgoyXRQkHOsIjwPBbSYp0bxvAIhk5q+YdEEC0Sa2nAnBnT95EarnBddw2aRxjabKokN0gs6Qiy5QEd2iEqoggh7RE3pBr9bQerberPdpa8aazeyjP7I+fgBH45r2</latexit><latexit sha1_base64="/j8pANv99pFMlcCWFZleV2RYrZc=">AAACA3icbZDLSgMxFIbPeK31NupON8EiuCozbnQjFN24rGAv0BlKJs20sZlkSDJCGQpufBU3LhRx60u4821M21lo6w+Bj/+cw8n5o5QzbTzv21laXlldWy9tlDe3tnd23b39ppaZIrRBJJeqHWFNORO0YZjhtJ0qipOI01Y0vJ7UWw9UaSbFnRmlNExwX7CYEWys1XUPA4EjjgPDEqrzIIrR/RhdokANZNeteFVvKrQIfgEVKFTvul9BT5IsocIQjrXu+F5qwhwrwwin43KQaZpiMsR92rEosF0Z5tMbxujEOj0US2WfMGjq/p7IcaL1KIlsZ4LNQM/XJuZ/tU5m4oswZyLNDBVktijOODISTQJBPaYoMXxkARPF7F8RGWCFibGxlW0I/vzJi9A8q/qWb71K7aqIowRHcAyn4MM51OAG6tAAAo/wDK/w5jw5L8678zFrXXKKmQP4I+fzB1mkl0s=</latexit>

j = ��
<latexit sha1_base64="VL71cc5FrZpmY3lBw+tzuKQnpAk=">AAAB/XicbZC7SgNBFIbPejfe1kunxWAQrMKujTaCaGOpYC6QDeHsZDYZMzu7zMwKcQm+io2FIrb6HHZ2PoqTS6GJPwx8/Occzpk/TAXXxvO+nJnZufmFxaXlwsrq2vqGu7lV0UmmKCvTRCSqFqJmgktWNtwIVksVwzgUrBp2Lwb16h1TmifyxvRS1oixLXnEKRprNd2dPAgjctsnpySQGAoM0g5vukWv5A1FpsEfQ/Fs7+P6GwCumu5n0EpoFjNpqECt676XmkaOynAqWL8QZJqlSLvYZnWLEmOmG/nw+j45sE6LRImyTxoydH9P5Bhr3YtD2xmj6ejJ2sD8r1bPTHTSyLlMM8MkHS2KMkFMQgZRkBZXjBrRs4BUcXsroR1USI0NrGBD8Ce/PA2Vo5Jv+dqmcQ4jLcEu7MMh+HAMZ3AJV1AGCvfwCM/w4jw4T86r8zZqnXHGM9vwR877D3tbls4=</latexit><latexit sha1_base64="pbnih7x1bCT0zS0fr/1mHFFQ6TY=">AAAB/XicbZDLSgMxFIYz9VbrbbzsFAkWwVWZcaMboejGZQv2Ap1SzqSZNjaTGZKMUIfiyvdw40IRt/Y53PkMvoTpZaGtPwQ+/nMO5+T3Y86UdpwvK7OwuLS8kl3Nra1vbG7Z2ztVFSWS0AqJeCTrPijKmaAVzTSn9VhSCH1Oa37valSv3VGpWCRudD+mzRA6ggWMgDZWy95LPT/AtwN8gT0BPgcv7rKWnXcKzlh4Htwp5IsHw/L34+Gw1LI/vXZEkpAKTTgo1XCdWDdTkJoRTgc5L1E0BtKDDm0YFBBS1UzH1w/wsXHaOIikeULjsft7IoVQqX7om84QdFfN1kbmf7VGooPzZspEnGgqyGRRkHCsIzyKAreZpETzvgEgkplbMemCBKJNYDkTgjv75XmonhZcw2WTxiWaKIv20RE6QS46Q0V0jUqoggi6R0/oBb1aD9az9Wa9T1oz1nRmF/2R9fEDWaCYNA==</latexit><latexit sha1_base64="pbnih7x1bCT0zS0fr/1mHFFQ6TY=">AAAB/XicbZDLSgMxFIYz9VbrbbzsFAkWwVWZcaMboejGZQv2Ap1SzqSZNjaTGZKMUIfiyvdw40IRt/Y53PkMvoTpZaGtPwQ+/nMO5+T3Y86UdpwvK7OwuLS8kl3Nra1vbG7Z2ztVFSWS0AqJeCTrPijKmaAVzTSn9VhSCH1Oa37valSv3VGpWCRudD+mzRA6ggWMgDZWy95LPT/AtwN8gT0BPgcv7rKWnXcKzlh4Htwp5IsHw/L34+Gw1LI/vXZEkpAKTTgo1XCdWDdTkJoRTgc5L1E0BtKDDm0YFBBS1UzH1w/wsXHaOIikeULjsft7IoVQqX7om84QdFfN1kbmf7VGooPzZspEnGgqyGRRkHCsIzyKAreZpETzvgEgkplbMemCBKJNYDkTgjv75XmonhZcw2WTxiWaKIv20RE6QS46Q0V0jUqoggi6R0/oBb1aD9az9Wa9T1oz1nRmF/2R9fEDWaCYNA==</latexit><latexit sha1_base64="9NYXeqrk8e+QZOdnxuxPoF9nAnw=">AAAB/XicbZC7SgNBFIbPeo3xFi+dzWAQrMKujTZC0MYygrlANoSzk9lkzOzsMjMrxCX4KjYWitj6Hna+jZNkC038YeDjP+dwzvxBIrg2rvvtLC2vrK6tFzaKm1vbO7ulvf2GjlNFWZ3GIlatADUTXLK64UawVqIYRoFgzWB4Pak3H5jSPJZ3ZpSwToR9yUNO0VirWzrM/CAk92NySXyJgUA/GfBuqexW3KnIIng5lCFXrVv68nsxTSMmDRWoddtzE9PJUBlOBRsX/VSzBOkQ+6xtUWLEdCebXj8mJ9bpkTBW9klDpu7viQwjrUdRYDsjNAM9X5uY/9XaqQkvOhmXSWqYpLNFYSqIickkCtLjilEjRhaQKm5vJXSACqmxgRVtCN78lxehcVbxLN+65epVHkcBjuAYTsGDc6jCDdSgDhQe4Rle4c15cl6cd+dj1rrk5DMH8EfO5w9rYZSJ</latexit>

Boson-vortex dualityDasgupta, Halperin
Fisher, Lee

Superfluid Maxwell Gauge Theory (with matter)

photon

H =
1
2

�
d2x

�
|E|2 + (��A)2

�
<latexit sha1_base64="vftXvzcbj05p8NFjXK6DAqysVyI="></latexit><latexit sha1_base64="jsSqeyGD6Z/vYcCHN7nWp5kmKck="></latexit><latexit sha1_base64="jsSqeyGD6Z/vYcCHN7nWp5kmKck="></latexit><latexit sha1_base64="ZOEImvpxzTicE+/GvzvkA2EDyLQ="></latexit>

[Ai, Ej ] = i�ij
<latexit sha1_base64="2EkLgaYLA3cc88o2GIUDDwGs4jw=">AAACAXicbZC7SgNBFIbPeo3xtmoj2AxGwULCro02QlQEywjmAsmyzM7OJpPMXpiZFcISG1/FxkIRCxsbn8HOB7F3cik08YeBj/+cw5nzewlnUlnWlzEzOze/sJhbyi+vrK6tmxubVRmngtAKiXks6h6WlLOIVhRTnNYTQXHocVrzuheDeu2WCsni6Eb1EuqEuBWxgBGstOWa240zlx1euh0HnSLW9ClX2M1Yp++aBatoDYWmwR5DobT3/fYBAGXX/Gz6MUlDGinCsZQN20qUk2GhGOG0n2+mkiaYdHGLNjRGOKTSyYYX9NG+dnwUxEK/SKGh+3siw6GUvdDTnSFWbTlZG5j/1RqpCk6cjEVJqmhERouClCMVo0EcyGeCEsV7GjARTP8VkTYWmCgdWl6HYE+ePA3Vo6Kt+VqncQ4j5WAHduEAbDiGElxBGSpA4A4e4AmejXvj0XgxXketM8Z4Zgv+yHj/AeodmNc=</latexit><latexit sha1_base64="ocrC7w9jwQug1aNtKmMr5Igfh7A=">AAACAXicbZC7SgNBFIZn4y0mXlZtBJvBKFhI2LXRRoiKYBnBXGCzLLOzk2SS2dllZjYQltj4KjYWiljYWPoGdj6I1k4uhSb+MPDxn3M4c34/ZlQqy/o0MnPzC4tL2eVcfmV1bd3c2KzKKBGYVHDEIlH3kSSMclJRVDFSjwVBoc9Ize9eDOu1HhGSRvxG9WPihqjFaZNipLTlmdvOmUcPL72OC08hbQSEKeSltDPwzIJVtEaCs2BPoFDa+3p97+W/y5750QginISEK8yQlI5txcpNkVAUMzLINRJJYoS7qEUcjRyFRLrp6IIB3NdOAJuR0I8rOHJ/T6QolLIf+rozRKotp2tD87+ak6jmiZtSHieKcDxe1EwYVBEcxgEDKghWrK8BYUH1XyFuI4Gw0qHldAj29MmzUD0q2pqvdRrnYKws2AG74ADY4BiUwBUogwrA4Bbcg0fwZNwZD8az8TJuzRiTmS3wR8bbD+K9mlE=</latexit><latexit sha1_base64="ocrC7w9jwQug1aNtKmMr5Igfh7A=">AAACAXicbZC7SgNBFIZn4y0mXlZtBJvBKFhI2LXRRoiKYBnBXGCzLLOzk2SS2dllZjYQltj4KjYWiljYWPoGdj6I1k4uhSb+MPDxn3M4c34/ZlQqy/o0MnPzC4tL2eVcfmV1bd3c2KzKKBGYVHDEIlH3kSSMclJRVDFSjwVBoc9Ize9eDOu1HhGSRvxG9WPihqjFaZNipLTlmdvOmUcPL72OC08hbQSEKeSltDPwzIJVtEaCs2BPoFDa+3p97+W/y5750QginISEK8yQlI5txcpNkVAUMzLINRJJYoS7qEUcjRyFRLrp6IIB3NdOAJuR0I8rOHJ/T6QolLIf+rozRKotp2tD87+ak6jmiZtSHieKcDxe1EwYVBEcxgEDKghWrK8BYUH1XyFuI4Gw0qHldAj29MmzUD0q2pqvdRrnYKws2AG74ADY4BiUwBUogwrA4Bbcg0fwZNwZD8az8TJuzRiTmS3wR8bbD+K9mlE=</latexit><latexit sha1_base64="qCAFEjeKBOUKBgWc/knj/GE95EE=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwYWUxI1uhKoILivYC6QhTCaTdtrJhZmJUELd+CpuXCji1rdw59s4bbPQ1h8GPv5zDmfO76ecSWVZ38bC4tLyympprby+sbm1be7sNmWSCUIbJOGJaPtYUs5i2lBMcdpOBcWRz2nLH1yP660HKiRL4ns1TKkb4W7MQkaw0pZn7juXHju58fouukCsE1CusJez/sgzK1bVmgjNg11ABQrVPfOrEyQki2isCMdSOraVKjfHQjHC6ajcySRNMRngLnU0xjii0s0nF4zQkXYCFCZCv1ihift7IseRlMPI150RVj05Wxub/9WcTIXnbs7iNFM0JtNFYcaRStA4DhQwQYniQw2YCKb/ikgPC0yUDq2sQ7BnT56H5mnV1nxnVWpXRRwlOIBDOAYbzqAGt1CHBhB4hGd4hTfjyXgx3o2PaeuCUczswR8Znz8fvJYI</latexit>

Goldstone mode

H =
1
2

�
d2x

�
|��|2 + n2

�
<latexit sha1_base64="nvlbHcLnccsMZ5U7D5oOIUST6fw="></latexit><latexit sha1_base64="H4nasOmcqQkdXDJvVC7VWFH09P8="></latexit><latexit sha1_base64="H4nasOmcqQkdXDJvVC7VWFH09P8="></latexit><latexit sha1_base64="Hg7NA99sCvA0oQM+0YZrRzoG+So="></latexit>

[n, �] = i
<latexit sha1_base64="/uIuNOt5yy46yjiGaVbejqZQ+qk=">AAAB83icbZDLSgMxFIbP1Futt6pLN6FFEJQy041uhKIblxXsBWaGkkkzbWgmE5KMUIa+hhsXFnHry7jzbUwvC239IfDxn3M4J38kOdPGdb+dwsbm1vZOcbe0t39weFQ+PmnrNFOEtkjKU9WNsKacCdoyzHDalYriJOK0E43uZ/XOM1WapeLJjCUNEzwQLGYEG2sFvrgK5JCF6BaxXrnq1ty50Dp4S6g2KsHlFACavfJX0E9JllBhCMda+54rTZhjZRjhdFIKMk0lJiM8oL5FgROqw3x+8wSdW6eP4lTZJwyau78ncpxoPU4i25lgM9SrtZn5X83PTHwT5kzIzFBBFovijCOTolkAqM8UJYaPLWCimL0VkSFWmBgbU8mG4K1+eR3a9Zpn+dGmcQcLFeEMKnABHlxDAx6gCS0gIOEF3mDqZM6r8+58LFoLznLmFP7I+fwBva2STA==</latexit><latexit sha1_base64="BJO1D4X9FfAHSQXnGp9vrH8nFgs=">AAAB83icbZDLSgMxFIbP1Futt6pLN6FFEJQy40Y3QtGNywr2Ap2hZNJMG5rJhCQjDEPfQty4UMStL+Oub2N6WWjrD4GP/5zDOflDyZk2rjtxCmvrG5tbxe3Szu7e/kH58Kilk1QR2iQJT1QnxJpyJmjTMMNpRyqK45DTdji6m9bbT1RplohHk0kaxHggWMQINtbyu+LCl0MWoBvEeuWqW3NnQqvgLaBar/jnz5N61uiVv/1+QtKYCkM41rrrudIEOVaGEU7HJT/VVGIywgPatShwTHWQz24eo1Pr9FGUKPuEQTP390SOY62zOLSdMTZDvVybmv/VuqmJroOcCZkaKsh8UZRyZBI0DQD1maLE8MwCJorZWxEZYoWJsTGVbAje8pdXoXVZ8yw/2DRuYa4inEAFzsCDK6jDPTSgCQQkvMAbvDup8+p8OJ/z1oKzmDmGP3K+fgDHF5PS</latexit><latexit sha1_base64="BJO1D4X9FfAHSQXnGp9vrH8nFgs=">AAAB83icbZDLSgMxFIbP1Futt6pLN6FFEJQy40Y3QtGNywr2Ap2hZNJMG5rJhCQjDEPfQty4UMStL+Oub2N6WWjrD4GP/5zDOflDyZk2rjtxCmvrG5tbxe3Szu7e/kH58Kilk1QR2iQJT1QnxJpyJmjTMMNpRyqK45DTdji6m9bbT1RplohHk0kaxHggWMQINtbyu+LCl0MWoBvEeuWqW3NnQqvgLaBar/jnz5N61uiVv/1+QtKYCkM41rrrudIEOVaGEU7HJT/VVGIywgPatShwTHWQz24eo1Pr9FGUKPuEQTP390SOY62zOLSdMTZDvVybmv/VuqmJroOcCZkaKsh8UZRyZBI0DQD1maLE8MwCJorZWxEZYoWJsTGVbAje8pdXoXVZ8yw/2DRuYa4inEAFzsCDK6jDPTSgCQQkvMAbvDup8+p8OJ/z1oKzmDmGP3K+fgDHF5PS</latexit><latexit sha1_base64="bP+Y9frrfwdP0QQejWBTWFyv9yc=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSuNGNUHTjsoK9QBLKZDpph04mw8xEKKGv4caFIm59GXe+jdM0C239YeDjP+dwzvyR5Ewb1/12KmvrG5tb1e3azu7e/kH98Kir00wR2iEpT1U/wppyJmjHMMNpXyqKk4jTXjS5m9d7T1RplopHM5U0TPBIsJgRbKwV+OIikGMWohvEBvWG23QLoVXwSmhAqfag/hUMU5IlVBjCsda+50oT5lgZRjid1YJMU4nJBI+ob1HghOowL26eoTPrDFGcKvuEQYX7eyLHidbTJLKdCTZjvVybm//V/MzE12HOhMwMFWSxKM44MimaB4CGTFFi+NQCJorZWxEZY4WJsTHVbAje8pdXoXvZ9Cw/uI3WbRlHFU7gFM7BgytowT20oQMEJDzDK7w5mfPivDsfi9aKU84cwx85nz+rLpDD</latexit>



Faraday <-> Newton

Fracton-elasticity dualityM. Pretko, 
L. R., 2017
PRLs 2018

H =
1

2
⇡2
i +

1

2
u2
ij

<latexit sha1_base64="ckl829mAY4uKydf9OwtB7Jlr2Hs="></latexit>

H =
1

2
B2

i +
1

2
E2

ij

<latexit sha1_base64="JNMkKSyY3jUQEIeHwtmaDhTasoI="></latexit>



• Lattice fractonic vector gauge theory:  

- Gauss’ law:

Fractons via vector gauge theory

[Âik, Êjk� ] = �i�ij�kk��2(x� x�),
<latexit sha1_base64="hGBskyLOIm4e7Bk59mXHeF9/vhU="></latexit>

[âi, êj ] = �i�ij�
2(x� x�)

<latexit sha1_base64="uxlRiY3tK0xgfJUCcAnOSnQ+IMM="></latexit>

� · e = s
<latexit sha1_base64="XmkfbJG2pm0/5RbYC+9OUJlt6Ik=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyWpC90Ui25cVrAPaEKZTCbt0MlMmJkIJRT8FRFcKOLWP3DvRvwbp62Ith64cDjnXu69J0wZVdp1P63CwuLS8kpx1V5b39jccrZ3mkpkEpMGFkzIdogUYZSThqaakXYqCUpCRlrh4GLst26IVFTwaz1MSZCgHqcxxUgbqevs+RyFDPk4Ejr3wxiSURWqrlNyy+4E8Id4s6R09mZX0/sPu9513v1I4CwhXGOGlOp4bqqDHElNMSMj288USREeoB7pGMpRQlSQT84fwUOjRDAW0hTXcKL+nshRotQwCU1ngnRfzXpj8T+vk+n4NMgpTzNNOJ4uijMGtYDjLGBEJcGaDQ1BWFJzK8R9JBHWJjHbhDD38jxpVsrecbly5ZZq52CKItgHB+AIeOAE1MAlqIMGwCAHd+ARPFm31oP1bL1MWwvW98wu+APr9QsZvpiQ</latexit> � · Ek = ek

<latexit sha1_base64="EnWTNKlVViLRLFLEaVf1mlqDgGs=">AAACBHicbVBNS8NAEN3Ur1qtRgUvvSwWwVNJ60EvQqkIHluwH9CEsNls2iWbTdjdCCX04MW/4kVBEa+e/AXevPhb3LYi2vpg4PHeDDPzvIRRqSzrw8gtLa+sruXXCxubxa1tc2e3I+NUYNLGMYtFz0OSMMpJW1HFSC8RBEUeI10vPJ/43WsiJI35lRolxInQgNOAYqS05JolmyOPIRv7scpsL4AXYzeEZ5C4YdE1y1bFmgL+kOo8Kdf3W5/0ofHWdM13249xGhGuMENS9qtWopwMCUUxI+OCnUqSIByiAelrylFEpJNNnxjDQ634MIiFLq7gVP09kaFIylHk6c4IqaGc9ybif14/VcGpk1GepIpwPFsUpAyqGE4SgT4VBCs20gRhQfWtEA+RQFjp3Ao6hIWXF0mnVqkeV2otnUYDzJAHJXAAjkAVnIA6uARN0AYY3IA78AiejFvj3ng2XmatOeN7Zg/8gfH6BQ3Smr8=</latexit>

H̃ =
1
2
C|Ek|2 +

1
2
(��Ak)2 +

1
2
K|e|2 +

1
2
(�� a�A[ij])2 �Ak · Jb

k � a · js
<latexit sha1_base64="banP1469nNasWRDEqmGInWhbxx4="></latexit>

(k = a, b)

“Fractons via higher-form symmetry breaking”
Qi, L. R., Hermele, AOP 2020

L. R. 2016
L. R., Hermele
PRL 2020

Ea Eb   e Eby
<latexit sha1_base64="ygUUbAzRdI5XBWPTPyS4e6+JwFs=">AAAB73icbZDLSsNAFIZPvNbUS9Wlm8EquCpJXeiyKILLCvYCbSmT6aQdOpnEmUkhhL6EGxeKuPUFfAHfwJ0PomsnrYi2/jDw8f/nMOccL+JMacd5txYWl5ZXVnNrdn59Y3OrsL1TV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3PM/yxohKxUJxrZOIdgLcF8xnBGtjNS+6qZeMbbtbKDolZyL0A+4sFCsHHy+vo/xntVt4a/dCEgdUaMKxUi3XiXQnxVIzwunYbseKRpgMcZ+2DAocUNVJJ/OO0aFxesgPpXlCo4n7uyPFgVJJ4JnKAOuBms0y87+sFWv/tJMyEcWaCjL9yI850iHKlkc9JinRPDGAiWRmVkQGWGKizYmyI8ytPA/1csk9LpWv3GLlDKbKwR7swxG4cAIVuIQq1IAAh1u4hwfrxrqzHq2naemC9d2zC39kPX8B3P6ToA==</latexit>

Ebx
<latexit sha1_base64="cYUbDnDGb4Gik1rsdGoz9RyUROo=">AAAB73icbZDLSsNAFIZPvNZ4qwpu3AwWwVVJ6kKXpSK4bMFeoA1lMp20QyeTODMRS+hLuHGhiFsXvoVP4M6Nz+KkFdHWHwY+/v8c5pzjx5wp7Tgf1sLi0vLKam7NXt/Y3NrO7+w2VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPz7O8eUOlYpG40qOYeiHuCxYwgrWxWhfd1L8d23Y3X3CKzkToB9xZKJT3a5/stfJW7ebfO72IJCEVmnCsVNt1Yu2lWGpGOB3bnUTRGJMh7tO2QYFDqrx0Mu8YHRmnh4JImic0mri/O1IcKjUKfVMZYj1Qs1lm/pe1Ex2ceSkTcaKpINOPgoQjHaFsedRjkhLNRwYwkczMisgAS0y0OVF2hLmV56FRKronxVLNLZQrMFUODuAQjsGFUyjDJVShDgQ43MEDPFrX1r31ZD1PSxes7549+CPr5Qv4T5L3</latexit>

Eax
<latexit sha1_base64="xAV5OtD4O3BvOkuhMLFd1xTQseM=">AAAB73icdVDLSgNBEOyNr7i+ooIXL4NB8BR2k4MeQ0TwmIB5QLKE2clsMmR2dp2ZFcOSn/DiQRGvHvwLv8CbF7/FSaJgfBQ0FFXddHX7MWdKO86blVlYXFpeya7aa+sbm1u57Z2GihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3h6cRvXlGpWCQu9CimXoj7ggWMYG2k1lk3xddj2+7m8m7BmQI5v8iXlS/v1d7Zc+Wl2s29dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtQwUOqfLSad4xOjRKDwWRNCU0mqrfJ1IcKjUKfdMZYj1QP72J+JfXTnRw4qVMxImmgswWBQlHOkKT41GPSUo0HxmCiWQmKyIDLDHR5kVzT/ifNIoFt1Qo1tx8uQIzZGEfDuAIXDiGMpxDFepAgMMN3MG9dWndWg/W46w1Y33O7MIcrKcP9tmS9g==</latexit>

Eay
<latexit sha1_base64="WOk2O+pNfZLvDzp7SILINL2E/Ls=">AAAB73icdVDLSsNAFL3xWVMfVZduBqvgqiR1ocuiCC4r2Ae0oUymk3boZBJnJoUQ+hNuXCji1h/wB/wDd36Irp22CtbHgQuHc+7lnnv9mDOlHefVmptfWFxazq3Y+dW19Y3C5lZdRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gdOw3hlQqFolLncbUC3FPsIARrI3UPOtkOB3ZdqdQdEvOBMj5Rb6sYmXv7el5mH+vdgov7W5EkpAKTThWquU6sfYyLDUjnI7sdqJojMkA92jLUIFDqrxskneE9o3SRUEkTQmNJur3iQyHSqWhbzpDrPvqpzcW//JaiQ6OvYyJONFUkOmiIOFIR2h8POoySYnmqSGYSGayItLHEhNtXjTzhP9JvVxyD0vlC7dYOYEpcrADu3AALhxBBc6hCjUgwOEabuHOurJurHvrYdo6Z33ObMMMrMcP24iTnw==</latexit>

ea
<latexit sha1_base64="ccDFo75lN1HGiy3OFjOG39glcRU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW6wQzv5glt0pyDLxJuTQvmo9s3fKx/VTv7zrhuxJERpmKBatz03Nn5KleFM4Dh3l2iMKRvSPrYtlTRE7afTU8fk1Cpd0ouULWnIVP09kdJQ61EY2M6QmoFe9Cbif147Mb1LP+UyTgxKNlvUSwQxEZn8TbpcITNiZAllittbCRtQRZmx6eRsCN7iy8ukUSp658VSzaZRgRmycAwncAYeXEAZrqEKdWDQhwd4gmdHOI/Oi/M6a80485lD+APn7QcXdJFe</latexit>

eb
<latexit sha1_base64="yspMJc04ORx1K2Qp1MLpjWw4wbQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW6wE3TyBbfoTkGWiTcnhfJR7Zu/Vz6qnfznXTdiSYjSMEG1bntubPyUKsOZwHHuLtEYUzakfWxbKmmI2k+np47JqVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQO96E3E/7x2YnqXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08nZELzFl5dJo1T0zoulmk2jAjNk4RhO4Aw8uIAyXEMV6sCgDw/wBM+OcB6dF+d11ppx5jOH8AfO2w8Y+JFf</latexit>

ea
<latexit sha1_base64="ccDFo75lN1HGiy3OFjOG39glcRU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW6wQzv5glt0pyDLxJuTQvmo9s3fKx/VTv7zrhuxJERpmKBatz03Nn5KleFM4Dh3l2iMKRvSPrYtlTRE7afTU8fk1Cpd0ouULWnIVP09kdJQ61EY2M6QmoFe9Cbif147Mb1LP+UyTgxKNlvUSwQxEZn8TbpcITNiZAllittbCRtQRZmx6eRsCN7iy8ukUSp658VSzaZRgRmycAwncAYeXEAZrqEKdWDQhwd4gmdHOI/Oi/M6a80485lD+APn7QcXdJFe</latexit>

�tpk +� · Jk = jk
<latexit sha1_base64="jkg+kXLyR3qUKEj+jITWOthzLi0="></latexit><latexit sha1_base64="1i2l9WDEUHb8YYeKIbIFGef/u+c="></latexit><latexit sha1_base64="1i2l9WDEUHb8YYeKIbIFGef/u+c="></latexit><latexit sha1_base64="bWnmBHXmfJ9jR3PhmiCA3TrdUL0=">AAACFnicbZBNS8NAEIY3ftb6VfXoZbEIgiiJF70IRS/iScFqoQlhst3UNZtN2J0IJfRXePGvePGgiFfx5r9xU3vw64WFh3dmmJ03yqUw6LofzsTk1PTMbG2uPr+wuLTcWFm9NFmhGW+zTGa6E4HhUijeRoGSd3LNIY0kv4qS46p+dcu1EZm6wEHOgxT6SsSCAVorbOz4OWgUIEOkeZjQbeoriCT4rJdh6UcxPR2GZTKkh/QmTMJG0911R6J/wRtDk4x1Fjbe/V7GipQrZBKM6XpujkFZrWSSD+t+YXgOLIE+71pUkHITlKOzhnTTOj0aZ9o+hXTkfp8oITVmkEa2MwW8Nr9rlflfrVtgfBCUQuUFcsW+FsWFpJjRKiPaE5ozlAMLwLSwf6XsGjQwtEnWbQje75P/wuXermf53G22jsZx1Mg62SBbxCP7pEVOyBlpE0buyAN5Is/OvfPovDivX60TznhmjfyQ8/YJDc6eow==</latexit>

�� j = 0
<latexit sha1_base64="h4MGgV4tC4frV04YFx6FuN+okHo=">AAACFnicbVDLSgMxFL1T3/U16lIXQRHcWKZuFIpQdONSwarQGUomzbSxmWRIMkoZ5ivc+Cm6caGIW3Hnzk8xnYqo9UDgcM595YQJZ9p43rtTGhufmJyaninPzs0vLLpLy2daporQBpFcqosQa8qZoA3DDKcXiaI4Djk9D3uHA//8iirNpDg1/YQGMe4IFjGCjZVa7nbmF0OykGPSy30uRUexTtdgpeR17tf8WuaHEbrM0T7yWu6GV/EKoG9S/Us26mt3Jx8AcNxy3/y2JGlMhSEca92seokJMqwMI5zmZT/VNLGLcYc2LRU4pjrIiotytGmVNoqksk8YVKg/OzIca92PQ1sZY9PVf72B+J/XTE20F2RMJKmhggwXRSlHRqJBRqjNFCWG9y3BRDF7KyJdrDAxNsmyDWHky6PkbKdStfzEpnEAQ0zDKqzDFlRhF+pwBMfQAAI3cA+P8OTcOg/Os/MyLC05Xz0r8AvO6yfWzKHt</latexit><latexit sha1_base64="1NHmJkUPgFrgc+K4UMDI1ucNgP4=">AAACFnicbVDLSgMxFM34rPU16lKRYBHcWKZuFIpQdOOyBfuATimZNDONzSRDklHKMEu/wI2fUjcuFHEr7vwGf8K0FdHWA4HDOfeV40WMKu04H9bM7Nz8wmJmKbu8srq2bm9s1pSIJSZVLJiQDQ8pwignVU01I41IEhR6jNS93vnQr18Tqajgl7ofkVaIAk59ipE2Uts+TNzRkMRjCPdSlwkeSBp0NZJS3KRu0S0mrufDqxSeQqdt55y8MwL8IYVJkivtDCqft7uDctt+dzsCxyHhGjOkVLPgRLqVIKkpZiTNurEikVmMAtI0lKOQqFYyuiiF+0bpQF9I87iGI/V3R4JCpfqhZypDpLtq0huK/3nNWPsnrYTyKNaE4/EiP2ZQCzjMCHaoJFizviEIS2puhbiLJMLaJJk1IUx9eZrUjvIFwysmjTMwRgZsgz1wAArgGJTABSiDKsDgDjyAJ/Bs3VuP1ov1Oi6dsb57tsAfWG9ftRGjUw==</latexit><latexit sha1_base64="1NHmJkUPgFrgc+K4UMDI1ucNgP4=">AAACFnicbVDLSgMxFM34rPU16lKRYBHcWKZuFIpQdOOyBfuATimZNDONzSRDklHKMEu/wI2fUjcuFHEr7vwGf8K0FdHWA4HDOfeV40WMKu04H9bM7Nz8wmJmKbu8srq2bm9s1pSIJSZVLJiQDQ8pwignVU01I41IEhR6jNS93vnQr18Tqajgl7ofkVaIAk59ipE2Uts+TNzRkMRjCPdSlwkeSBp0NZJS3KRu0S0mrufDqxSeQqdt55y8MwL8IYVJkivtDCqft7uDctt+dzsCxyHhGjOkVLPgRLqVIKkpZiTNurEikVmMAtI0lKOQqFYyuiiF+0bpQF9I87iGI/V3R4JCpfqhZypDpLtq0huK/3nNWPsnrYTyKNaE4/EiP2ZQCzjMCHaoJFizviEIS2puhbiLJMLaJJk1IUx9eZrUjvIFwysmjTMwRgZsgz1wAArgGJTABSiDKsDgDjyAJ/Bs3VuP1ov1Oi6dsb57tsAfWG9ftRGjUw==</latexit><latexit sha1_base64="/01bPzzKDdPiGjfPQ0AMTsq8qR4=">AAACFnicbVDNS8MwHE3n15xfVY9egkPw4mi9KAxh6MXjBLcJaxlplnZxaVKSVBmlf4UX/xUvHhTxKt78b8y6Ibr5IPB47/eVFySMKu04X1ZpYXFpeaW8Wllb39jcsrd32kqkEpMWFkzImwApwignLU01IzeJJCgOGOkEw4ux37kjUlHBr/UoIX6MIk5DipE2Us8+yrxiSBYwhIe5xwSPJI0GGkkp7nOv7tUzLwjhbQ7PoNOzq07NKQB/iDtLqmCKZs/+9PoCpzHhGjOkVNd1Eu1nSGqKGckrXqpIYhajiHQN5Sgmys+Ki3J4YJQ+DIU0j2tYqL87MhQrNYoDUxkjPVCz3lj8z+umOjz1M8qTVBOOJ4vClEEt4Dgj2KeSYM1GhiAsqbkV4gGSCGuTZMWEMPfledI+rrmGXznVxvk0jjLYA/vgELjgBDTAJWiCFsDgATyBF/BqPVrP1pv1PiktWdOeXfAH1sc3xtKfqA==</latexit>

gauge invariance demands



• Lattice fractonic vector gauge theory:  

- Gauss’ law:

Fractons via vector gauge theory

� · e = s
<latexit sha1_base64="XmkfbJG2pm0/5RbYC+9OUJlt6Ik=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyWpC90Ui25cVrAPaEKZTCbt0MlMmJkIJRT8FRFcKOLWP3DvRvwbp62Ith64cDjnXu69J0wZVdp1P63CwuLS8kpx1V5b39jccrZ3mkpkEpMGFkzIdogUYZSThqaakXYqCUpCRlrh4GLst26IVFTwaz1MSZCgHqcxxUgbqevs+RyFDPk4Ejr3wxiSURWqrlNyy+4E8Id4s6R09mZX0/sPu9513v1I4CwhXGOGlOp4bqqDHElNMSMj288USREeoB7pGMpRQlSQT84fwUOjRDAW0hTXcKL+nshRotQwCU1ngnRfzXpj8T+vk+n4NMgpTzNNOJ4uijMGtYDjLGBEJcGaDQ1BWFJzK8R9JBHWJjHbhDD38jxpVsrecbly5ZZq52CKItgHB+AIeOAE1MAlqIMGwCAHd+ARPFm31oP1bL1MWwvW98wu+APr9QsZvpiQ</latexit> � · Ek = ek

<latexit sha1_base64="EnWTNKlVViLRLFLEaVf1mlqDgGs=">AAACBHicbVBNS8NAEN3Ur1qtRgUvvSwWwVNJ60EvQqkIHluwH9CEsNls2iWbTdjdCCX04MW/4kVBEa+e/AXevPhb3LYi2vpg4PHeDDPzvIRRqSzrw8gtLa+sruXXCxubxa1tc2e3I+NUYNLGMYtFz0OSMMpJW1HFSC8RBEUeI10vPJ/43WsiJI35lRolxInQgNOAYqS05JolmyOPIRv7scpsL4AXYzeEZ5C4YdE1y1bFmgL+kOo8Kdf3W5/0ofHWdM13249xGhGuMENS9qtWopwMCUUxI+OCnUqSIByiAelrylFEpJNNnxjDQ634MIiFLq7gVP09kaFIylHk6c4IqaGc9ybif14/VcGpk1GepIpwPFsUpAyqGE4SgT4VBCs20gRhQfWtEA+RQFjp3Ao6hIWXF0mnVqkeV2otnUYDzJAHJXAAjkAVnIA6uARN0AYY3IA78AiejFvj3ng2XmatOeN7Zg/8gfH6BQ3Smr8=</latexit>

Eby
<latexit sha1_base64="ygUUbAzRdI5XBWPTPyS4e6+JwFs=">AAAB73icbZDLSsNAFIZPvNbUS9Wlm8EquCpJXeiyKILLCvYCbSmT6aQdOpnEmUkhhL6EGxeKuPUFfAHfwJ0PomsnrYi2/jDw8f/nMOccL+JMacd5txYWl5ZXVnNrdn59Y3OrsL1TV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3PM/yxohKxUJxrZOIdgLcF8xnBGtjNS+6qZeMbbtbKDolZyL0A+4sFCsHHy+vo/xntVt4a/dCEgdUaMKxUi3XiXQnxVIzwunYbseKRpgMcZ+2DAocUNVJJ/OO0aFxesgPpXlCo4n7uyPFgVJJ4JnKAOuBms0y87+sFWv/tJMyEcWaCjL9yI850iHKlkc9JinRPDGAiWRmVkQGWGKizYmyI8ytPA/1csk9LpWv3GLlDKbKwR7swxG4cAIVuIQq1IAAh1u4hwfrxrqzHq2naemC9d2zC39kPX8B3P6ToA==</latexit>

Ebx
<latexit sha1_base64="cYUbDnDGb4Gik1rsdGoz9RyUROo=">AAAB73icbZDLSsNAFIZPvNZ4qwpu3AwWwVVJ6kKXpSK4bMFeoA1lMp20QyeTODMRS+hLuHGhiFsXvoVP4M6Nz+KkFdHWHwY+/v8c5pzjx5wp7Tgf1sLi0vLKam7NXt/Y3NrO7+w2VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPz7O8eUOlYpG40qOYeiHuCxYwgrWxWhfd1L8d23Y3X3CKzkToB9xZKJT3a5/stfJW7ebfO72IJCEVmnCsVNt1Yu2lWGpGOB3bnUTRGJMh7tO2QYFDqrx0Mu8YHRmnh4JImic0mri/O1IcKjUKfVMZYj1Qs1lm/pe1Ex2ceSkTcaKpINOPgoQjHaFsedRjkhLNRwYwkczMisgAS0y0OVF2hLmV56FRKronxVLNLZQrMFUODuAQjsGFUyjDJVShDgQ43MEDPFrX1r31ZD1PSxes7549+CPr5Qv4T5L3</latexit>

Eax
<latexit sha1_base64="xAV5OtD4O3BvOkuhMLFd1xTQseM=">AAAB73icdVDLSgNBEOyNr7i+ooIXL4NB8BR2k4MeQ0TwmIB5QLKE2clsMmR2dp2ZFcOSn/DiQRGvHvwLv8CbF7/FSaJgfBQ0FFXddHX7MWdKO86blVlYXFpeya7aa+sbm1u57Z2GihJJaJ1EPJItHyvKmaB1zTSnrVhSHPqcNv3h6cRvXlGpWCQu9CimXoj7ggWMYG2k1lk3xddj2+7m8m7BmQI5v8iXlS/v1d7Zc+Wl2s29dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtQwUOqfLSad4xOjRKDwWRNCU0mqrfJ1IcKjUKfdMZYj1QP72J+JfXTnRw4qVMxImmgswWBQlHOkKT41GPSUo0HxmCiWQmKyIDLDHR5kVzT/ifNIoFt1Qo1tx8uQIzZGEfDuAIXDiGMpxDFepAgMMN3MG9dWndWg/W46w1Y33O7MIcrKcP9tmS9g==</latexit>

Eay
<latexit sha1_base64="WOk2O+pNfZLvDzp7SILINL2E/Ls=">AAAB73icdVDLSsNAFL3xWVMfVZduBqvgqiR1ocuiCC4r2Ae0oUymk3boZBJnJoUQ+hNuXCji1h/wB/wDd36Irp22CtbHgQuHc+7lnnv9mDOlHefVmptfWFxazq3Y+dW19Y3C5lZdRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gdOw3hlQqFolLncbUC3FPsIARrI3UPOtkOB3ZdqdQdEvOBMj5Rb6sYmXv7el5mH+vdgov7W5EkpAKTThWquU6sfYyLDUjnI7sdqJojMkA92jLUIFDqrxskneE9o3SRUEkTQmNJur3iQyHSqWhbzpDrPvqpzcW//JaiQ6OvYyJONFUkOmiIOFIR2h8POoySYnmqSGYSGayItLHEhNtXjTzhP9JvVxyD0vlC7dYOYEpcrADu3AALhxBBc6hCjUgwOEabuHOurJurHvrYdo6Z33ObMMMrMcP24iTnw==</latexit>

ea
<latexit sha1_base64="ccDFo75lN1HGiy3OFjOG39glcRU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW6wQzv5glt0pyDLxJuTQvmo9s3fKx/VTv7zrhuxJERpmKBatz03Nn5KleFM4Dh3l2iMKRvSPrYtlTRE7afTU8fk1Cpd0ouULWnIVP09kdJQ61EY2M6QmoFe9Cbif147Mb1LP+UyTgxKNlvUSwQxEZn8TbpcITNiZAllittbCRtQRZmx6eRsCN7iy8ukUSp658VSzaZRgRmycAwncAYeXEAZrqEKdWDQhwd4gmdHOI/Oi/M6a80485lD+APn7QcXdJFe</latexit>

eb
<latexit sha1_base64="yspMJc04ORx1K2Qp1MLpjWw4wbQ=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW6wE3TyBbfoTkGWiTcnhfJR7Zu/Vz6qnfznXTdiSYjSMEG1bntubPyUKsOZwHHuLtEYUzakfWxbKmmI2k+np47JqVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQO96E3E/7x2YnqXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08nZELzFl5dJo1T0zoulmk2jAjNk4RhO4Aw8uIAyXEMV6sCgDw/wBM+OcB6dF+d11ppx5jOH8AfO2w8Y+JFf</latexit>

ea
<latexit sha1_base64="ccDFo75lN1HGiy3OFjOG39glcRU=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgLmF2cpMMmZ1dZmaFsOQTbCwUsbX1L/wCOxu/xcmj0MQDFw7n3Mu99wSx4Nq47peTWVldW9/Ibua2tnd29/L7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZDK8mfvMeleaRvDWjGP2Q9iXvcUaNlW6wQzv5glt0pyDLxJuTQvmo9s3fKx/VTv7zrhuxJERpmKBatz03Nn5KleFM4Dh3l2iMKRvSPrYtlTRE7afTU8fk1Cpd0ouULWnIVP09kdJQ61EY2M6QmoFe9Cbif147Mb1LP+UyTgxKNlvUSwQxEZn8TbpcITNiZAllittbCRtQRZmx6eRsCN7iy8ukUSp658VSzaZRgRmycAwncAYeXEAZrqEKdWDQhwd4gmdHOI/Oi/M6a80485lD+APn7QcXdJFe</latexit>

(k = a, b)

“Fractons via higher-form symmetry breaking”
Qi, L. R., Hermele, AOP 2020
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<latexit sha1_base64="116HNTYS0KnInbdOdnaoFSQR0wg="></latexit>

�Ke

�

�
cos

�
(�� a)� + Axy(�x)�Ayx(�y)

�

<latexit sha1_base64="3SMhG5iFnTMTaBTbHLtiJ4mkx0E="></latexit>

Ea Eb   e [Âik, Êjk� ] = �i�ij�kk��2(x� x�),
<latexit sha1_base64="hGBskyLOIm4e7Bk59mXHeF9/vhU="></latexit>

[âi, êj ] = �i�ij�
2(x� x�)

<latexit sha1_base64="uxlRiY3tK0xgfJUCcAnOSnQ+IMM="></latexit>

L. R. 2016
L. R., Hermele
PRL 2020



Fracton condensation transitionZhai, L. R., 2018

2D scalar fracton model:

2D

H̃ =
1
2
B�1(�2�)2 � gs cos

�
2�

6
�

�
� gb

�

n=1,2,3

cos (bn · ẑ ���)
<latexit sha1_base64="ts4X0Va7fIOlzl/JsIcAYbLIO6k="></latexit><latexit sha1_base64="neYiYYcmC7hmyri89EcSFjt3ejY="></latexit><latexit sha1_base64="neYiYYcmC7hmyri89EcSFjt3ejY="></latexit><latexit sha1_base64="XXeaMvYNBHOvukXoFV7wrg3XUpQ="></latexit>

charges dipoles

T/B

gb

gs

Hb =
1
2
B�1(�2�)2 � gb cos(��)

<latexit sha1_base64="vNuyJ2GjKucNHs4Nxqa6EAK5aPs="></latexit><latexit sha1_base64="Wnz9ySdXO28gWroE7ltOOgZADEM="></latexit><latexit sha1_base64="Wnz9ySdXO28gWroE7ltOOgZADEM="></latexit><latexit sha1_base64="/E5pMxNAVbzU+k2ToxlEMyj1MOA="></latexit>

Hs =
1
2
gb(��)2 � gs cos(�)

<latexit sha1_base64="HN8oVJ16oewSTxaeBXs9u5ZdGfw="></latexit><latexit sha1_base64="O3DNrZhskd5cW/OGMvcNa61CDNw="></latexit><latexit sha1_base64="O3DNrZhskd5cW/OGMvcNa61CDNw="></latexit><latexit sha1_base64="RRhujEeswaUs+gD+VfbyLh8Wx0U="></latexit>

KT, Halperin, Nelson, Young ‘79
2D melting



Quantum melting fractonsM. Pretko, 
L. R.,2018

• Fracton dipoles                    condense: ->  super-hexatic

2D Kumar
Potter, 2018

bn =
�

nde
i�n

<latexit sha1_base64="GhXK9Li6kLqvfOtI7LeShwUztrY=">AAACCnicbZA9SwNBEIbn/Pb8ilrarAbBSu5stBFEGzsjmCgk8djbTMzi3t65OyeEI4WVjT/CP2BjoYitv8DOf+MmsfDrhYWHd2aYnTfOlLQUBB/eyOjY+MTk1LQ/Mzs3v1BaXKrZNDcCqyJVqTmLuUUlNVZJksKzzCBPYoWn8eVBv356jcbKVJ9QN8Nmwi+0bEvByVlRaTWONNtlDXtlqNBRq8fwvJAN6iDxSPd8349K5WAzGIj9hfALynvlm6N7AKhEpfdGKxV5gpqE4tbWwyCjZsENSaGw5zdyixkXl/wC6w41T9A2i8EpPbbunBZrp8Y9TWzgfp8oeGJtN4ldZ8KpY3/X+uZ/tXpO7Z1mIXWWE2oxXNTOFaOU9XNhLWlQkOo64MJI91cmOtxwQS69fgjh75P/Qm1rM3R87NLYh6GmYAXWYANC2IY9OIQKVEHALTzAEzx7d96j9+K9DltHvK+ZZfgh7+0TGnmbYA==</latexit><latexit sha1_base64="QBfAXe2LaB1+vY8rtyQmsw16OJo=">AAACCnicbZC/TsMwEMYd/hP+FRhZDBUSU5WwwIKEYGGjSLQgtSVy3Gtr1XGCfUFUUQYmFh4FFgYQYuUJ2HgBngO3ZYDCJ1n66bs7ne8LEykMet6HMzY+MTk1PTPrzs0vLC4VlleqJk41hwqPZazPQ2ZACgUVFCjhPNHAolDCWdg97NfPrkAbEatT7CXQiFhbiZbgDK0VFNbDQNE9WjeXGjMVNHMKF5moYweQBSp3XTcoFL2SNxD9C/43FPeLN8f3n/l1OSi815sxTyNQyCUzpuZ7CTYyplFwCblbTw0kjHdZG2oWFYvANLLBKTndtE6TtmJtn0I6cH9OZCwypheFtjNi2DGjtb75X62WYmu3kQmVpAiKDxe1Ukkxpv1caFNo4Ch7FhjXwv6V8g7TjKNNrx+CP3ryX6hul3zLJzaNAzLUDFkjG2SL+GSH7JMjUiYVwskteSBP5Nm5cx6dF+d12DrmfM+skl9y3r4ApbedRw==</latexit><latexit sha1_base64="QBfAXe2LaB1+vY8rtyQmsw16OJo=">AAACCnicbZC/TsMwEMYd/hP+FRhZDBUSU5WwwIKEYGGjSLQgtSVy3Gtr1XGCfUFUUQYmFh4FFgYQYuUJ2HgBngO3ZYDCJ1n66bs7ne8LEykMet6HMzY+MTk1PTPrzs0vLC4VlleqJk41hwqPZazPQ2ZACgUVFCjhPNHAolDCWdg97NfPrkAbEatT7CXQiFhbiZbgDK0VFNbDQNE9WjeXGjMVNHMKF5moYweQBSp3XTcoFL2SNxD9C/43FPeLN8f3n/l1OSi815sxTyNQyCUzpuZ7CTYyplFwCblbTw0kjHdZG2oWFYvANLLBKTndtE6TtmJtn0I6cH9OZCwypheFtjNi2DGjtb75X62WYmu3kQmVpAiKDxe1Ukkxpv1caFNo4Ch7FhjXwv6V8g7TjKNNrx+CP3ryX6hul3zLJzaNAzLUDFkjG2SL+GSH7JMjUiYVwskteSBP5Nm5cx6dF+d12DrmfM+skl9y3r4ApbedRw==</latexit><latexit sha1_base64="xZk+vtq3Oc54r8FCiR/nfl7PG4Q=">AAACCnicbZC7SgNBFIZn4y2ut6ilzWgQrMKujTZC0MYygrlAEpfZyUkyZHZ2nTkrhCW1ja9iY6GIrU9g59s4uRSa+MPAx3/O4cz5w0QKg5737eSWlldW1/Lr7sbm1vZOYXevZuJUc6jyWMa6ETIDUiiookAJjUQDi0IJ9XBwNa7XH0AbEatbHCbQjlhPia7gDK0VFA7DQNEL2jL3GjMVdEYU7jLRwj4gC9TIdd2gUPRK3kR0EfwZFMlMlaDw1erEPI1AIZfMmKbvJdjOmEbBJYzcVmogYXzAetC0qFgEpp1NThnRY+t0aDfW9imkE/f3RMYiY4ZRaDsjhn0zXxub/9WaKXbP25lQSYqg+HRRN5UUYzrOhXaEBo5yaIFxLexfKe8zzTja9MYh+PMnL0LttORbvvGK5ctZHHlyQI7ICfHJGSmTa1IhVcLJI3kmr+TNeXJenHfnY9qac2Yz++SPnM8fpAqZjQ==</latexit>

b̂†bb̂†�bâ
<latexit sha1_base64="m46aafohKi5/NXWrozMiwEXXlgk=">AAACHXicbZDJSgNBEIZrXGPc4nLz0iiCB5UZEfQY9OIxgolCJg7VPT1JY89Cd48QhoDP4cVX8eJBEQ9exLexs4BL/KHh56sqquunmRTauO6nMzE5NT0zW5orzy8sLi1XVlYbOs0V43WWylRdUdRcioTXjTCSX2WKY0wlv6Q3p/365S1XWqTJhelmvBVjOxGRYGgsCiqHfgdNQXvXfojtNldB4dOI0F4fE/pN935gDCpb7r47EBk33shsVXfXm3cAUAsq736YsjzmiWEStW56bmZaBSojmOS9sp9rniG7wTZvWptgzHWrGFzXI9uWhCRKlX2JIQP6c6LAWOtuTG1njKaj/9b68L9aMzfRcasQSZYbnrDhoiiXxKSkHxUJheLMyK41yJSwfyWsgwqZsYGWbQje35PHTeNg37P+3KZxAkOVYAM2YQc8OIIqnEEN6sDgHh7hGV6cB+fJeXXehq0TzmhmDX7J+fgCmFCjoQ==</latexit><latexit sha1_base64="80SOagWPTJcHZWhldPZj09iYA68=">AAACHXicbZDLSgMxFIYz9VbrrV52boJFcKFlRgRdFt24rGAvMDOWkzTThmYuJBmhDH0EX8CNr+KmC0VcuBHfxrQVrK0/BH6+cw4n5yeJ4Erb9peVW1hcWl7JrxbW1jc2t4rbO3UVp5KyGo1FLJsEFBM8YjXNtWDNRDIIiWAN0rsa1Rv3TCoeR7e6nzA/hE7EA05BG9Qqnnld0BkZ3Hlt6HSYbGUeCTAZjDAmv/RkCkOrWLLL9lh43jg/plQ53nMfhlWr2ip+eO2YpiGLNBWglOvYifYzkJpTwQYFL1UsAdqDDnONjSBkys/G1w3woSFtHMTSvEjjMZ2eyCBUqh8S0xmC7qrZ2gj+V3NTHVz4GY+SVLOIThYFqcA6xqOocJtLRrXoGwNUcvNXTLsggWoTaMGE4MyePG/qp2XH+BuTxiWaKI/20QE6Qg46RxV0jaqohih6RM/oBb1aT9bQerPeJ60562dmF/2R9fkNHg6kxA==</latexit><latexit sha1_base64="80SOagWPTJcHZWhldPZj09iYA68=">AAACHXicbZDLSgMxFIYz9VbrrV52boJFcKFlRgRdFt24rGAvMDOWkzTThmYuJBmhDH0EX8CNr+KmC0VcuBHfxrQVrK0/BH6+cw4n5yeJ4Erb9peVW1hcWl7JrxbW1jc2t4rbO3UVp5KyGo1FLJsEFBM8YjXNtWDNRDIIiWAN0rsa1Rv3TCoeR7e6nzA/hE7EA05BG9Qqnnld0BkZ3Hlt6HSYbGUeCTAZjDAmv/RkCkOrWLLL9lh43jg/plQ53nMfhlWr2ip+eO2YpiGLNBWglOvYifYzkJpTwQYFL1UsAdqDDnONjSBkys/G1w3woSFtHMTSvEjjMZ2eyCBUqh8S0xmC7qrZ2gj+V3NTHVz4GY+SVLOIThYFqcA6xqOocJtLRrXoGwNUcvNXTLsggWoTaMGE4MyePG/qp2XH+BuTxiWaKI/20QE6Qg46RxV0jaqohih6RM/oBb1aT9bQerPeJ60562dmF/2R9fkNHg6kxA==</latexit><latexit sha1_base64="bu64q34ficttZ3luE+92pBlf66I=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCG8uMCLosunFZwV6gU4eTTKYNzVxIMkIZ+iJufBU3LhRx4UZ8G9N2wNr6Q+DnO+dwcn6SCq6043xbS8srq2vrpY3y5tb2zq69t99USSYpa9BEJLJNQDHBY9bQXAvWTiWDiAjWIoPrcb31wKTiSXynhynrRtCLecgpaIN8+9zrg87J6N4LoNdj0s89EmIyGmNMfunpDAbfrjhVZyK8aNzCVFChum9/ekFCs4jFmgpQquM6qe7mIDWngo3KXqZYCnQAPdYxNoaIqW4+uW6Ejw0JcJhI82KNJ3R2IodIqWFETGcEuq/ma2P4X62T6fCym/M4zTSL6XRRmAmsEzyOCgdcMqrF0Bigkpu/YtoHCVSbQMsmBHf+5EXTPKu6xt86ldpVEUcJHaIjdIJcdIFq6AbVUQNR9Iie0St6s56sF+vd+pi2LlnFzAH6I+vrB8PjokY=</latexit>
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Quantum liquid crystals
• Quantum Hall Fogler, et al. ‘96, Moessner, Chalker ’96, Fradkin, Kivelson ‘99,  

MacDonald, Fisher ’99,  L.R., Dorsey ’02,…Eisenstein, et al. ’99

• SDW, CDW, PDW in doped Mott insulators                
Tranquada, et al., ‘97, Kivelson, Fradkin, Emery ’98, 
Sachdev,…

• Imbalanced FFLO Fermi gases, SOC Bose gases, L.R. et al. ’09,’11, 
Zhai ‘15

• Helical, frustrated magnets, e.g., MnSi, FeGe, AB2X4,…      
Pfleiderer, et al.’ 09, Bergman, et al. ‘07

#

:

Newspin2 Markus Garst

Chiral magnets in a magnetic field

[111]

Skyrmion crystal
S. Mühlbauer et al. Science (2009)

MnSi



Anisotropic quantum melting

• Crystal: 

• Condense x-dislocations:                   ->  super-smectic

• Super-smectic: 

bx =
�

nde
i�x
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bosonic atomsquantum smectic elasticity

L.R PRL 2020
L.R., Z. Zhai
AOP 2021

Ostlund, Halperin ‘81



Crystal – smectic – gauge dualityL.R PRL 2020
L.R., Z. Zhai
AOP 2021



Higgs’ing crystal gauge dual -> smectic gauge dual  

• Crystal gauge dual: 

Ø Higgs transition - condensation of y-dipoles (x-dislocations)

• Smectic gauge dual:

H̃sm =
1
2
CE2 +

1
2
(��A)2 +

1
2
Ke2 +

1
2
(�� a� ŷ ·A)2 �A · J� a · j
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H̃sm[Ax,a] � H̃cr[Ax,Ay = 0,a]
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L.R PRL 2020
L.R., Z. Zhai
AOP 2021



Restricted disclination mobility

• Fractonic restricted dynamics via disclination microscopics:

requires a nonlocal process of adding a pair smectic half-layer 
per lattice constant of disclination separation

L.R PRL 2020
L.R., Z. Zhai
AOP 2021
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gauge invariance demands



Anomalous ‘diffusion’

• Fractonic restricted dynamics -> anomalous hydrodynamics

-> continuity: 

-> Fick’s law for dipoles:

->

-> à

�tp +� · J = jx
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Tearing fractons in membranes
• Vector-charge rank-2 tensor gauge theory

Manoj, et al, 2020



Fragile solids
• Stress-stress correlation function 

-> vector-charge rank-2 tensor gauge theory

Bulbul Chakraborty, et al 2020

h�ij�kli
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Evolution of triangulated meshesWonka, 
et al 2010, ‘11



immobile 1d mobileX

• New class of fractonic quantum liquids
excitations w/ restricted/fractionalized mobility 

• Fractons – elasticity duality
realized as defects in quantum crystal

• Fractonic phases and transitions:

• Quantum melting criticality?
• QH smectic ? (anisotropic melting, via Higgs transitions, LR ’PRL20)
• Elastic nonlinearities ?
• Classification, relation to Z2 models, higher form symmetries, …? 
• Animation dynamics and editing of tessellated surfaces ?

Summary and conclusions
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T-R breaking fractonsL. R., 2018

• Wigner crystal in B-field elasticity (also vortex lattice)

• T-R breaking fracton phase

2D Kumar
Potter, 2018
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� � � q2
<latexit sha1_base64="8d56Ury9ENc12wcm3LmK4biv4aw=">AAACAXicbZDLSgMxFIbPeK31VnUj6CJYBFdlphsFN0U3LluwF+jUkknTNjSZjElGKEPd+CpuXCjiSvAt3LnzUUynXWjrCYGP/z+H5PxBxJk2rvvlLCwuLa+sZtay6xubW9u5nd2alrEitEokl6oRYE05C2nVMMNpI1IUi4DTejC4HPv1O6o0k+G1GUa0JXAvZF1GsLFSO7fvG+mfp0cK2sPI10yg25tiO5d3C25aaB68KeRLh++VbwAot3OffkeSWNDQEI61bnpuZFoJVoYRTkdZP9Y0wmSAe7RpMcSC6laSbjBCx1bpoK5U9oYGperviQQLrYcisJ0Cm76e9cbif14zNt2zVsLCKDY0JJOHujFHRqJxHKjDFCWGDy1gopj9KyJ9rDAxNrSsDcGbXXkeasWCZ7li07iASWXgAI7gBDw4hRJcQRmqQOAeHuEZXpwH58l5dd4mrQvOdGYP/pTz8QMEtpgr</latexit><latexit sha1_base64="LYpPp0bMt5E6/rHP0O475LWfX5A=">AAACAXicbZDLSgMxFIYz9VbrbdSNoEiwCK7KTDcKbopuXLZgL9AZSyZN29BkMiYZoQx1I76JGxeKuCr4Fu58Bl/CdNqFtp4Q+Pj/c0jOH0SMKu04X1ZmYXFpeSW7mltb39jcsrd3akrEEpMqFkzIRoAUYTQkVU01I41IEsQDRupB/3Ls1++IVFSE13oQEZ+jbkg7FCNtpJa952nhnadHcNJF0FOUw9ubYsvOOwUnLTgP7hTypYNR5fvxcFRu2Z9eW+CYk1BjhpRquk6k/QRJTTEjw5wXKxIh3Edd0jQYIk6Un6QbDOGxUdqwI6S5oYap+nsiQVypAQ9MJ0e6p2a9sfif14x158xPaBjFmoR48lAnZlALOI4DtqkkWLOBAYQlNX+FuIckwtqEljMhuLMrz0OtWHANV0waF2BSWbAPjsAJcMEpKIErUAZVgME9eAIv4NV6sJ6tN+t90pqxpjO74E9ZHz/i7JmR</latexit><latexit sha1_base64="LYpPp0bMt5E6/rHP0O475LWfX5A=">AAACAXicbZDLSgMxFIYz9VbrbdSNoEiwCK7KTDcKbopuXLZgL9AZSyZN29BkMiYZoQx1I76JGxeKuCr4Fu58Bl/CdNqFtp4Q+Pj/c0jOH0SMKu04X1ZmYXFpeSW7mltb39jcsrd3akrEEpMqFkzIRoAUYTQkVU01I41IEsQDRupB/3Ls1++IVFSE13oQEZ+jbkg7FCNtpJa952nhnadHcNJF0FOUw9ubYsvOOwUnLTgP7hTypYNR5fvxcFRu2Z9eW+CYk1BjhpRquk6k/QRJTTEjw5wXKxIh3Edd0jQYIk6Un6QbDOGxUdqwI6S5oYap+nsiQVypAQ9MJ0e6p2a9sfif14x158xPaBjFmoR48lAnZlALOI4DtqkkWLOBAYQlNX+FuIckwtqEljMhuLMrz0OtWHANV0waF2BSWbAPjsAJcMEpKIErUAZVgME9eAIv4NV6sJ6tN+t90pqxpjO74E9ZHz/i7JmR</latexit><latexit sha1_base64="DSIrsWq7Me6j5d6xVeerO7m9kOc=">AAACAXicbZDLSgMxFIYzXmu9jboR3ASL4KrMdKPgpujGZQV7gc5YMmmmDc1lTDJCGerGV3HjQhG3voU738Z0OgttPSHw8f/nkJw/ShjVxvO+naXlldW19dJGeXNre2fX3dtvaZkqTJpYMqk6EdKEUUGahhpGOokiiEeMtKPR1dRvPxClqRS3ZpyQkKOBoDHFyFip5x4GRgYX+ZGcDBAMNOXw/q7Wcyte1csLLoJfQAUU1ei5X0Ff4pQTYTBDWnd9LzFhhpShmJFJOUg1SRAeoQHpWhSIEx1m+QYTeGKVPoylslcYmKu/JzLEtR7zyHZyZIZ63puK/3nd1MTnYUZFkhoi8OyhOGXQSDiNA/apItiwsQWEFbV/hXiIFMLGhla2IfjzKy9Cq1b1Ld94lfplEUcJHIFjcAp8cAbq4Bo0QBNg8AiewSt4c56cF+fd+Zi1LjnFzAH4U87nD/StleY=</latexit>



• Elastic Lagrangian:

--->

• Disclinicity:

• Momentum conservation (Newton) constraint:

• Electric, magnetic fields:

-> Faraday law:

-> Gauge fields:

-> Gauge freedom:

-> Peach-Koehler force: Fi = Eij pj

Fracton-elasticity dualityM. Pretko, L. R.,2017
PRLs 2018

L =
1
2
(�tu

i)2 � 1
2
Cijk�uijuk�

<latexit sha1_base64="iPLb13GcVGv5zXBq8pu9+2vttJY="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="JpPkT3gDrKm643O/y/G1rZRZ5N0="></latexit>

L =
1
2
C�1

ijk��
ij�k� � 1

2
�i�i � �ij(�iũj + u(s)

ij ) + �i�t(ũi + u(s)
i )

<latexit sha1_base64="XCtdtB9ZQ2kl9weKXyghUm+xsiM="></latexit><latexit sha1_base64="0v8+DjETx3apK7F75iJ1gqKy53o="></latexit><latexit sha1_base64="0v8+DjETx3apK7F75iJ1gqKy53o="></latexit><latexit sha1_base64="ZEFLhpmIxXYQbpoJjDTygh0tOf8="></latexit>

Bi = �ij�j
<latexit sha1_base64="iQLr8eNEYJjRJzKb8chMBAvJPN4=">AAACAHicbVA9SwNBEJ3zM8avqI1gsxgFq3CxUQshxMYygjGBXHLsbTbJJnt7y+6eEI7Y+FdsLFRsLKz8DXb+EHs3iYgmPhh4vDfDzLxAcqaN6344M7Nz8wuLqaX08srq2npmY/NKR7EitEwiHqlqgDXlTNCyYYbTqlQUhwGnlaB3NvQr11RpFolL05e0HuK2YC1GsLGSn9kuNhg6RR6VmvFINBLWHXiS+V0/k3Vz7gjoh+QnSbaw9/nyBgAlP/PuNSMSh1QYwrHWtbwrTT3ByjDC6SDtxZpKTHq4TWuWChxSXU9GHwzQvlWaqBUpW8Kgkfp7IsGh1v0wsJ0hNh096Q3F/7xabFrH9YQJGRsqyHhRK+bIRGgYB2oyRYnhfUswUczeikgHK0yMDS1tQ5h6eZqUD3MnufyFDaMIY6RgB3bhAPJwBAU4hxKUgcAN3MEDPDq3zr3z5DyPW2ec75kt+APn9QsyHpk+</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="ArtnsOXr+z4y5+UiX+uAyd78aE0=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARXJXEjboQSt24rGBsoUnDZDppp51MhpmJUELd+CtuXKi49TPc+TdOH4i2HrhwOOde7r0nEowq7ThfVmFpeWV1rbhe2tjc2t6xd/fuVJpJTDycslQ2I6QIo5x4mmpGmkISlESMNKLB1dhv3BOpaMpv9VCQIEFdTmOKkTZSaB/U2hReQp8IRVnK2zntj3xBw35ol52KMwH8Ie48KYMZ6qH96XdSnCWEa8yQUi3XETrIkdQUMzIq+ZkiAuEB6pKWoRwlRAX55IMRPDZKB8apNMU1nKi/J3KUKDVMItOZIN1T895Y/M9rZTo+D3LKRaYJx9NFccagTuE4DtihkmDNhoYgLKm5FeIekghrE1rJhLDw8iLxTisXFffGKVdrszSK4BAcgRPggjNQBdegDjyAwQN4Ai/g1Xq0nq03633aWrBmM/vgD6yPb2p9lm8=</latexit>

�t�
i � �j�

ij = 0
<latexit sha1_base64="CzTQgWjE9h0kZ2KrjHkYagRY2Nk=">AAACFHicbVC7SgNBFL0bXzG+opY2g1Gw0LBroxZC0MYygmsC2c0yO5kkk8w+mJkVwpKfsPFPxEbwga2FnR9i7+SBaOKBC4dz7p259/gxZ1KZ5qeRmZmdm1/ILuaWlldW1/LrG9cySgShNol4JKo+lpSzkNqKKU6rsaA48Dmt+N3zgV+5oUKyKLxSvZi6AW6FrMkIVlry8vtOjIVimHsKOTGrM3SAfqSOI1krwPWUdfroFJlevmAWzSHQNLHGpFDa+bp/AoCyl/9wGhFJAhoqwrGUNcuMlZsOniec9nNOImmMSRe3aE3TEAdUuunwqj7a1UoDNSOhK1RoqP6eSHEgZS/wdWeAVVtOegPxP6+WqOaxm7IwThQNyeijZsKRitAgItRgghLFe5pgIpjeFZE2FpgoHWROh2BNnjxN7MPiSdG61GGcwQhZ2IJt2AMLjqAEF1AGGwjcwgM8w4txZzwar8bbqDVjjGc24Q+M92+kX6D8</latexit><latexit sha1_base64="B1Gpth7QqrQSPiG3wzYreyDA8u0=">AAACFHicbVC7TsMwFHXKq7Q8AowsFgWJAaqEBRiQKlgYi0RopSaNHNdp3ToP2U6lKupPsPAniIUBKlYGNj4EZpwWIWg50pWOzrnXvvd4MaNCGsa7lpubX1hcyi8Xiiura+v6xuaNiBKOiYUjFvG6hwRhNCSWpJKReswJCjxGal7vIvNrfcIFjcJrOYiJE6B2SH2KkVSSqx/YMeKSIuZKaMe0SeEh/JG6tqDtADVT2h3CM2i4eskoG2PAWWJ+k1Jl9+N+1C9+Vl39zW5FOAlIKDFDQjRMI5ZOmj2PGRkW7ESQGOEeapOGoiEKiHDS8VVDuKeUFvQjriqUcKz+nkhRIMQg8FRngGRHTHuZ+J/XSKR/4qQ0jBNJQjz5yE8YlBHMIoItygmWbKAIwpyqXSHuII6wVEEWVAjm9MmzxDoqn5bNKxXGOZggD7bBDtgHJjgGFXAJqsACGNyCB/AEnrU77VEbaS+T1pz2PbMF/kB7/QKbhaJ2</latexit><latexit sha1_base64="B1Gpth7QqrQSPiG3wzYreyDA8u0=">AAACFHicbVC7TsMwFHXKq7Q8AowsFgWJAaqEBRiQKlgYi0RopSaNHNdp3ToP2U6lKupPsPAniIUBKlYGNj4EZpwWIWg50pWOzrnXvvd4MaNCGsa7lpubX1hcyi8Xiiura+v6xuaNiBKOiYUjFvG6hwRhNCSWpJKReswJCjxGal7vIvNrfcIFjcJrOYiJE6B2SH2KkVSSqx/YMeKSIuZKaMe0SeEh/JG6tqDtADVT2h3CM2i4eskoG2PAWWJ+k1Jl9+N+1C9+Vl39zW5FOAlIKDFDQjRMI5ZOmj2PGRkW7ESQGOEeapOGoiEKiHDS8VVDuKeUFvQjriqUcKz+nkhRIMQg8FRngGRHTHuZ+J/XSKR/4qQ0jBNJQjz5yE8YlBHMIoItygmWbKAIwpyqXSHuII6wVEEWVAjm9MmzxDoqn5bNKxXGOZggD7bBDtgHJjgGFXAJqsACGNyCB/AEnrU77VEbaS+T1pz2PbMF/kB7/QKbhaJ2</latexit><latexit sha1_base64="rv1vAnMd+T/MJIawz92qsv/wv4k=">AAACFHicbVC7TsMwFHXKq5RXgJHFokJigCphAQakChbGIhFaqUkjx3Vat3YS2Q5SFfUnWPgVFgZArAxs/A1OGyFoOdKVjs651773BAmjUlnWl1FaWFxaXimvVtbWNza3zO2dOxmnAhMHxywWrQBJwmhEHEUVI61EEMQDRprB8Cr3m/dESBpHt2qUEI+jXkRDipHSkm8euQkSiiLmK+gmtEPhMfyRBq6kPY46GR2M4QW0fLNq1awJ4DyxC1IFBRq++el2Y5xyEinMkJRt20qUl+XPY0bGFTeVJEF4iHqkrWmEOJFeNrlqDA+00oVhLHRFCk7U3xMZ4lKOeKA7OVJ9Oevl4n9eO1XhmZfRKEkVifD0ozBlUMUwjwh2qSBYsZEmCAuqd4W4jwTCSgdZ0SHYsyfPE+ekdl6zb6xq/bJIowz2wD44BDY4BXVwDRrAARg8gCfwAl6NR+PZeDPep60lo5jZBX9gfHwD3L6eLQ==</latexit>

Eij
� = �ik�j��k�

<latexit sha1_base64="Ey63/DkwESmxlcY8o7Yq2ZhNKkk=">AAACI3icbVBNSwMxEJ31s9avqkcvoSJ4KlsvKiIURfBYwdpCty7ZdFpjs9klyQpl2R/jxb/ixYMWL4KCP8W0Fb8fBN57M8NkXhALro3rPjsTk1PTM7O5ufz8wuLScmFl9VxHiWJYY5GIVCOgGgWXWDPcCGzECmkYCKwHvaNhvX6NSvNInpl+jK2QdiXvcEaNtfzC/rHvad4N6UXKrzJyQDyMNReRtLqXfYkrD4XIxq1+2hspv7DhltwRyCcp/yYbleLWyxsAVP3CwGtHLAlRGiao1s2yG5tWSpXhTGCW9xKNMWU92sWmpZKGqFvp6MiMbFqnTTqRsk8aMnK/T6Q01LofBrYzpOZS/64Nzf9qzcR0dlspl3FiULLxok4iiInIMDHS5gqZEX1LKFPc/pWwS6ooMzbXvA3hz8l/SW27tFcqn9owDmGMHKxDEbagDDtQgROoQg0Y3MAdPMCjc+vcOwPnadw64XzMrMEPOK/v/qKovg==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="d57OqmYeRGtjbKBOY6OKwwnJxPo=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4KlM3KiIURXBZwdpCZxwy6W2bNpMZkoxQhvkYN/6KGxda3LjwX0ynxUfrgcA5597LzT1+xJnStv1h5RYWl5ZX8quFtfWNza3i9s6dCmNJoU5DHsqmTxRwJqCumebQjCSQwOfQ8AeX43rjAaRiobjVwwjcgHQF6zBKtLG84tmV5yjWDch9wvopPscORIrxUBg9SH9E3wHO00mrlwwy5RVLdtnOgL9JZZaU0BQ1rzhy2iGNAxCacqJUq2JH2k2I1IxySAtOrCAidEC60DJUkACUm2RHpvjAOG3cCaV5QuPM/T2RkECpYeCbzoDonpqtjc3/aq1Yd07chIko1iDoZFEn5liHeJwYbjMJVPOhIYRKZv6KaY9IQrXJtWBCmDt5ntSPyqflyo1dql5M08ijPbSPDlEFHaMqukY1VEcUPaJn9IrerCfrxRpZ75PWnDWd2UV/YH1+AfAZpng=</latexit>

Bi = �jk�jAki
<latexit sha1_base64="f+IRkum8n/1Ume0PKmaP8477668=">AAACDXicbVC7TgJBFL2LL8TXqqXNRCSxIrs2amGC2FhiIkLCApkdZmFg9pGZWROy4Qts/BUbCjXGzt7OD7F3FigUPMlNTs65d+be40acSWVZX0ZmaXlldS27ntvY3NreMXf37mQYC0KrJOShqLtYUs4CWlVMcVqPBMW+y2nNHVylfu2eCsnC4FYNI9r0cTdgHiNYaaltFlC5xdAFcmgkGddK0h+MnAgLxTBv9dFlKxmwUdvMW0VrArRI7BnJl46+x+8AUGmbn04nJLFPA0U4lrJhW5FqJumzhNNRzokljTAZ4C5taBpgn8pmMjlnhApa6SAvFLoChSbq74kE+1IOfVd3+lj15LyXiv95jVh5Z82EBVGsaECmH3kxRypEaTaowwQlig81wUQwvSsiPSwwUTrBnA7Bnj95kVRPiudF+0aHUYYpsnAAh3AMNpxCCa6hAlUg8ABP8AwvxqMxNl6Nt2lrxpjN7MMfGB8/zwCegA==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="a1IbmrJmBTr3Hn4Lh6+TAx7LgQ4=">AAACDXicbVC7TsMwFHXKq5RXgJHFoqrEVCUswIBUysJYJEIrtWnluE7rxnEi20GqonwBC7/CwgCIlZ2Nv8FpM0DLka50dM699r3HixmVyrK+jdLK6tr6RnmzsrW9s7tn7h/cyygRmDg4YpHoeEgSRjlxFFWMdGJBUOgx0vaC69xvPxAhacTv1DQmbohGnPoUI6WlgVmDzT6Fl7BHYkmZVtJJkPViJBRFrD+BV/00oNnArFp1awa4TOyCVEGB1sD86g0jnISEK8yQlF3bipWb5s9iRrJKL5EkRjhAI9LVlKOQSDednZPBmlaG0I+ELq7gTP09kaJQymno6c4QqbFc9HLxP6+bKP/cTSmPE0U4nn/kJwyqCObZwCEVBCs21QRhQfWuEI+RQFjpBCs6BHvx5GXinNYv6vatVW00izTK4AgcgxNggzPQADegBRyAwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnDwdum7E=</latexit>
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“White lies” about phases of condensed matter
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• Disclination:

• Dislocation climb:

• Dislocation glide:

Topological defects in a crystal L. R., 2016
classical duality

immobile 

constrained by 
v/i diffusion

subdimension (d-1) 
motion

Hel =
1
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B(uij)2
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• Elastic Lagrangian:

• Disclinicity:

• Momentum conservation (Newton) constraint:

• Electric, magnetic fields:

-> Faraday law:

-> Gauge fields:

-> Gauge freedom:

-> Peach-Koehler force: Fi = Eij pj

Fracton-elasticity dualityM. Pretko, L. R.,2017
PRLs 2018
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�t�
i � �j�

ij = 0
<latexit sha1_base64="CzTQgWjE9h0kZ2KrjHkYagRY2Nk=">AAACFHicbVC7SgNBFL0bXzG+opY2g1Gw0LBroxZC0MYygmsC2c0yO5kkk8w+mJkVwpKfsPFPxEbwga2FnR9i7+SBaOKBC4dz7p259/gxZ1KZ5qeRmZmdm1/ILuaWlldW1/LrG9cySgShNol4JKo+lpSzkNqKKU6rsaA48Dmt+N3zgV+5oUKyKLxSvZi6AW6FrMkIVlry8vtOjIVimHsKOTGrM3SAfqSOI1krwPWUdfroFJlevmAWzSHQNLHGpFDa+bp/AoCyl/9wGhFJAhoqwrGUNcuMlZsOniec9nNOImmMSRe3aE3TEAdUuunwqj7a1UoDNSOhK1RoqP6eSHEgZS/wdWeAVVtOegPxP6+WqOaxm7IwThQNyeijZsKRitAgItRgghLFe5pgIpjeFZE2FpgoHWROh2BNnjxN7MPiSdG61GGcwQhZ2IJt2AMLjqAEF1AGGwjcwgM8w4txZzwar8bbqDVjjGc24Q+M92+kX6D8</latexit><latexit sha1_base64="B1Gpth7QqrQSPiG3wzYreyDA8u0=">AAACFHicbVC7TsMwFHXKq7Q8AowsFgWJAaqEBRiQKlgYi0RopSaNHNdp3ToP2U6lKupPsPAniIUBKlYGNj4EZpwWIWg50pWOzrnXvvd4MaNCGsa7lpubX1hcyi8Xiiura+v6xuaNiBKOiYUjFvG6hwRhNCSWpJKReswJCjxGal7vIvNrfcIFjcJrOYiJE6B2SH2KkVSSqx/YMeKSIuZKaMe0SeEh/JG6tqDtADVT2h3CM2i4eskoG2PAWWJ+k1Jl9+N+1C9+Vl39zW5FOAlIKDFDQjRMI5ZOmj2PGRkW7ESQGOEeapOGoiEKiHDS8VVDuKeUFvQjriqUcKz+nkhRIMQg8FRngGRHTHuZ+J/XSKR/4qQ0jBNJQjz5yE8YlBHMIoItygmWbKAIwpyqXSHuII6wVEEWVAjm9MmzxDoqn5bNKxXGOZggD7bBDtgHJjgGFXAJqsACGNyCB/AEnrU77VEbaS+T1pz2PbMF/kB7/QKbhaJ2</latexit><latexit sha1_base64="B1Gpth7QqrQSPiG3wzYreyDA8u0=">AAACFHicbVC7TsMwFHXKq7Q8AowsFgWJAaqEBRiQKlgYi0RopSaNHNdp3ToP2U6lKupPsPAniIUBKlYGNj4EZpwWIWg50pWOzrnXvvd4MaNCGsa7lpubX1hcyi8Xiiura+v6xuaNiBKOiYUjFvG6hwRhNCSWpJKReswJCjxGal7vIvNrfcIFjcJrOYiJE6B2SH2KkVSSqx/YMeKSIuZKaMe0SeEh/JG6tqDtADVT2h3CM2i4eskoG2PAWWJ+k1Jl9+N+1C9+Vl39zW5FOAlIKDFDQjRMI5ZOmj2PGRkW7ESQGOEeapOGoiEKiHDS8VVDuKeUFvQjriqUcKz+nkhRIMQg8FRngGRHTHuZ+J/XSKR/4qQ0jBNJQjz5yE8YlBHMIoItygmWbKAIwpyqXSHuII6wVEEWVAjm9MmzxDoqn5bNKxXGOZggD7bBDtgHJjgGFXAJqsACGNyCB/AEnrU77VEbaS+T1pz2PbMF/kB7/QKbhaJ2</latexit><latexit sha1_base64="rv1vAnMd+T/MJIawz92qsv/wv4k=">AAACFHicbVC7TsMwFHXKq5RXgJHFokJigCphAQakChbGIhFaqUkjx3Vat3YS2Q5SFfUnWPgVFgZArAxs/A1OGyFoOdKVjs651773BAmjUlnWl1FaWFxaXimvVtbWNza3zO2dOxmnAhMHxywWrQBJwmhEHEUVI61EEMQDRprB8Cr3m/dESBpHt2qUEI+jXkRDipHSkm8euQkSiiLmK+gmtEPhMfyRBq6kPY46GR2M4QW0fLNq1awJ4DyxC1IFBRq++el2Y5xyEinMkJRt20qUl+XPY0bGFTeVJEF4iHqkrWmEOJFeNrlqDA+00oVhLHRFCk7U3xMZ4lKOeKA7OVJ9Oevl4n9eO1XhmZfRKEkVifD0ozBlUMUwjwh2qSBYsZEmCAuqd4W4jwTCSgdZ0SHYsyfPE+ekdl6zb6xq/bJIowz2wD44BDY4BXVwDRrAARg8gCfwAl6NR+PZeDPep60lo5jZBX9gfHwD3L6eLQ==</latexit>

Eij
� = �ik�j��k�

<latexit sha1_base64="Ey63/DkwESmxlcY8o7Yq2ZhNKkk=">AAACI3icbVBNSwMxEJ31s9avqkcvoSJ4KlsvKiIURfBYwdpCty7ZdFpjs9klyQpl2R/jxb/ixYMWL4KCP8W0Fb8fBN57M8NkXhALro3rPjsTk1PTM7O5ufz8wuLScmFl9VxHiWJYY5GIVCOgGgWXWDPcCGzECmkYCKwHvaNhvX6NSvNInpl+jK2QdiXvcEaNtfzC/rHvad4N6UXKrzJyQDyMNReRtLqXfYkrD4XIxq1+2hspv7DhltwRyCcp/yYbleLWyxsAVP3CwGtHLAlRGiao1s2yG5tWSpXhTGCW9xKNMWU92sWmpZKGqFvp6MiMbFqnTTqRsk8aMnK/T6Q01LofBrYzpOZS/64Nzf9qzcR0dlspl3FiULLxok4iiInIMDHS5gqZEX1LKFPc/pWwS6ooMzbXvA3hz8l/SW27tFcqn9owDmGMHKxDEbagDDtQgROoQg0Y3MAdPMCjc+vcOwPnadw64XzMrMEPOK/v/qKovg==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="d57OqmYeRGtjbKBOY6OKwwnJxPo=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4KlM3KiIURXBZwdpCZxwy6W2bNpMZkoxQhvkYN/6KGxda3LjwX0ynxUfrgcA5597LzT1+xJnStv1h5RYWl5ZX8quFtfWNza3i9s6dCmNJoU5DHsqmTxRwJqCumebQjCSQwOfQ8AeX43rjAaRiobjVwwjcgHQF6zBKtLG84tmV5yjWDch9wvopPscORIrxUBg9SH9E3wHO00mrlwwy5RVLdtnOgL9JZZaU0BQ1rzhy2iGNAxCacqJUq2JH2k2I1IxySAtOrCAidEC60DJUkACUm2RHpvjAOG3cCaV5QuPM/T2RkECpYeCbzoDonpqtjc3/aq1Yd07chIko1iDoZFEn5liHeJwYbjMJVPOhIYRKZv6KaY9IQrXJtWBCmDt5ntSPyqflyo1dql5M08ijPbSPDlEFHaMqukY1VEcUPaJn9IrerCfrxRpZ75PWnDWd2UV/YH1+AfAZpng=</latexit>

Bi = �jk�jAki
<latexit sha1_base64="f+IRkum8n/1Ume0PKmaP8477668=">AAACDXicbVC7TgJBFL2LL8TXqqXNRCSxIrs2amGC2FhiIkLCApkdZmFg9pGZWROy4Qts/BUbCjXGzt7OD7F3FigUPMlNTs65d+be40acSWVZX0ZmaXlldS27ntvY3NreMXf37mQYC0KrJOShqLtYUs4CWlVMcVqPBMW+y2nNHVylfu2eCsnC4FYNI9r0cTdgHiNYaaltFlC5xdAFcmgkGddK0h+MnAgLxTBv9dFlKxmwUdvMW0VrArRI7BnJl46+x+8AUGmbn04nJLFPA0U4lrJhW5FqJumzhNNRzokljTAZ4C5taBpgn8pmMjlnhApa6SAvFLoChSbq74kE+1IOfVd3+lj15LyXiv95jVh5Z82EBVGsaECmH3kxRypEaTaowwQlig81wUQwvSsiPSwwUTrBnA7Bnj95kVRPiudF+0aHUYYpsnAAh3AMNpxCCa6hAlUg8ABP8AwvxqMxNl6Nt2lrxpjN7MMfGB8/zwCegA==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="a1IbmrJmBTr3Hn4Lh6+TAx7LgQ4=">AAACDXicbVC7TsMwFHXKq5RXgJHFoqrEVCUswIBUysJYJEIrtWnluE7rxnEi20GqonwBC7/CwgCIlZ2Nv8FpM0DLka50dM699r3HixmVyrK+jdLK6tr6RnmzsrW9s7tn7h/cyygRmDg4YpHoeEgSRjlxFFWMdGJBUOgx0vaC69xvPxAhacTv1DQmbohGnPoUI6WlgVmDzT6Fl7BHYkmZVtJJkPViJBRFrD+BV/00oNnArFp1awa4TOyCVEGB1sD86g0jnISEK8yQlF3bipWb5s9iRrJKL5EkRjhAI9LVlKOQSDednZPBmlaG0I+ELq7gTP09kaJQymno6c4QqbFc9HLxP6+bKP/cTSmPE0U4nn/kJwyqCObZwCEVBCs21QRhQfWuEI+RQFjpBCs6BHvx5GXinNYv6vatVW00izTK4AgcgxNggzPQADegBRyAwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnDwdum7E=</latexit>

Eij
� = ��tA

ij � �i�j�
<latexit sha1_base64="FGfeqN5BRNiYpuiyzSavWErdTcE="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="MQlUclguQrVUS9k7bOvoU28S4Jw=">AAACJXicbZBPS8MwGMbT+W/Of1WPXoJD8LLRelEPg6kIHidYN1hrSbNsy5amJUmFUfZpvPhVvHiYInjyq5huRXTzgcCP533fJO8TxIxKZVmfRmFpeWV1rbhe2tjc2t4xd/fuZZQITBwcsUi0AiQJo5w4iipGWrEgKAwYaQbDq6zefCRC0ojfqVFMvBD1OO1SjJS2fLN27buS9kL0kNLBGNZgxY2RUBQxX8GLmVmBPx79oYEb96lvlq2qNRVcBDuHMsjV8M2J24lwEhKuMENStm0rVl6a3YkZGZfcRJIY4SHqkbZGjkIivXS65hgeaacDu5HQhys4dX9PpCiUchQGujNEqi/na5n5X62dqO6Zl1IeJ4pwPHuomzCoIphlBjtUEKzYSAPCguq/QtxHAmGlky3pEOz5lRfBOameV+1bq1y/zNMoggNwCI6BDU5BHdyABnAABk/gBUzAm/FsvBrvxsestWDkM/vgj4yvb8HApZQ=</latexit>

�tB
i + �jk�jEki

� = 0
<latexit sha1_base64="Uirl331Z2qqRBofgneqQVnIZGIU="></latexit><latexit sha1_base64="dyea9lVximuunn1T2h0WvkJHtq0="></latexit><latexit sha1_base64="dyea9lVximuunn1T2h0WvkJHtq0="></latexit><latexit sha1_base64="rA2RN6cqBD2q1jAxE3mzGikCesI=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0UQhJK4URGhVASXFYwtNGmYTKftNJMHMxOhhHyMG3/FjQstblz4L07aCNp64MLhnHu59x4vZlRIw/jUSkvLK6tr5fXKxubW9o6+u/cgooRjYuGIRbztIUEYDYklqWSkHXOCAo+Rludf537rkXBBo/BejmPiBGgQ0j7FSCrJ1S/tGHFJEXMlbHQpPIE2iQVlyktHfvbjdkfwxrUFHQSom/o0g1fQqLh61agZU8BFYhakCgo0XX1i9yKcBCSUmCEhOqYRSyfNV2BGsoqdCBIj7KMB6SgaooAIJ50+mcEjpfRgP+KqQgmn6u+JFAVCjANPdQZIDsW8l4v/eZ1E9s+dlIZxIkmIZ4v6CYMygnlisEc5wZKNFUGYU3UrxEPEEZYq1zwEc/7lRWKd1i5q5p1RrTeKNMrgAByCY2CCM1AHt6AJLIDBE3gBb+Bde9ZetYn2MWstacXMPvgD7esbQ5ekHg==</latexit>

Aij � Aij + �i�j�
<latexit sha1_base64="UDms035ze8MMxNnEBbTPKGIOwYs=">AAACG3icbZC7SgNBFIbPeo3xFrW0GbyAIIRdLdQuamMZwRghG5azk0kyOnthZlYJSx7Exsew1cJCxUqw8EHsnc0G8fbDwMd/zpmZ8/ux4Erb9rs1Mjo2PjFZmCpOz8zOzZcWFk9VlEjKajQSkTzzUTHBQ1bTXAt2FkuGgS9Y3b84zOr1SyYVj8IT3YtZM8BOyNucojaWV9re91J+3ncl73Q1ShldkdzZdGOUmqPw+BeduyjiLnqlVbtsD0T+gjOE1crax+09AFS90qvbimgSsFBTgUo1HDvWzTS7lQrWL7qJYjHSC+ywhsEQA6aa6WC5Plk3Tou0I2lOqMnA/T6RYqBUL/BNZ4C6q37XMvO/WiPR7d1mysM40Syk+UPtRBAdkSwp0uKSUS16BpBKbv5KaBclUm3yLJoQnN8r/4XaVnmv7BybMA4gVwGWYQU2wIEdqMARVKEGFK7hDh7hybqxHqxn6yVvHbGGM0vwQ9bbJ8kGpZM=</latexit><latexit sha1_base64="8zms9PrS+WUzQafnVHZjJMBVeD8=">AAACG3icbZDLSgMxFIYz9VZbL6Mu3QSrIAhlRhfqrurGZQVrC50ynEnTNm3mQpKplKEP4sbHcOtCFyquBBc+iK5NL4i2/hD4+M85Sc7vRZxJZVkfRmpmdm5+Ib2YyS4tr6yaa+tXMowFoSUS8lBUPJCUs4CWFFOcViJBwfc4LXuds0G93KVCsjC4VL2I1nxoBqzBCChtuebBiZuwdt8RrNlSIER4jUfOnhOBUAy4y36o7QCPWuCaOStvDYWnwR5DrrD9effQzX4VXfPNqYck9mmgCAcpq7YVqVoyuJVw2s84saQRkA40aVVjAD6VtWS4XB/vaKeOG6HQJ1B46P6eSMCXsud7utMH1ZKTtYH5X60aq8ZRLWFBFCsakNFDjZhjFeJBUrjOBCWK9zQAEUz/FZMWCCBK55nRIdiTK09DaT9/nLcvdBinaKQ02kRbaBfZ6BAV0DkqohIi6Abdoyf0bNwaj8aL8TpqTRnjmQ30R8b7N8Aspw0=</latexit><latexit sha1_base64="8zms9PrS+WUzQafnVHZjJMBVeD8=">AAACG3icbZDLSgMxFIYz9VZbL6Mu3QSrIAhlRhfqrurGZQVrC50ynEnTNm3mQpKplKEP4sbHcOtCFyquBBc+iK5NL4i2/hD4+M85Sc7vRZxJZVkfRmpmdm5+Ib2YyS4tr6yaa+tXMowFoSUS8lBUPJCUs4CWFFOcViJBwfc4LXuds0G93KVCsjC4VL2I1nxoBqzBCChtuebBiZuwdt8RrNlSIER4jUfOnhOBUAy4y36o7QCPWuCaOStvDYWnwR5DrrD9effQzX4VXfPNqYck9mmgCAcpq7YVqVoyuJVw2s84saQRkA40aVVjAD6VtWS4XB/vaKeOG6HQJ1B46P6eSMCXsud7utMH1ZKTtYH5X60aq8ZRLWFBFCsakNFDjZhjFeJBUrjOBCWK9zQAEUz/FZMWCCBK55nRIdiTK09DaT9/nLcvdBinaKQ02kRbaBfZ6BAV0DkqohIi6Abdoyf0bNwaj8aL8TpqTRnjmQ30R8b7N8Aspw0=</latexit><latexit sha1_base64="/bGVe+PbklQ9ULnHIaebQSJOo+c=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCIJREF+qu6sZlBWMLTQgn02k77eTCzEQpoQ/ixldx40LFleDCt3HSBtHWHwY+/nPOzJw/SDiTyrK+jLn5hcWl5dJKeXVtfWPT3Nq+lXEqCHVIzGPRDEBSziLqKKY4bSaCQhhw2ggGl3m9cUeFZHF0o4YJ9ULoRqzDCCht+ebxuZ+x/sgVrNtTIER8jyfOoZuAUAy4z36o7wJPeuCbFatqjYVnwS6gggrVffPDbcckDWmkCAcpW7aVKC/LbyWcjspuKmkCZABd2tIYQUill42XG+F97bRxJxb6RAqP3d8TGYRSDsNAd4agenK6lpv/1Vqp6px6GYuSVNGITB7qpByrGOdJ4TYTlCg+1ABEMP1XTHoggCidZ1mHYE+vPAvOUfWsal9bldpFkUYJ7aI9dIBsdIJq6ArVkYMIekBP6AW9Go/Gs/FmvE9a54xiZgf9kfH5DQF0osQ=</latexit>

�� � + �t�
<latexit sha1_base64="LOZF1ZNh13QoJ3JsKw8hnbskQg4=">AAACDHicbVDJSgNBEK1xjXGLetTD4AKCEGa8qDfRi8cEjAlkQqjpdDKNPTNNd40Sgj/gxV/xIrjg1Q/w5s1PsSfJwe1Bw+v3qqq7XqikMOR5H87E5NT0zGxhrji/sLi0XFpZvTBpphmvsVSmuhGi4VIkvEaCJG8ozTEOJa+Hl6e5X7/i2og0Oae+4q0Ye4noCoZkpXZpO1CRCLToRYRap9f5dS9QqEmgbFOAUkXYLm15ZW8I9y/xx2TreOOx+gkAlXbpPeikLIt5QkyiMU3fU9Qa5FOZ5DfFIDNcIbvEHm9ammDMTWsw3ObG3bFKx+2m2p6E3KH6vWOAsTH9OLSVMVJkfnu5+J/XzKh72BqIRGXEEzZ6qJtJl1I3j8btCM0Zyb4lyLSwf3VZhBoZ2QCLNgT/98p/SW2/fFT2qzaMExihAOuwCbvgwwEcwxlUoAYMbuEenuDZuXMenBfndVQ64Yx71uAHnLcvLh+esA==</latexit><latexit sha1_base64="CTDhKqCni5zM5ib4HFC6Y+NFsKE=">AAACDHicbVDLSsNAFJ3Ud31VXSoSrIIglMSNuiu6calgbKEp5WY6bYZOkmHmRimhSzdu/BU3gg/c+gHu/AZ/wknrQq0HBs6cc++duSeQgmt0nA+rMDE5NT0zO1ecX1hcWi6trF7qJFWUeTQRiaoHoJngMfOQo2B1qRhEgWC1oHeS+7UrpjRP4gvsS9aMoBvzDqeARmqVtn0Zcl/xboigVHKdX/d8CQo5iBb6IGQIrVLZqThD2OPE/Sbl6sbj+efN5uNZq/TutxOaRixGKkDrhutIbGb5VCrYoOinmkmgPeiyhqExREw3s+E2A3vHKG27kyhzYrSH6s+ODCKt+1FgKiPAUP/1cvE/r5Fi57CZ8VimyGI6eqiTChsTO4/GbnPFKIq+IUAVN3+1aQgKKJoAiyYE9+/K48TbrxxV3HMTxjEZYZasky2yS1xyQKrklJwRj1ByS+7JE3m27qwH68V6HZUWrO+eNfIL1tsXCv6gFg==</latexit><latexit sha1_base64="CTDhKqCni5zM5ib4HFC6Y+NFsKE=">AAACDHicbVDLSsNAFJ3Ud31VXSoSrIIglMSNuiu6calgbKEp5WY6bYZOkmHmRimhSzdu/BU3gg/c+gHu/AZ/wknrQq0HBs6cc++duSeQgmt0nA+rMDE5NT0zO1ecX1hcWi6trF7qJFWUeTQRiaoHoJngMfOQo2B1qRhEgWC1oHeS+7UrpjRP4gvsS9aMoBvzDqeARmqVtn0Zcl/xboigVHKdX/d8CQo5iBb6IGQIrVLZqThD2OPE/Sbl6sbj+efN5uNZq/TutxOaRixGKkDrhutIbGb5VCrYoOinmkmgPeiyhqExREw3s+E2A3vHKG27kyhzYrSH6s+ODCKt+1FgKiPAUP/1cvE/r5Fi57CZ8VimyGI6eqiTChsTO4/GbnPFKIq+IUAVN3+1aQgKKJoAiyYE9+/K48TbrxxV3HMTxjEZYZasky2yS1xyQKrklJwRj1ByS+7JE3m27qwH68V6HZUWrO+eNfIL1tsXCv6gFg==</latexit><latexit sha1_base64="XPmgyNShbgCCrtfTOswqXfxXEDU=">AAACDHicbVC7TsMwFHV4lvIqMLJEFCQkpCphAbYKFsYiEVqpiaIb122sOoll34Cqqj/Awq+wMABi5QPY+BuctgO0HMnS8Tn3XvueSAqu0XG+rYXFpeWV1dJaeX1jc2u7srN7p7NcUebRTGSqFYFmgqfMQ46CtaRikESCNaP+VeE375nSPEtvcSBZkEAv5V1OAY0UVg59GXNf8V6MoFT2UFxPfAkKOYgQfRAyhrBSdWrOGPY8caekSqZohJUvv5PRPGEpUgFat11HYjAsplLBRmU/10wC7UOPtQ1NIWE6GI63GdlHRunY3UyZk6I9Vn93DCHRepBEpjIBjPWsV4j/ee0cu+fBkKcyR5bSyUPdXNiY2UU0docrRlEMDAGquPmrTWNQQNEEWDYhuLMrzxPvtHZRc2+cav1ymkaJ7JMDckxcckbq5Jo0iEcoeSTP5JW8WU/Wi/VufUxKF6xpzx75A+vzByBqnGs=</latexit>

�ik�j��i�juk� = s(x) + ẑ ·�� b(x)
<latexit sha1_base64="EALoaxtRmUbgbAkZxg/T132EA0s="></latexit><latexit sha1_base64="llZO8IAKivWzXDo+mpJTZqb6ynw="></latexit><latexit sha1_base64="llZO8IAKivWzXDo+mpJTZqb6ynw="></latexit><latexit sha1_base64="DytwjzXUchKRABuwqNcd9EugFwM="></latexit>



• Elastic Lagrangian:

• Disclinations:

• Electric, magnetic fields:

-> Fracton Hamiltonian:

-> Fracton charges, dipole currents:

-> Gauss’ law, continuity:

-> Ampere’s law:  

Fracton-elasticity dualityM. Pretko, 
L. R.,2017

L =
1
2
(�tu

i)2 � 1
2
Cijk�uijuk�

<latexit sha1_base64="iPLb13GcVGv5zXBq8pu9+2vttJY="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="JpPkT3gDrKm643O/y/G1rZRZ5N0="></latexit>

�ik�j��i�juk� = s(x)
<latexit sha1_base64="DTXn8SG03ZN5AruMZ7XpmPtJFv8="></latexit><latexit sha1_base64="e6/jW8I3ncEWCTbThJWV9V7p4q0="></latexit><latexit sha1_base64="e6/jW8I3ncEWCTbThJWV9V7p4q0="></latexit><latexit sha1_base64="eApJYLSUNDnTki17liZTulSm050=">AAACL3icbVDLSgMxFM3UV62vqks3wSLopsy4URdC0YUuK1hb6NQhk95p02YyQ5IRyzCf5MZP0Y2Cilv/wvSBj+qBwLnn3MvNPX7MmdK2/WzlZmbn5hfyi4Wl5ZXVteL6xpWKEkmhRiMeyYZPFHAmoKaZ5tCIJZDQ51D3+6dDv34DUrFIXOpBDK2QdAQLGCXaSF7xzIVYMR6J65T1s++i5wLnmRsTqRnhHvtivcRL+yMTH2O1m7p+gG+zPa9Yssv2CPgvcSakhCaoesUHtx3RJAShKSdKNR071q10uIVyyApuoiAmtE860DRUkBBUKx0dnOEdo7RxEEnzhMYj9edESkKlBqFvOkOiu2raG4r/ec1EB4etlIk40SDoeFGQcKwjPEwPt5kEqvnAEEIlM3/FtEskodpkXDAhONMn/yW1/fJR2bmwS5WTSRp5tIW20S5y0AGqoHNURTVE0R16RC/o1bq3nqw3633cmrMmM5voF6yPT78uq1g=</latexit>

Bi = �ij�j
<latexit sha1_base64="iQLr8eNEYJjRJzKb8chMBAvJPN4=">AAACAHicbVA9SwNBEJ3zM8avqI1gsxgFq3CxUQshxMYygjGBXHLsbTbJJnt7y+6eEI7Y+FdsLFRsLKz8DXb+EHs3iYgmPhh4vDfDzLxAcqaN6344M7Nz8wuLqaX08srq2npmY/NKR7EitEwiHqlqgDXlTNCyYYbTqlQUhwGnlaB3NvQr11RpFolL05e0HuK2YC1GsLGSn9kuNhg6RR6VmvFINBLWHXiS+V0/k3Vz7gjoh+QnSbaw9/nyBgAlP/PuNSMSh1QYwrHWtbwrTT3ByjDC6SDtxZpKTHq4TWuWChxSXU9GHwzQvlWaqBUpW8Kgkfp7IsGh1v0wsJ0hNh096Q3F/7xabFrH9YQJGRsqyHhRK+bIRGgYB2oyRYnhfUswUczeikgHK0yMDS1tQ5h6eZqUD3MnufyFDaMIY6RgB3bhAPJwBAU4hxKUgcAN3MEDPDq3zr3z5DyPW2ec75kt+APn9QsyHpk+</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="ArtnsOXr+z4y5+UiX+uAyd78aE0=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARXJXEjboQSt24rGBsoUnDZDppp51MhpmJUELd+CtuXKi49TPc+TdOH4i2HrhwOOde7r0nEowq7ThfVmFpeWV1rbhe2tjc2t6xd/fuVJpJTDycslQ2I6QIo5x4mmpGmkISlESMNKLB1dhv3BOpaMpv9VCQIEFdTmOKkTZSaB/U2hReQp8IRVnK2zntj3xBw35ol52KMwH8Ie48KYMZ6qH96XdSnCWEa8yQUi3XETrIkdQUMzIq+ZkiAuEB6pKWoRwlRAX55IMRPDZKB8apNMU1nKi/J3KUKDVMItOZIN1T895Y/M9rZTo+D3LKRaYJx9NFccagTuE4DtihkmDNhoYgLKm5FeIekghrE1rJhLDw8iLxTisXFffGKVdrszSK4BAcgRPggjNQBdegDjyAwQN4Ai/g1Xq0nq03633aWrBmM/vgD6yPb2p9lm8=</latexit>

Eij
� = �ik�j��k�

<latexit sha1_base64="Ey63/DkwESmxlcY8o7Yq2ZhNKkk=">AAACI3icbVBNSwMxEJ31s9avqkcvoSJ4KlsvKiIURfBYwdpCty7ZdFpjs9klyQpl2R/jxb/ixYMWL4KCP8W0Fb8fBN57M8NkXhALro3rPjsTk1PTM7O5ufz8wuLScmFl9VxHiWJYY5GIVCOgGgWXWDPcCGzECmkYCKwHvaNhvX6NSvNInpl+jK2QdiXvcEaNtfzC/rHvad4N6UXKrzJyQDyMNReRtLqXfYkrD4XIxq1+2hspv7DhltwRyCcp/yYbleLWyxsAVP3CwGtHLAlRGiao1s2yG5tWSpXhTGCW9xKNMWU92sWmpZKGqFvp6MiMbFqnTTqRsk8aMnK/T6Q01LofBrYzpOZS/64Nzf9qzcR0dlspl3FiULLxok4iiInIMDHS5gqZEX1LKFPc/pWwS6ooMzbXvA3hz8l/SW27tFcqn9owDmGMHKxDEbagDDtQgROoQg0Y3MAdPMCjc+vcOwPnadw64XzMrMEPOK/v/qKovg==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="d57OqmYeRGtjbKBOY6OKwwnJxPo=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4KlM3KiIURXBZwdpCZxwy6W2bNpMZkoxQhvkYN/6KGxda3LjwX0ynxUfrgcA5597LzT1+xJnStv1h5RYWl5ZX8quFtfWNza3i9s6dCmNJoU5DHsqmTxRwJqCumebQjCSQwOfQ8AeX43rjAaRiobjVwwjcgHQF6zBKtLG84tmV5yjWDch9wvopPscORIrxUBg9SH9E3wHO00mrlwwy5RVLdtnOgL9JZZaU0BQ1rzhy2iGNAxCacqJUq2JH2k2I1IxySAtOrCAidEC60DJUkACUm2RHpvjAOG3cCaV5QuPM/T2RkECpYeCbzoDonpqtjc3/aq1Yd07chIko1iDoZFEn5liHeJwYbjMJVPOhIYRKZv6KaY9IQrXJtWBCmDt5ntSPyqflyo1dql5M08ijPbSPDlEFHaMqukY1VEcUPaJn9IrerCfrxRpZ75PWnDWd2UV/YH1+AfAZpng=</latexit>

Bi = �jk�jAki
<latexit sha1_base64="f+IRkum8n/1Ume0PKmaP8477668=">AAACDXicbVC7TgJBFL2LL8TXqqXNRCSxIrs2amGC2FhiIkLCApkdZmFg9pGZWROy4Qts/BUbCjXGzt7OD7F3FigUPMlNTs65d+be40acSWVZX0ZmaXlldS27ntvY3NreMXf37mQYC0KrJOShqLtYUs4CWlVMcVqPBMW+y2nNHVylfu2eCsnC4FYNI9r0cTdgHiNYaaltFlC5xdAFcmgkGddK0h+MnAgLxTBv9dFlKxmwUdvMW0VrArRI7BnJl46+x+8AUGmbn04nJLFPA0U4lrJhW5FqJumzhNNRzokljTAZ4C5taBpgn8pmMjlnhApa6SAvFLoChSbq74kE+1IOfVd3+lj15LyXiv95jVh5Z82EBVGsaECmH3kxRypEaTaowwQlig81wUQwvSsiPSwwUTrBnA7Bnj95kVRPiudF+0aHUYYpsnAAh3AMNpxCCa6hAlUg8ABP8AwvxqMxNl6Nt2lrxpjN7MMfGB8/zwCegA==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="a1IbmrJmBTr3Hn4Lh6+TAx7LgQ4=">AAACDXicbVC7TsMwFHXKq5RXgJHFoqrEVCUswIBUysJYJEIrtWnluE7rxnEi20GqonwBC7/CwgCIlZ2Nv8FpM0DLka50dM699r3HixmVyrK+jdLK6tr6RnmzsrW9s7tn7h/cyygRmDg4YpHoeEgSRjlxFFWMdGJBUOgx0vaC69xvPxAhacTv1DQmbohGnPoUI6WlgVmDzT6Fl7BHYkmZVtJJkPViJBRFrD+BV/00oNnArFp1awa4TOyCVEGB1sD86g0jnISEK8yQlF3bipWb5s9iRrJKL5EkRjhAI9LVlKOQSDednZPBmlaG0I+ELq7gTP09kaJQymno6c4QqbFc9HLxP6+bKP/cTSmPE0U4nn/kJwyqCObZwCEVBCs21QRhQfWuEI+RQFjpBCs6BHvx5GXinNYv6vatVW00izTK4AgcgxNggzPQADegBRyAwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnDwdum7E=</latexit>

Eij
� = ��tA

ij � �i�j�
<latexit sha1_base64="FGfeqN5BRNiYpuiyzSavWErdTcE="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="MQlUclguQrVUS9k7bOvoU28S4Jw=">AAACJXicbZBPS8MwGMbT+W/Of1WPXoJD8LLRelEPg6kIHidYN1hrSbNsy5amJUmFUfZpvPhVvHiYInjyq5huRXTzgcCP533fJO8TxIxKZVmfRmFpeWV1rbhe2tjc2t4xd/fuZZQITBwcsUi0AiQJo5w4iipGWrEgKAwYaQbDq6zefCRC0ojfqVFMvBD1OO1SjJS2fLN27buS9kL0kNLBGNZgxY2RUBQxX8GLmVmBPx79oYEb96lvlq2qNRVcBDuHMsjV8M2J24lwEhKuMENStm0rVl6a3YkZGZfcRJIY4SHqkbZGjkIivXS65hgeaacDu5HQhys4dX9PpCiUchQGujNEqi/na5n5X62dqO6Zl1IeJ4pwPHuomzCoIphlBjtUEKzYSAPCguq/QtxHAmGlky3pEOz5lRfBOameV+1bq1y/zNMoggNwCI6BDU5BHdyABnAABk/gBUzAm/FsvBrvxsestWDkM/vgj4yvb8HApZQ=</latexit>

� = s
<latexit sha1_base64="i87YkEa/PMlBpiZIFyUJ/kp3agk=">AAAB7nicbVA9SwNBEJ2LXzF+RS21WAyCVbizUQshaGOZgGcCyRH2NnvJkr3dc3dPCEf+hI2Fiq0/wd9hZ+dPcXNJoYkPBh7vzTAzL0w408Z1v5zC0vLK6lpxvbSxubW9U97du9MyVYT6RHKpWiHWlDNBfcMMp61EURyHnDbD4fXEbz5QpZkUt2aU0CDGfcEiRrCxUqujBhJdIt0tV9yqmwMtEm9GKrXDj8Y3ANS75c9OT5I0psIQjrVue25iggwrwwin41In1TTBZIj7tG2pwDHVQZbfO0bHVumhSCpbwqBc/T2R4VjrURzazhibgZ73JuJ/Xjs10XmQMZGkhgoyXRSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKfVi+qXsOGcQVTFOEAjuAEPDiDGtxAHXwgwOERnuHFuXeenFfnbdpacGYz+/AHzvsPn3SRdA==</latexit><latexit sha1_base64="k1fmcBHcv8am8gzk/OjUlijoExA=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4Crte1IMQ9OIxAdcEkiXMTmaTIbMz68ysEJYc/QEvHlS8+gn5Dm9+gz/h5HHQxIKGoqqb7q4w4Uwb1/1yFhaXlldWc2v59Y3Nre3Czu6dlqki1CeSS1UPsaacCeobZjitJ4riOOS0FvauR37tgSrNpLg1/YQGMe4IFjGCjZXqTdWV6BLpVqHoltwx0DzxpqRYPhhWvx8Ph5VW4bPZliSNqTCEY60bnpuYIMPKMMLpIN9MNU0w6eEObVgqcEx1kI3vHaBjq7RRJJUtYdBY/T2R4Vjrfhzazhibrp71RuJ/XiM10XmQMZGkhgoyWRSlHBmJRs+jNlOUGN63BBPF7K2IdLHCxNiI8jYEb/bleeKfli5KXtWGcQUT5GAfjuAEPDiDMtxABXwgwOEJXuDVuXeenTfnfdK64Exn9uAPnI8ffFOS2g==</latexit><latexit sha1_base64="k1fmcBHcv8am8gzk/OjUlijoExA=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4Crte1IMQ9OIxAdcEkiXMTmaTIbMz68ysEJYc/QEvHlS8+gn5Dm9+gz/h5HHQxIKGoqqb7q4w4Uwb1/1yFhaXlldWc2v59Y3Nre3Czu6dlqki1CeSS1UPsaacCeobZjitJ4riOOS0FvauR37tgSrNpLg1/YQGMe4IFjGCjZXqTdWV6BLpVqHoltwx0DzxpqRYPhhWvx8Ph5VW4bPZliSNqTCEY60bnpuYIMPKMMLpIN9MNU0w6eEObVgqcEx1kI3vHaBjq7RRJJUtYdBY/T2R4Vjrfhzazhibrp71RuJ/XiM10XmQMZGkhgoyWRSlHBmJRs+jNlOUGN63BBPF7K2IdLHCxNiI8jYEb/bleeKfli5KXtWGcQUT5GAfjuAEPDiDMtxABXwgwOEJXuDVuXeenTfnfdK64Exn9uAPnI8ffFOS2g==</latexit><latexit sha1_base64="vfFdV9g8TjsbyZFWAjaMecGbjHE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5s1EII2lhG8EwgOcLeZi9Zsh/n7p4QjvwJGwsVW3+Pnf/GTXKFJj4YeLw3w8y8OOXMWN//9korq2vrG+XNytb2zu5edf/gwahMExoSxZVux9hQziQNLbOctlNNsYg5bcWjm6nfeqLaMCXv7TilkcADyRJGsHVSu6uHCl0h06vW/Lo/A1omQUFqUKDZq351+4pkgkpLODamE/ipjXKsLSOcTirdzNAUkxEe0I6jEgtqonx27wSdOKWPEqVdSYtm6u+JHAtjxiJ2nQLboVn0puJ/XiezyUWUM5lmlkoyX5RkHFmFps+jPtOUWD52BBPN3K2IDLHGxLqIKi6EYPHlZRKe1S/rwZ1fa1wXaZThCI7hFAI4hwbcQhNCIMDhGV7hzXv0Xrx372PeWvKKmUP4A+/zB5G/jy8=</latexit>

J ij = �ik�j�(�t�k � �k�t)u� = �(i�vj)b�
<latexit sha1_base64="rEzwpKVSF8mxLW8RlbGz7zvs7YE="></latexit><latexit sha1_base64="u5ZYxoQiK0s2gEHgQxVVM0paCwM="></latexit><latexit sha1_base64="u5ZYxoQiK0s2gEHgQxVVM0paCwM="></latexit><latexit sha1_base64="ofved0wFhJm5eqZ6pTFAt92lukU="></latexit>

H =
1
2
C̃ijk�EijEk� +

1
2
BiBi + �� + J ijAij

<latexit sha1_base64="cSBgqV5PCAhty5I9MbzXd/j+8LI="></latexit><latexit sha1_base64="Z10Pt/YD3CjBOPpedaQK8KlnB6Q="></latexit><latexit sha1_base64="Z10Pt/YD3CjBOPpedaQK8KlnB6Q="></latexit><latexit sha1_base64="tTtf2xhRRtpNcfY7CSxAM0lgwGc="></latexit>

�i�jE
ij = �

<latexit sha1_base64="X1q9w3haB7pZdnuGXM+7nAz3uIo=">AAACCnicbZDLSgMxFIbPeK31NurSTWgVXJUZN+pCKIrgsoK1hU4dMmmmTZu5kGSEMnTvxldxI3jBjQufwJ0P4t5MW0Rbfwh8/OecJOf3Ys6ksqxPY2Z2bn5hMbeUX15ZXVs3NzavZJQIQqsk4pGoe1hSzkJaVUxxWo8FxYHHac3rnWb12g0VkkXhperHtBngdsh8RrDSlmsWnBgLxTB32Q910dl1yroDdIwc0Ylcs2iVrKHQNNhjKJZ3vh7fAKDimh9OKyJJQENFOJayYVuxaqbZ7YTTQd5JJI0x6eE2bWgMcUBlMx3uMkC72mkhPxL6hAoN3d8TKQ6k7Aee7gyw6sjJWmb+V2skyj9spiyME0VDMnrITzhSEcqCQS0mKFG8rwETwfRfEelggYnS8eV1CPbkytNQ3S8dlewLHcYJjJSDbSjAHthwAGU4hwpUgcAt3MMTPBt3xoPxYryOWmeM8cwW/JHx/g3lZp1x</latexit><latexit sha1_base64="jmWCZY8ylh3LahZJy+OCkhNGReY=">AAACCnicbZDLSgMxFIYz9VZbL6Mu3YRWwVWZcaMuhKIILis4ttAZh0yaadNmLiSZQhm6d+OruBG84FKfwJ0PomszbRFt/SHw8Z9zkpzfixkV0jA+tNzc/MLiUn65UFxZXVvXNzavRJRwTCwcsYg3PCQIoyGxJJWMNGJOUOAxUvd6p1m93idc0Ci8lIOYOAFqh9SnGElluXrJjhGXFDGX/lAXnl2ntDuEx9DmncjVy0bFGAnOgjmBcnXn8+G1X/yqufq73YpwEpBQYoaEaJpGLJ00ux0zMizYiSAxwj3UJk2FIQqIcNLRLkO4q5wW9COuTijhyP09kaJAiEHgqc4AyY6YrmXmf7VmIv1DJ6VhnEgS4vFDfsKgjGAWDGxRTrBkAwUIc6r+CnEHcYSliq+gQjCnV54Fa79yVDEvVBgnYKw82AYlsAdMcACq4BzUgAUwuAF34BE8abfavfasvYxbc9pkZgv8kfb2DdyMnus=</latexit><latexit sha1_base64="jmWCZY8ylh3LahZJy+OCkhNGReY=">AAACCnicbZDLSgMxFIYz9VZbL6Mu3YRWwVWZcaMuhKIILis4ttAZh0yaadNmLiSZQhm6d+OruBG84FKfwJ0PomszbRFt/SHw8Z9zkpzfixkV0jA+tNzc/MLiUn65UFxZXVvXNzavRJRwTCwcsYg3PCQIoyGxJJWMNGJOUOAxUvd6p1m93idc0Ci8lIOYOAFqh9SnGElluXrJjhGXFDGX/lAXnl2ntDuEx9DmncjVy0bFGAnOgjmBcnXn8+G1X/yqufq73YpwEpBQYoaEaJpGLJ00ux0zMizYiSAxwj3UJk2FIQqIcNLRLkO4q5wW9COuTijhyP09kaJAiEHgqc4AyY6YrmXmf7VmIv1DJ6VhnEgS4vFDfsKgjGAWDGxRTrBkAwUIc6r+CnEHcYSliq+gQjCnV54Fa79yVDEvVBgnYKw82AYlsAdMcACq4BzUgAUwuAF34BE8abfavfasvYxbc9pkZgv8kfb2DdyMnus=</latexit><latexit sha1_base64="VuxRzTb0pOh0JBYUt9D/HHKYFjY=">AAACCnicbZBPS8MwGMZT/875r+rRS9gQPI3Wi3oQhiJ4nGDdYK0lzdItW5qUJBVG2d2LX8WLBxWvfgJvfhvTbYhuPhD48bzvm+R9opRRpR3ny1pYXFpeWS2tldc3Nre27Z3dWyUyiYmHBROyFSFFGOXE01Qz0kolQUnESDMaXBT15j2Rigp+o4cpCRLU5TSmGGljhXbFT5HUFLGQ/lAfXt7ltD+CZ9CXPRHaVafmjAXnwZ1CFUzVCO1PvyNwlhCuMUNKtV0n1UFe3I4ZGZX9TJEU4QHqkrZBjhKigny8ywgeGKcDYyHN4RqO3d8TOUqUGiaR6UyQ7qnZWmH+V2tnOj4JcsrTTBOOJw/FGYNawCIY2KGSYM2GBhCW1PwV4h6SCGsTX9mE4M6uPA/eUe205l471fr5NI0S2AcVcAhccAzq4Ao0gAcweABP4AW8Wo/Ws/VmvU9aF6zpzB74I+vjGx3UmqI=</latexit>

[Eij , Aij ] = i�(2)(x)
<latexit sha1_base64="WT/sALe662v2VNTNo2MXxe+4lmg=">AAACEHicbVDLSsNAFL3xWeur6tLNYBUiSEncqAuhKoLLCtYKaVom04mOTh7MTMQS8gtu/BURXPjaunTnh7h30nah1QOXezjnXmbu8WLOpLKsT2NkdGx8YrIwVZyemZ2bLy0snsooEYTWScQjceZhSTkLaV0xxelZLCgOPE4b3tVB7jeuqZAsCk9UN6ZugM9D5jOClZbaJdM5bKXsMtvYa+fNRbuINTuUK9xKzc31zEybno9usvV2qWxVrB7QX2IPSLm6+vXwCgC1dumj2YlIEtBQEY6ldGwrVm6KhWKE06zYTCSNMbnC59TRNMQBlW7auyhDa1rpID8SukKFeurPjRQHUnYDT08GWF3IYS8X//OcRPnbbsrCOFE0JP2H/IQjFaE8HtRhghLFu5pgIpj+KyIXWGCidIhFHYI9fPJfUt+s7FTsYx3GPvRRgGVYARNs2IIqHEEN6kDgFu7hCZ6NO+PReDHe+qMjxmBnCX7BeP8Gn+2ewQ==</latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="YVOqhcwJU8M+Pr+Rsi3kZfGQ084=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VoQUrSjboQqiK4rGBsoUnLZDppx04ezEzEEvILbvwVNy5U3Lp05984abPQ1gOXezjnXmbucSNGhTSMb62wsLi0vFJcLa2tb2xu6ds7tyKMOSYWDlnI2y4ShNGAWJJKRtoRJ8h3GWm5o4vMb90TLmgY3MhxRBwfDQLqUYykknp6pXPZTehdenjWy5oDTyG1+4RJ1E0q9WpaSWzXgw9ptaeXjZoxAZwnZk7KIEezp3/Z/RDHPgkkZkiIjmlE0kkQlxQzkpbsWJAI4REakI6iAfKJcJLJRSk8UEofeiFXFUg4UX9vJMgXYuy7atJHcihmvUz8z+vE0jt2EhpEsSQBnj7kxQzKEGbxwD7lBEs2VgRhTtVfIR4ijrBUIZZUCObsyfPEqtdOaua1UW6c52kUwR7YBxVggiPQAFegCSyAwSN4Bq/gTXvSXrR37WM6WtDynV3wB9rnD9hMm/I=</latexit>

�t� + �i�jJ
ij = 0

<latexit sha1_base64="/L2aIQEjabMrYbVyEN2MfvLFl38=">AAACFnicbZDLSgMxFIbP1Futt1GXboJVEIRhxo26EIpuxFUFxxbasWTStE2buZBkhDL0Ldz4Ii7cKKi4FXc+iHvTC0Vbfwh8/OecJOf3Y86ksu0vIzMzOze/kF3MLS2vrK6Z6xvXMkoEoS6JeCTKPpaUs5C6iilOy7GgOPA5Lfmds369dEuFZFF4pbox9QLcDFmDEay0VTOtaoyFYpjXVFW0IrSPxgYbUxtd3KSs3Tuxa2betuyB0DQ4I8gXdr4fngGgWDM/q/WIJAENFeFYyopjx8pL+xcTTnu5aiJpjEkHN2lFY4gDKr10sFcP7WqnjhqR0CdUaOD+nkhxIGU38HVngFVLTtb65n+1SqIaR17KwjhRNCTDhxoJRypC/ZBQnQlKFO9qwEQw/VdEWlhgonSUOR2CM7nyNLgH1rHlXOowTmGoLGzBNuyBA4dQgHMoggsE7uARXuDVuDeejDfjfdiaMUYzm/BHxscPHQmiZQ==</latexit><latexit sha1_base64="MFlfkmkoF5jJKW7TxPquWNFhVCM=">AAACFnicbZDLSgMxFIYzXmvrZdSlm2AVBKHMuFEXQtGNuKrg2EJnHDJppk2buZBkCmXoW7jxRVy4cVHFrbjzQXRtpi1FW38IfPznnCTn92JGhTSMT21ufmFxaTm3ki+srq1v6JtbtyJKOCYWjljEax4ShNGQWJJKRmoxJyjwGKl6nYusXu0SLmgU3sheTJwANUPqU4yksly9ZMeIS4qYK23eiuAhnBh0Qm14dZfSdv/McPWiUTKGgrNgjqFY3vt6HHQL3xVX/7AbEU4CEkrMkBB104ilk2YXY0b6eTsRJEa4g5qkrjBEARFOOtyrD/eV04B+xNUJJRy6vydSFAjRCzzVGSDZEtO1zPyvVk+kf+KkNIwTSUI8eshPGJQRzEKCDcoJlqynAGFO1V8hbiGOsFRR5lUI5vTKs2AdlU5L5rUK4xyMlAM7YBccABMcgzK4BBVgAQzuwRMYgBftQXvWXrW3UeucNp7ZBn+kvf8AFC+j3w==</latexit><latexit sha1_base64="MFlfkmkoF5jJKW7TxPquWNFhVCM=">AAACFnicbZDLSgMxFIYzXmvrZdSlm2AVBKHMuFEXQtGNuKrg2EJnHDJppk2buZBkCmXoW7jxRVy4cVHFrbjzQXRtpi1FW38IfPznnCTn92JGhTSMT21ufmFxaTm3ki+srq1v6JtbtyJKOCYWjljEax4ShNGQWJJKRmoxJyjwGKl6nYusXu0SLmgU3sheTJwANUPqU4yksly9ZMeIS4qYK23eiuAhnBh0Qm14dZfSdv/McPWiUTKGgrNgjqFY3vt6HHQL3xVX/7AbEU4CEkrMkBB104ilk2YXY0b6eTsRJEa4g5qkrjBEARFOOtyrD/eV04B+xNUJJRy6vydSFAjRCzzVGSDZEtO1zPyvVk+kf+KkNIwTSUI8eshPGJQRzEKCDcoJlqynAGFO1V8hbiGOsFRR5lUI5vTKs2AdlU5L5rUK4xyMlAM7YBccABMcgzK4BBVgAQzuwRMYgBftQXvWXrW3UeucNp7ZBn+kvf8AFC+j3w==</latexit><latexit sha1_base64="4AIKnNjiv9kAUIT7iUH1LPPNFyI=">AAACFnicbZBPS8MwGMbT+W/Of1WPXoJDEITSelEPwtCLeJpg3WCrJc3SLVualiQVRtm38OJX8eJBxat489uYbmXo5gOBH8/7vkneJ0gYlcq2v43SwuLS8kp5tbK2vrG5ZW7v3Mk4FZi4OGaxaAZIEkY5cRVVjDQTQVAUMNIIBpd5vfFAhKQxv1XDhHgR6nIaUoyUtnzTaidIKIqYr9qiF8MjODXolPrw+j6j/dG57ZtV27LHgvPgFFAFheq++dXuxDiNCFeYISlbjp0oL8svxoyMKu1UkgThAeqSlkaOIiK9bLzXCB5opwPDWOjDFRy7vycyFEk5jALdGSHVk7O13Pyv1kpVeOpllCepIhxPHgpTBlUM85BghwqCFRtqQFhQ/VeIe0ggrHSUFR2CM7vyPLjH1pnl3NjV2kWRRhnsgX1wCBxwAmrgCtSBCzB4BM/gFbwZT8aL8W58TFpLRjGzC/7I+PwBVWiflg==</latexit>

�tE
ij +

1
2
(�ik�kBj + �jk�kBi) = �J ij

<latexit sha1_base64="0gFBCG93/+5RY/b2b20Btm/O9K8="></latexit><latexit sha1_base64="/oa4jPErkz37kkN5Sd4L9Le+uPM="></latexit><latexit sha1_base64="/oa4jPErkz37kkN5Sd4L9Le+uPM="></latexit><latexit sha1_base64="YUeffrMHIeYBH/2LK1y6psAMfOg="></latexit>

�tnd + �iJ
i
d = �J i

i
<latexit sha1_base64="hmP9pmOZcj4nUbACDonBP6mSgNY=">AAACF3icbZDLSsNAFIZP6q3WW9Slm6FFENSauFEXQtGNuKpgbaGpYTKd2qGTSZiZCCX0Mdz4Km5cqLjVneDCR3HSFvH2w8DPd87hzPmDmDOlHefNyk1MTk3P5GcLc/MLi0v28sqFihJJaI1EPJKNACvKmaA1zTSnjVhSHAac1oPecVavX1OpWCTOdT+mrRBfCdZhBGuDfHvHi7HUDHNfI+G30Sb6Auz0khlyiLYzk3pb3hYb+HbJKTtDob/GHZtSpbjx/gEAVd9+9doRSUIqNOFYqabrxLqVZjsIp4OClygaY9LDV7RprMAhVa10eNgArRvSRp1Imic0GtLvEykOleqHgekMse6q37UM/ldrJrqz30qZiBNNBRkt6iQc6QhlKaE2k5Ro3jcGE8nMXxHpYomJNlkWTAju75P/mtpu+aDsnpkwjmCkPKxBETbAhT2owAlUoQYEbuAOHuDRurXurSfredSas8Yzq/BD1ssn8f6g3w==</latexit><latexit sha1_base64="WvRtXWOG0r8EQ28DApzJPwDiNyQ=">AAACF3icbZDNSgMxFIUz9a/Wv1GXbkKLULDWGTfVhVB0I64qWFvo1CGTpm1oJjMkGaEMfQw3+ihuXKjoUneiD2OmLaKtBwKH797LzT1eyKhUlvVhpGZm5+YX0ouZpeWV1TVzfeNSBpHApIoDFoi6hyRhlJOqooqReigI8j1Gal7vJKnXromQNOAXqh+Spo86nLYpRkoj19xzQiQURcxVkLstuAN/AD27opocwd3ExE7BKdCBa+asojUUnDb22OTK2fzXZ+n1ruKa704rwJFPuMIMSdmwrVA142QHZmSQcSJJQoR7qEMa2nLkE9mMh4cN4LYmLdgOhH5cwSH9PREjX8q+7+lOH6munKwl8L9aI1Ltg2ZMeRgpwvFoUTtiUAUwSQm2qCBYsb42CAuq/wpxFwmElc4yo0OwJ0+eNtX94mHRPtdhHIOR0mALZEEe2KAEyuAUVEAVYHAD7sEjeDJujQfj2XgZtaaM8cwm+CPj7RsOi6J1</latexit><latexit sha1_base64="WvRtXWOG0r8EQ28DApzJPwDiNyQ=">AAACF3icbZDNSgMxFIUz9a/Wv1GXbkKLULDWGTfVhVB0I64qWFvo1CGTpm1oJjMkGaEMfQw3+ihuXKjoUneiD2OmLaKtBwKH797LzT1eyKhUlvVhpGZm5+YX0ouZpeWV1TVzfeNSBpHApIoDFoi6hyRhlJOqooqReigI8j1Gal7vJKnXromQNOAXqh+Spo86nLYpRkoj19xzQiQURcxVkLstuAN/AD27opocwd3ExE7BKdCBa+asojUUnDb22OTK2fzXZ+n1ruKa704rwJFPuMIMSdmwrVA142QHZmSQcSJJQoR7qEMa2nLkE9mMh4cN4LYmLdgOhH5cwSH9PREjX8q+7+lOH6munKwl8L9aI1Ltg2ZMeRgpwvFoUTtiUAUwSQm2qCBYsb42CAuq/wpxFwmElc4yo0OwJ0+eNtX94mHRPtdhHIOR0mALZEEe2KAEyuAUVEAVYHAD7sEjeDJujQfj2XgZtaaM8cwm+CPj7RsOi6J1</latexit><latexit sha1_base64="FXPCg6Iovt5iAqRi3LW2tm4qUK4=">AAACF3icbZDNSsNAFIUn9a/Wv6hLN4NFEKw1caMuhKIbcVXB2EITw2QybYdOJmFmIpTQx3Djq7hxoeJWd76NkzaIVg8MHL57L3fuCRJGpbKsT6M0Mzs3v1BerCwtr6yumesbNzJOBSYOjlks2gGShFFOHEUVI+1EEBQFjLSCwXleb90RIWnMr9UwIV6Eepx2KUZKI988cBMkFEXMV5D7IdyD34Be3lJNTuF+bjK35tboyDerVt0aC/41dmGqoFDTNz/cMMZpRLjCDEnZsa1EeVm+AzMyqripJAnCA9QjHW05ioj0svFhI7ijSQi7sdCPKzimPycyFEk5jALdGSHVl9O1HP5X66Sqe+xllCepIhxPFnVTBlUM85RgSAXBig21QVhQ/VeI+0ggrHSWFR2CPX3yX+Mc1k/q9pVVbZwVaZTBFtgGu8AGR6ABLkATOACDe/AInsGL8WA8Ga/G26S1ZBQzm+CXjPcv43WemQ==</latexit>

Marchetti, L.R. 1998



Fracton dual “superconductor”M. Pretko, 
L. R., 2017
PRLs 2018

• trace over fractons and dipoles:

L =
1
2
E2

ij �
1
2
B2

i � cos(�t� �A0) + g cos(�i�j� �Aij)
<latexit sha1_base64="MWA8VNLqJvTVWG9BDENFYIxDCeg="></latexit><latexit sha1_base64="jVnS/kMfsXzAu+zx18qzjkrQgAU="></latexit><latexit sha1_base64="jVnS/kMfsXzAu+zx18qzjkrQgAU="></latexit><latexit sha1_base64="W/aa3DMBhm0OLeTn/aI0Pr867Xs="></latexit>

• Fractons in “normal” Coulomb phase (crystal)

• Higgs transition out of fracton phase (liquid)



• Flavored xy model -> vector gauge duality (no fractons)

• Reformulate elasticity into coupled xy models: 

• Target space rotational symmetry:

--->

->

->

Fractons via vector gauge theory ?L. R. 2016

uik �� �iuk
<latexit sha1_base64="bhFZ6btmb4cqaBOD+5mOMQWcCQk=">AAACDXicbZC7TsMwFIZPyq2UWwGJhcWiIDFVCQuMFSyMrUQvUlMFx3Vaq44d2Q6oivoCLLwKCwMIsbKzsfAsuJcBWn7J0qf/nGP7/GHCmTau++XklpZXVtfy64WNza3tneLuXkPLVBFaJ5JL1QqxppwJWjfMcNpKFMVxyGkzHFyN6807qjST4sYME9qJcU+wiBFsrBUUj9MgY4ORz6XoKdbrG6yUvEd+gpVhmAcMpcEgKJbcsjsRWgRvBqXKQe37FgCqQfHT70qSxlQYwrHWbc9NTCcb30k4HRX8VNMEkwHu0bZFgWOqO9lkmxE6sU4XRVLZIwyauL8nMhxrPYxD2xlj09fztbH5X62dmuiikzGRpIYKMn0oSjkyEo2jQV2mKDF8aAETxexfEeljhYmxARZsCN78yovQOCt7lms2jUuYKg+HcASn4ME5VOAaqlAHAg/wBC/w6jw6z86b8z5tzTmzmX34I+fjB1Csnnk=</latexit><latexit sha1_base64="Z1lM6IEplVG+eAv8t3gYvbCeQkE=">AAACDXicbZC7SgNBFIZn4y3GW1SwsRmMglXYtdEyxMYyAXOBJCyzk8lm2NmZZS5KWPICNj6JYGOhiJVgb2fjszibpNDEHwY+/nPOzJw/SBhV2nW/nNzS8srqWn69sLG5tb1T3N1rKmEkJg0smJDtACnCKCcNTTUj7UQSFAeMtILoMqu3bohUVPBrPUpIL0YhpwOKkbaWXzw2fkqjcZcJHkoaDjWSUtzCboKkpoj5FBo/8oslt+xOBBfBm0GpclD/pg/V95pf/Oz2BTYx4RozpFTHcxPdS7M7MSPjQtcokiAcoZB0LHIUE9VLJ9uM4Yl1+nAgpD1cw4n7eyJFsVKjOLCdMdJDNV/LzP9qHaMHF72U8sRowvH0oYFhUAuYRQP7VBKs2cgCwpLav0I8RBJhbQMs2BC8+ZUXoXlW9izXbRpVMFUeHIIjcAo8cA4q4ArUQANgcAcewTN4ce6dJ+fVeZu25pzZzD74I+fjB6HtoDU=</latexit><latexit sha1_base64="Z1lM6IEplVG+eAv8t3gYvbCeQkE=">AAACDXicbZC7SgNBFIZn4y3GW1SwsRmMglXYtdEyxMYyAXOBJCyzk8lm2NmZZS5KWPICNj6JYGOhiJVgb2fjszibpNDEHwY+/nPOzJw/SBhV2nW/nNzS8srqWn69sLG5tb1T3N1rKmEkJg0smJDtACnCKCcNTTUj7UQSFAeMtILoMqu3bohUVPBrPUpIL0YhpwOKkbaWXzw2fkqjcZcJHkoaDjWSUtzCboKkpoj5FBo/8oslt+xOBBfBm0GpclD/pg/V95pf/Oz2BTYx4RozpFTHcxPdS7M7MSPjQtcokiAcoZB0LHIUE9VLJ9uM4Yl1+nAgpD1cw4n7eyJFsVKjOLCdMdJDNV/LzP9qHaMHF72U8sRowvH0oYFhUAuYRQP7VBKs2cgCwpLav0I8RBJhbQMs2BC8+ZUXoXlW9izXbRpVMFUeHIIjcAo8cA4q4ArUQANgcAcewTN4ce6dJ+fVeZu25pzZzD74I+fjB6HtoDU=</latexit><latexit sha1_base64="XAYrQa2iSIDMHHHLUVDP3w/VnCQ=">AAACDXicbZC7TsMwFIadcivlFmBksShITFXCAmMFC2OR6EVqoshxndSKY0e2A6qivgALr8LCAEKs7Gy8DU6bAVp+ydKn/5xj+/xhxqjSjvNt1VZW19Y36puNre2d3T17/6CnRC4x6WLBhByESBFGOelqqhkZZJKgNGSkHybXZb1/T6Sigt/pSUb8FMWcRhQjbazAPsmDgiZTjwkeSxqPNZJSPEAvQ1JTxAIK8yAJ7KbTcmaCy+BW0ASVOoH95Y0EzlPCNWZIqaHrZNovyjsxI9OGlyuSIZygmAwNcpQS5Rezbabw1DgjGAlpDtdw5v6eKFCq1CQNTWeK9Fgt1krzv9ow19GlX1Ce5ZpwPH8oyhnUApbRwBGVBGs2MYCwpOavEI+RRFibABsmBHdx5WXonbdcw7dOs31VxVEHR+AYnAEXXIA2uAEd0AUYPIJn8ArerCfrxXq3PuatNauaOQR/ZH3+AMIFnJQ=</latexit>

H =
1
2
�2

k +
1
2
Cu2

ik
<latexit sha1_base64="0vJylREpBPL/DMk8vMOo4+OeMHw=">AAACHnicbZDLSgMxFIbP1Futt6pLN8EiCEKZKYjdCMVuuqxgL9Bph0yaaUMzF5KMUIZ5Eje+ihsXiiiudOWrmF4WtfWHwMd/zuHk/G7EmVSm+W1k1tY3Nrey27md3b39g/zhUVOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23FF1Um/dUyFZGNypcUS7Ph4EzGMEK205+cvEJpijWoquke0JTBIrTUqpHTFn1Cuhi0WzimInYaO0V3LyBbNoToVWwZpDoVL++UAAUHfyn3Y/JLFPA0U4lrJjmZHqJlgoRjhNc3YsaYTJCA9oR2OAfSq7yfS8FJ1pp4+8UOgXKDR1FycS7Es59l3d6WM1lMu1iflfrRMrr9xNWBDFigZktsiLOVIhmmSF+kxQovhYAyaC6b8iMsQ6D6UTzekQrOWTV6FZKlqab3UaNzBTFk7gFM7BgiuoQA3q0AACD/AEL/BqPBrPxpvxPmvNGPOZY/gj4+sXQuKjjA==</latexit><latexit sha1_base64="iKZbjkYbtLeyU5P0W+AXTyoO7+g="></latexit><latexit sha1_base64="iKZbjkYbtLeyU5P0W+AXTyoO7+g="></latexit><latexit sha1_base64="/2VOu73Yh7YWcXiguH/fw7nX1Ok=">AAACHnicbZDLSsNAFIYn9VbrLerSzWARBKEkBdGNUOymywr2Ak0aJtNJO2QyCTMToYQ8iRtfxY0LRQRX+jZO2yy09YeBj/+cw5nz+wmjUlnWt1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT8sDmr9x6IkDTm92qaEDdCY04DipHSlmdeZg5GDLZyeAOdQCCc2XlWz52EeuGwDi9+m02YehkN82HdM6tWzZoLroJdQBUUanvmpzOKcRoRrjBDUg5sK1FuhoSimJG84qSSJAiHaEwGGjmKiHSz+Xk5PNPOCAax0I8rOHd/T2QoknIa+bozQmoil2sz87/aIFXBtZtRnqSKcLxYFKQMqhjOsoIjKghWbKoBYUH1XyGeIJ2H0olWdAj28smr0K3XbM13VrVxW8RRBifgFJwDG1yBBmiBNugADB7BM3gFb8aT8WK8Gx+L1pJRzByDPzK+fgAvF6FF</latexit>

�� H =
1
2
�2

k +
1
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C(�iuk � g��ik)2 +

1
2
L2 +

1
2
K(��)2

<latexit sha1_base64="90PIigcj3WLhjV5+0b61g6gSa30="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="xOqSAjidZrSM57hMvdBm5MqrmlM=">AAAB5HicbZBNS8NAEIYnftb4Vb16WSyCp5J40aPgxWMF+wFtKZvNpF262YTdiVBC/4AHLyJe/U3e/DduP0BtfWHh4Z0ZduaNciUtBcGXt7G5tb2zW9nz9w/8w6Pj6knLZoUR2BSZykwn4haV1NgkSQo7uUGeRgrb0fhuVm8/obEy0480ybGf8qGWiRScnNUYVGtBPZiLrUO4hBosNah+9uJMFClqEopb2w2DnPolNySFwqnfKyzmXIz5ELsONU/R9sv5mlN24ZyYJZlxTxObu78nSp5aO0kj15lyGtnV2sz8r9YtKLnpl1LnBaEWi4+SQjHK2OxmFkuDgtTEARdGul2ZGHHDBblkfJdBuHrxOrSu6qHjh58woAJncA6XEMI13MI9NKAJAmJ4hldv5L14b977onHDW06cwh95H98YPIsC</latexit><latexit sha1_base64="Abj8GZXNJZ6QfjjvjJahXkbUKFM="></latexit><latexit sha1_base64="J8h+OIy4Xj/PzIcXt+fJbpEP1wk="></latexit><latexit sha1_base64="IG0owbG1Ghh3npqh7NPQCsBNINI="></latexit><latexit sha1_base64="IG0owbG1Ghh3npqh7NPQCsBNINI="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="IG0owbG1Ghh3npqh7NPQCsBNINI="></latexit>

H =
1
2
n2

k +
1
2
|��k|2 �� H̃ =

1
2
(��Ak)2 +

1
2
|Ek|2

<latexit sha1_base64="i+XI6I4YnR8pcayxIGqIBrY4MjY="></latexit><latexit sha1_base64="ecJgLQI7Lmsw2wSELx6OCgRJVjg="></latexit><latexit sha1_base64="ecJgLQI7Lmsw2wSELx6OCgRJVjg="></latexit><latexit sha1_base64="qOd/WEnFG3hzzfi090Vflzd+h9I="></latexit>

ux = x(cos � � 1) + y sin �
<latexit sha1_base64="Ga9RHPP5ZQOaJSGATFelGuz6wg0=">AAACDnicbZC/SgNBEMbn/Bvjv1NLm8UQiIjhzkYbQbSxjGCikAthb7MxS/b2jt05STh8AhsfwVewsVDE1trOt3GTS6HRDxZ+fDPD7HxhIoVBz/tyZmbn5hcWC0vF5ZXVtXV3Y7Nh4lQzXmexjPV1SA2XQvE6CpT8OtGcRqHkV2H/bFS/uuXaiFhd4jDhrYjeKNEVjKK12m45bQ/IMRlUAhabAHscKdkn/i7ZI8PACJVbbbfkVb2xyF/wJ1A62Qn2HgGg1nY/g07M0ogrZJIa0/S9BFsZ1SiY5HfFIDU8oaxPb3jToqIRN61sfM4dKVunQ7qxtk8hGbs/JzIaGTOMQtsZUeyZ6drI/K/WTLF71MqESlLkiuWLuqkkGJNRNqQjNGcohxYo08L+lbAe1ZShTbBoQ/CnT/4LjYOqb/nCpnEKuQqwDTtQAR8O4QTOoQZ1YHAPT/ACr86D8+y8Oe9564wzmdmCX3I+vgFZfJvh</latexit><latexit sha1_base64="GqwqNhuWeITK6kXgnK7+nDO19Gc=">AAACDnicbZC7SgNBFIZn4y3G26qlzZAQiATDro02QtDGMoK5QDaE2ckkGTI7u8yclSwhT2Bj4YvYWChia22Xt3FyKTTxh4GP/5zDmfP7keAaHGdipdbWNza30tuZnd29/QP78Kimw1hRVqWhCFXDJ5oJLlkVOAjWiBQjgS9Y3R/cTOv1B6Y0D+U9JBFrBaQneZdTAsZq2/m4PcRXeFjwaKg96DMg+Ay7p7iIE09zObfads4pOTPhVXAXkCtnveLzpJxU2va31wlpHDAJVBCtm64TQWtEFHAq2DjjxZpFhA5IjzUNShIw3RrNzhnjvHE6uBsq8yTgmft7YkQCrZPAN50Bgb5erk3N/2rNGLqXrRGXUQxM0vmibiwwhHiaDe5wxSiIxAChipu/YtonilAwCWZMCO7yyatQOy+5hu9MGtdorjQ6QVlUQC66QGV0iyqoiih6RC/oDb1bT9ar9WF9zltT1mLmGP2R9fUDYuadZw==</latexit><latexit sha1_base64="GqwqNhuWeITK6kXgnK7+nDO19Gc=">AAACDnicbZC7SgNBFIZn4y3G26qlzZAQiATDro02QtDGMoK5QDaE2ckkGTI7u8yclSwhT2Bj4YvYWChia22Xt3FyKTTxh4GP/5zDmfP7keAaHGdipdbWNza30tuZnd29/QP78Kimw1hRVqWhCFXDJ5oJLlkVOAjWiBQjgS9Y3R/cTOv1B6Y0D+U9JBFrBaQneZdTAsZq2/m4PcRXeFjwaKg96DMg+Ay7p7iIE09zObfads4pOTPhVXAXkCtnveLzpJxU2va31wlpHDAJVBCtm64TQWtEFHAq2DjjxZpFhA5IjzUNShIw3RrNzhnjvHE6uBsq8yTgmft7YkQCrZPAN50Bgb5erk3N/2rNGLqXrRGXUQxM0vmibiwwhHiaDe5wxSiIxAChipu/YtonilAwCWZMCO7yyatQOy+5hu9MGtdorjQ6QVlUQC66QGV0iyqoiih6RC/oDb1bT9ar9WF9zltT1mLmGP2R9fUDYuadZw==</latexit><latexit sha1_base64="YfWpKthk4+74QGwnjuqQQ+KdWms=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIRMSwa6ONELSxjGAukA3L7GSSDJmdXWbOSsKSJ7DxVWwsFLG1tvNtnCRbaOIPAx//OYcz5w9iwTU4zreVW1ldW9/Ibxa2tnd29+z9g4aOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHgzrTcfmNI8kvcwjlknJH3Je5wSMJZvlxJ/hK/wqOzRSHswYEDwGXZP8Ckee5rLueXbRafizISXwc2giDLVfPvL60Y0CZkEKojWbdeJoZMSBZwKNil4iWYxoUPSZ22DkoRMd9LZORNcMk4X9yJlngQ8c39PpCTUehwGpjMkMNCLtan5X62dQO+yk3IZJ8AknS/qJQJDhKfZ4C5XjIIYGyBUcfNXTAdEEQomwYIJwV08eRka5xXX8J1TrF5nceTRETpGZeSiC1RFt6iG6oiiR/SMXtGb9WS9WO/Wx7w1Z2Uzh+iPrM8fRv2aWA==</latexit>

uy = �x sin � + y(cos � � 1)
<latexit sha1_base64="HNoSHT3ocaEIfmvmfIQj4P4aZc8=">AAACD3icbZC7SgNBFIbPxnu8RS1tBqOiiGHXRhshaGMZwSRCNoTZyawZMju7zJwVl+Ab2PgqFlooktbWzgexd3IpvP0w8M1/zmHm/EEihUHX/XByE5NT0zOzc/n5hcWl5cLKas3EqWa8ymIZ68uAGi6F4lUUKPllojmNAsnrQfd0UK9fc21ErC4wS3gzoldKhIJRtFarsJ22MnJM9m98I5SPHY6U7JFsx2exGV/3ibfbKhTdkjsU+QveGIrlzc/HPgBUWoV3vx2zNOIKmaTGNDw3wWaPahRM8tu8nxqeUNalV7xhUdGIm2ZvuM8t2bJOm4SxtkchGbrfJ3o0MiaLAtsZUeyY37WB+V+tkWJ41OwJlaTIFRs9FKaSYEwG4ZC20JyhzCxQpoX9K2EdqilDG2HehuD9Xvkv1A5KnuVzm8YJjDQL67ABO+DBIZThDCpQBQZ38ADP8OLcO0/Oq9Mfteac8cwa/JDz9gWU651f</latexit><latexit sha1_base64="oVCjy/P5Xar3z24VjMFR9/urYSk=">AAACD3icbZDLSgMxFIYz9VZbL1WXboJVqUjLjBvdCEU3LivYC3RKyaRpG5rJDMmZ4lD6Bm58FRe6UERw5dadD6Jr08tCqz8EvvznHJLze6HgGmz7w0rMzS8sLiWXU+mV1bX1zMZmRQeRoqxMAxGomkc0E1yyMnAQrBYqRnxPsKrXOx/Vq32mNA/kFcQha/ikI3mbUwLGamb2o2aMT3H+2tVcutBlQPAhjnMuDfT0msfOQTOTtQv2WPgvOFPIFnc/71/76a9SM/PutgIa+UwCFUTrumOH0BgQBZwKNky5kWYhoT3SYXWDkvhMNwbjfYZ4zzgt3A6UORLw2P05MSC+1rHvmU6fQFfP1kbmf7V6BO2TxoDLMAIm6eShdiQwBHgUDm5xxSiI2AChipu/YtolilAwEaZMCM7syn+hclRwDF+aNM7QREm0jXZQDjnoGBXRBSqhMqLoBt2hR/Rk3VoP1rP1MmlNWNOZLfRL1ts3jYue2Q==</latexit><latexit sha1_base64="oVCjy/P5Xar3z24VjMFR9/urYSk=">AAACD3icbZDLSgMxFIYz9VZbL1WXboJVqUjLjBvdCEU3LivYC3RKyaRpG5rJDMmZ4lD6Bm58FRe6UERw5dadD6Jr08tCqz8EvvznHJLze6HgGmz7w0rMzS8sLiWXU+mV1bX1zMZmRQeRoqxMAxGomkc0E1yyMnAQrBYqRnxPsKrXOx/Vq32mNA/kFcQha/ikI3mbUwLGamb2o2aMT3H+2tVcutBlQPAhjnMuDfT0msfOQTOTtQv2WPgvOFPIFnc/71/76a9SM/PutgIa+UwCFUTrumOH0BgQBZwKNky5kWYhoT3SYXWDkvhMNwbjfYZ4zzgt3A6UORLw2P05MSC+1rHvmU6fQFfP1kbmf7V6BO2TxoDLMAIm6eShdiQwBHgUDm5xxSiI2AChipu/YtolilAwEaZMCM7syn+hclRwDF+aNM7QREm0jXZQDjnoGBXRBSqhMqLoBt2hR/Rk3VoP1rP1MmlNWNOZLfRL1ts3jYue2Q==</latexit><latexit sha1_base64="wH87yAQGGcSo/sCgU+HIY45C8JE=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKtIy40Y3QtGNywr2Ap2hZNK0Dc1khuSMOJS+gRtfxY0LRdy6defbmLaz0NYfAl/+cw7J+YNYcA2O823llpZXVtfy64WNza3tHXt3r6GjRFFWp5GIVCsgmgkuWR04CNaKFSNhIFgzGF5P6s17pjSP5B2kMfND0pe8xykBY3Xs46ST4ktcfvA0lx4MGBB8itOSRyOdXcvYPenYRafiTIUXwc2giDLVOvaX141oEjIJVBCt264Tgz8iCjgVbFzwEs1iQoekz9oGJQmZ9kfTfcb4yDhd3IuUORLw1P09MSKh1mkYmM6QwEDP1ybmf7V2Ar0Lf8RlnACTdPZQLxEYIjwJB3e5YhREaoBQxc1fMR0QRSiYCAsmBHd+5UVonFVcw7dOsXqVxZFHB+gQlZCLzlEV3aAaqiOKHtEzekVv1pP1Yr1bH7PWnJXN7KM/sj5/AMp7mpA=</latexit>



• Reformulate elasticity into flavored coupled xy models: 

• Dualize to a coupled vector gauge theory:  

- Gauss’ law:

- Gauge redundancy:

- fractons: 

gauge invariance demands

Fractons via vector gauge theory !L. R. 2016

�� H =
1
2
�2

k +
1
2
C(�iuk � g��ik)2 +

1
2
L2 +

1
2
K(��)2

<latexit sha1_base64="90PIigcj3WLhjV5+0b61g6gSa30="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="xOqSAjidZrSM57hMvdBm5MqrmlM=">AAAB5HicbZBNS8NAEIYnftb4Vb16WSyCp5J40aPgxWMF+wFtKZvNpF262YTdiVBC/4AHLyJe/U3e/DduP0BtfWHh4Z0ZduaNciUtBcGXt7G5tb2zW9nz9w/8w6Pj6knLZoUR2BSZykwn4haV1NgkSQo7uUGeRgrb0fhuVm8/obEy0480ybGf8qGWiRScnNUYVGtBPZiLrUO4hBosNah+9uJMFClqEopb2w2DnPolNySFwqnfKyzmXIz5ELsONU/R9sv5mlN24ZyYJZlxTxObu78nSp5aO0kj15lyGtnV2sz8r9YtKLnpl1LnBaEWi4+SQjHK2OxmFkuDgtTEARdGul2ZGHHDBblkfJdBuHrxOrSu6qHjh58woAJncA6XEMI13MI9NKAJAmJ4hldv5L14b977onHDW06cwh95H98YPIsC</latexit><latexit sha1_base64="Abj8GZXNJZ6QfjjvjJahXkbUKFM="></latexit><latexit sha1_base64="J8h+OIy4Xj/PzIcXt+fJbpEP1wk="></latexit><latexit sha1_base64="IG0owbG1Ghh3npqh7NPQCsBNINI="></latexit><latexit sha1_base64="IG0owbG1Ghh3npqh7NPQCsBNINI="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="lsVsGhUo4QC2oLkPCpdfZh/JPvU="></latexit><latexit sha1_base64="IG0owbG1Ghh3npqh7NPQCsBNINI="></latexit>

H̃ =
1
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C|Ek|2 +

1
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(��Ak)2 +
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K|e|2 +
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(�� a + gAa)2 �Ak · Jb

k � a · js
<latexit sha1_base64="1QHk2nwSSAaLVkkgxe+KkUJ/xE0="></latexit><latexit sha1_base64="2fFMDaLZcyaUfyeQ5C/yMNhGmcQ="></latexit><latexit sha1_base64="2fFMDaLZcyaUfyeQ5C/yMNhGmcQ="></latexit><latexit sha1_base64="2UvTaX6wqbNJmvbS3sDHO6d5PBg="></latexit>

� · Ek = p̃k
<latexit sha1_base64="jn0Op/ibBc8lWYAa4WbHYR0N2g0=">AAACC3icbZDPSsNAEMYn9X+1GvWoh0URPJXUi16EoggeW7AqNCVsNpt26WYTdidCCb178VW8eFDEqy/gzZuP4rYVUesHCz++mWF2vjCTwqDnvTulmdm5+YXFpfLySmV1zV3fuDRprhlvsVSm+jqkhkuheAsFSn6daU6TUPKrsH86ql/dcG1Eqi5wkPFOQrtKxIJRtFbg7viKhpL6LEqx8MOYnA2DPjkmPgoZcZIF/Urg7npVbyzyDbW/sFvffmp+AEAjcN/8KGV5whUySY1p17wMOwXVKJjkw7KfG55R1qdd3raoaMJNpxjfMiR71olInGr7FJKx+3OioIkxgyS0nQnFnvlbG5n/1do5xkedQqgsR67YZFGcS4IpGQVDIqE5QzmwQJkW9q+E9aimDG18ZRvC1MnTcHlQrVlu2jROYKJF2IId2IcaHEIdzqEBLWBwC/fwCE/OnfPgPDsvk9aS8zWzCb/kvH4CfWScPg==</latexit><latexit sha1_base64="eBanA+7sVnfyv1gPSEIakIMk+SI=">AAACC3icbZDNSgMxFIUz9a9Wq1WXioQWwVWZutGNUBTBZQv2BzplyGQybWgmMyR3hDJ0KbjxVdy4sIhbX8Cdz+BLmLYi2nog8HHuvdzc48WCa7DtDyuztLyyupZdz21s5re2Czu7TR0lirIGjUSk2h7RTHDJGsBBsHasGAk9wVre4HJSb90ypXkkb2AYs25IepIHnBIwllsoOpJ4gjjUjyB1vABfjdwBPscOcOEzHLuDvFso2WV7KvwDlXkoVQ/G9c+7w3HNLbw7fkSTkEmggmjdqdgxdFOigFPBRjkn0SwmdEB6rGNQkpDpbjq9ZYSPjOPjIFLmScBT9/dESkKth6FnOkMCfT1fm5j/1ToJBGfdlMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8ORPCwsmL0DwpVwzXTRoXaKYs2kdFdIwq6BRV0TWqoQai6B49omc0th6sJ+vFep21ZqzvmT30R9bbF1upnaQ=</latexit><latexit sha1_base64="eBanA+7sVnfyv1gPSEIakIMk+SI=">AAACC3icbZDNSgMxFIUz9a9Wq1WXioQWwVWZutGNUBTBZQv2BzplyGQybWgmMyR3hDJ0KbjxVdy4sIhbX8Cdz+BLmLYi2nog8HHuvdzc48WCa7DtDyuztLyyupZdz21s5re2Czu7TR0lirIGjUSk2h7RTHDJGsBBsHasGAk9wVre4HJSb90ypXkkb2AYs25IepIHnBIwllsoOpJ4gjjUjyB1vABfjdwBPscOcOEzHLuDvFso2WV7KvwDlXkoVQ/G9c+7w3HNLbw7fkSTkEmggmjdqdgxdFOigFPBRjkn0SwmdEB6rGNQkpDpbjq9ZYSPjOPjIFLmScBT9/dESkKth6FnOkMCfT1fm5j/1ToJBGfdlMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8ORPCwsmL0DwpVwzXTRoXaKYs2kdFdIwq6BRV0TWqoQai6B49omc0th6sJ+vFep21ZqzvmT30R9bbF1upnaQ=</latexit><latexit sha1_base64="T1yasv5/Dz2tHWLzR+pM06y5DY0=">AAACC3icbZDLSsNAFIYnXmu1GnXpZmgRXJXUjW6EogguK9gLNCFMJpN2yGQSZk6EErp346u4caGIW1/AnW/j9IJo6w8DH/85hzPnDzLBNTjOl7Wyura+sVnaKm/vVHb37P2Djk5zRVmbpiJVvYBoJrhkbeAgWC9TjCSBYN0gvprUu/dMaZ7KOxhlzEvIQPKIUwLG8u2qK0kgiEvDFAo3iPD12I/xBXaBi5DhzI8rvl1z6s5U+Acai1BDc7V8+9MNU5onTAIVROt+w8nAK4gCTgUbl91cs4zQmAxY36AkCdNeMb1ljI+NE+IoVeZJwFP390RBEq1HSWA6EwJDvVibmP/V+jlE517BZZYDk3S2KMoFhhRPgsEhV4yCGBkgVHHzV0yHRBEKJr6yCWHp5GXonNYbhm+dWvNyHkcJHaEqOkENdIaa6Aa1UBtR9ICe0At6tR6tZ+vNep+1rljzmUP0R9bHN21qmfk=</latexit>

� · e = s
<latexit sha1_base64="d9QOSs39vel4qDGyKc7zhA7G6GE=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSN7opFt24rGAv0IQymUzaoZNJmJkIJRT6Km5cKOLWN3Dvzrdx2opo6w8DH/85h3PmDzPOlHbdT2tpeWV1bb20YW9ube/sOnv7TZXmktAGSXkq2yFWlDNBG5ppTtuZpDgJOW2Fg+tJvXVPpWKpuNPDjAYJ7gkWM4K1sbrOoS9wyLFPolQXfhgjOqoi1XXKbsWdCv2ANw/ly3e7OgaAetf58KOU5AkVmnCsVMdzMx0UWGpGOB3Zfq5ohskA92jHoMAJVUExPX+ETowToTiV5gmNpu7viQInSg2T0HQmWPfVfG1i/lfr5Dq+CAomslxTQWaL4pwjnaJJFihikhLNhwYwkczcikgfS0y0Scw2ISx8eRGaZxXP8K1brl3BTCU4gmM4BQ/OoQY3UIcGECjgAZ7g2Rpbj9aL9TprXbK+Zw7gj6y3Lybjlxg=</latexit><latexit sha1_base64="3tO4AdgfMtI7CXKtgS1KI6HKYok=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWwVVJ3eimWHTjsoK9QBPKZDJph04mYeZEKKHgq4jgQhG3voF7N+LbOG1FtPWHgY//nMM58wep4Bpc99MqLCwuLa8UV+219Y3NLWd7p6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgrGFyM660bpjRP5DUMU+bHpCd5xCkBY3WdPU+SQBCPhgnkXhBhNqpi3XVKbtmdCP9AZRZKZ292Nb3/sOtd590LE5rFTAIVROtOxU3Bz4kCTgUb2V6mWUrogPRYx6AkMdN+Pjl/hA+NE+IoUeZJwBP390ROYq2HcWA6YwJ9PVsbm//VOhlEp37OZZoBk3S6KMoEhgSPs8AhV4yCGBogVHFzK6Z9oggFk5htQpj78jw0j8sVw1duqXaOpiqifXSAjlAFnaAaukR11EAU5egOPaIn69Z6sJ6tl2lrwfqe2UV/ZL1+ARhymIw=</latexit><latexit sha1_base64="3tO4AdgfMtI7CXKtgS1KI6HKYok=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWwVVJ3eimWHTjsoK9QBPKZDJph04mYeZEKKHgq4jgQhG3voF7N+LbOG1FtPWHgY//nMM58wep4Bpc99MqLCwuLa8UV+219Y3NLWd7p6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgrGFyM660bpjRP5DUMU+bHpCd5xCkBY3WdPU+SQBCPhgnkXhBhNqpi3XVKbtmdCP9AZRZKZ292Nb3/sOtd590LE5rFTAIVROtOxU3Bz4kCTgUb2V6mWUrogPRYx6AkMdN+Pjl/hA+NE+IoUeZJwBP390ROYq2HcWA6YwJ9PVsbm//VOhlEp37OZZoBk3S6KMoEhgSPs8AhV4yCGBogVHFzK6Z9oggFk5htQpj78jw0j8sVw1duqXaOpiqifXSAjlAFnaAaukR11EAU5egOPaIn69Z6sJ6tl2lrwfqe2UV/ZL1+ARhymIw=</latexit><latexit sha1_base64="5bEHS+voUuvY8F5XLlQxC09aEaY=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWwVWZcaMboejGZQV7gc5QMplMG5pJhuSMUIaCr+LGhSJufQ53vo3pBdHWHwIf/zmHc/JHmeAGPO/LKa2srq1vlDcrW9s7u3vu/kHLqFxT1qRKKN2JiGGCS9YEDoJ1Ms1IGgnWjoY3k3r7gWnDlbyHUcbClPQlTzglYK2eexRIEgkS0FhBEUQJZuMrbHpu1at5U+Ef8BehiuZq9NzPIFY0T5kEKogxXd/LICyIBk4FG1eC3LCM0CHps65FSVJmwmJ6/hifWifGidL2ScBT9/dEQVJjRmlkO1MCA7NYm5j/1bo5JJdhwWWWA5N0tijJBQaFJ1ngmGtGQYwsEKq5vRXTAdGEgk2sYkNY+vIytM5rvuU7r1q/nsdRRsfoBJ0hH12gOrpFDdREFBXoCb2gV+fReXbenPdZa8mZzxyiP3I+vgG3nJVL</latexit>

(p̃k = pk � ek)
<latexit sha1_base64="gTykEnSvHb9cc2bz7v76+UR7DHc=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMkCBEx7NpoIwRtLCOYC2SXZXZykgyZvTAzK4QQG1/EwsZCEVvfws63cXIpNPHADB//fw4z5w8SwZW27W8rs7S8srqWXc9tbG5t7+R39+oqTiXDGotFLJsBVSh4hDXNtcBmIpGGgcBG0L8e+417lIrH0Z0eJOiFtBvxDmdUG8nPH5RczUUbSeL3yeXkPiXo94/9fNEu25Mii+DMoFgpuCdPAFD1819uO2ZpiJFmgirVcuxEe0MqNWcCRzk3VZhQ1qddbBmMaIjKG042GJEjo7RJJ5bmRJpM1N8TQxoqNQgD0xlS3VPz3lj8z2ulunPhDXmUpBojNn2okwqiYzKOg7S5RKbFwABlkpu/EtajkjJtQsuZEJz5lRehflZ2DN+aNK5gWlk4hAKUwIFzqMANVKEGDB7gGV7hzXq0Xqx362PamrFmM/vwp6zPH6dElow=</latexit><latexit sha1_base64="dCpVZijRWt9CasBcQbo7Jq+9E40=">AAACAXicbZDLSgMxFIYz9VbrbdSN4Ca0CBVRZtzoRii6cVnBXqBThkzmtA3NZIYkIwylbnwFH8GNC0Xc+hbu+jaml4W2Hkj4+P9zSM4fJJwp7TgjK7e0vLK6ll8vbGxube/Yu3t1FaeSQo3GPJbNgCjgTEBNM82hmUggUcChEfRvxn7jAaRisbjXWQLtiHQF6zBKtJF8+6DsacZDwInfx1eT+xSD3z/27ZJz5kwKL4I7g1Kl6J08jypZ1be/vTCmaQRCU06UarlOotsDIjWjHIYFL1WQENonXWgZFCQC1R5MNhjiI6OEuBNLc4TGE/X3xIBESmVRYDojontq3huL/3mtVHcu2wMmklSDoNOHOinHOsbjOHDIJFDNMwOESmb+immPSEK1Ca1gQnDnV16E+vmZa/jOpHGNppVHh6iIyshFF6iCblEV1RBFj+gFvaF368l6tT6sz2lrzprN7KM/ZX39ALCumBI=</latexit><latexit sha1_base64="dCpVZijRWt9CasBcQbo7Jq+9E40=">AAACAXicbZDLSgMxFIYz9VbrbdSN4Ca0CBVRZtzoRii6cVnBXqBThkzmtA3NZIYkIwylbnwFH8GNC0Xc+hbu+jaml4W2Hkj4+P9zSM4fJJwp7TgjK7e0vLK6ll8vbGxube/Yu3t1FaeSQo3GPJbNgCjgTEBNM82hmUggUcChEfRvxn7jAaRisbjXWQLtiHQF6zBKtJF8+6DsacZDwInfx1eT+xSD3z/27ZJz5kwKL4I7g1Kl6J08jypZ1be/vTCmaQRCU06UarlOotsDIjWjHIYFL1WQENonXWgZFCQC1R5MNhjiI6OEuBNLc4TGE/X3xIBESmVRYDojontq3huL/3mtVHcu2wMmklSDoNOHOinHOsbjOHDIJFDNMwOESmb+immPSEK1Ca1gQnDnV16E+vmZa/jOpHGNppVHh6iIyshFF6iCblEV1RBFj+gFvaF368l6tT6sz2lrzprN7KM/ZX39ALCumBI=</latexit><latexit sha1_base64="ciIO7UsNMDSHKfZXfROfnpbVWqw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaLUBeWxI1uhKIblxXsBdoQJpOTdsjkwsxEKKFufBU3LhRx61u4822cpllo64EZPv7/HGbO76WcSWVZ38bS8srq2nplo7q5tb2za+7td2SSCQptmvBE9DwigbMY2oopDr1UAIk8Dl0vvJn63QcQkiXxvRqn4ERkGLOAUaK05JqH9YFi3AecuiG+Ku4zDG546po1q2EVhRfBLqGGymq55tfAT2gWQawoJ1L2bStVTk6EYpTDpDrIJKSEhmQIfY0xiUA6ebHBBJ9oxcdBIvSJFS7U3xM5iaQcR57ujIgayXlvKv7n9TMVXDo5i9NMQUxnDwUZxyrB0ziwzwRQxccaCBVM/xXTERGEKh1aVYdgz6+8CJ3zhq35zqo1r8s4KugIHaM6stEFaqJb1EJtRNEjekav6M14Ml6Md+Nj1rpklDMH6E8Znz+UxZUD</latexit>

ak � ak + �k�� �k, a0 � a0 + �t�
<latexit sha1_base64="u5Qn1oZ1jikO4R1LhbJR5o1L014="></latexit><latexit sha1_base64="wyj6VwONpH6iO7bFoSRHaKii1x0="></latexit><latexit sha1_base64="wyj6VwONpH6iO7bFoSRHaKii1x0="></latexit><latexit sha1_base64="XqA+MVB6zqtAEmipG8FpHJtdmgM="></latexit>

Ak � Ak +��k, A0k � A0k + �t�k
<latexit sha1_base64="B+FCaFzxHfr2OAqcrsaE5KDFXZ8="></latexit><latexit sha1_base64="QTC9AZU0km00zVZ6oiAZGk4YAg0="></latexit><latexit sha1_base64="QTC9AZU0km00zVZ6oiAZGk4YAg0="></latexit><latexit sha1_base64="w7AYhcSilj0Yo3Nm7US5Lbh/HdE="></latexit>

(Aa = �ikAik)
<latexit sha1_base64="e5DCcPdtFyzNiRwl6cVUkJFtoJQ=">AAACBXicbZC7SgNBFIbPxluMt1VLLYYEISKEXRtthEQbywjmAtllmZ3MJkNmL8zMCmFJY+NrWNpYKGLrO9j5Nk42KTR6YJiP/z+HmfP7CWdSWdaXUVhaXlldK66XNja3tnfM3b22jFNBaIvEPBZdH0vKWURbiilOu4mgOPQ57fijq6nfuaNCsji6VeOEuiEeRCxgBCsteeZhteFhdIEcmkjGtZKx0QQ18uvYMytWzcoL/QV7DpV62Tl5BICmZ346/ZikIY0U4VjKnm0lys2wUIxwOik5qaQJJiM8oD2NEQ6pdLN8iwk60kofBbHQJ1IoV39OZDiUchz6ujPEaigXvan4n9dLVXDuZixKUkUjMnsoSDlSMZpGgvpMUKL4WAMmgum/IjLEAhOlgyvpEOzFlf9C+7Rma77RaVzCrIpwAGWogg1nUIdraEILCNzDE7zAq/FgPBtvxvustWDMZ/bhVxkf3xEymSQ=</latexit><latexit sha1_base64="TexfbHsWHc8DMDzSvltuB3e5GyM=">AAACBXicbZBNS8MwGMfT+TbnW9WjHsKGMBFG60UvwqYXjxPcC6ylpFm6haVpSVKhlF28+AX8EF48KOLV7+Bt38as20E3Hwj58f8/D8nz92NGpbKsiVFYWV1b3yhulra2d3b3zP2DtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80c3U7zwQIWnE71UaEzdEA04DipHSkmceVxseglfQIbGkTCsZHY1hI79OPbNi1ay84DLYc6jUy87Z86SeNj3z2+lHOAkJV5ghKXu2FSs3Q0JRzMi45CSSxAiP0ID0NHIUEulm+RZjeKKVPgwioQ9XMFd/T2QolDINfd0ZIjWUi95U/M/rJSq4dDPK40QRjmcPBQmDKoLTSGCfCoIVSzUgLKj+K8RDJBBWOriSDsFeXHkZ2uc1W/OdTuMazKoIjkAZVIENLkAd3IImaAEMHsELeAPvxpPxanwYn7PWgjGfOQR/yvj6ARqcmqo=</latexit><latexit sha1_base64="TexfbHsWHc8DMDzSvltuB3e5GyM=">AAACBXicbZBNS8MwGMfT+TbnW9WjHsKGMBFG60UvwqYXjxPcC6ylpFm6haVpSVKhlF28+AX8EF48KOLV7+Bt38as20E3Hwj58f8/D8nz92NGpbKsiVFYWV1b3yhulra2d3b3zP2DtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80c3U7zwQIWnE71UaEzdEA04DipHSkmceVxseglfQIbGkTCsZHY1hI79OPbNi1ay84DLYc6jUy87Z86SeNj3z2+lHOAkJV5ghKXu2FSs3Q0JRzMi45CSSxAiP0ID0NHIUEulm+RZjeKKVPgwioQ9XMFd/T2QolDINfd0ZIjWUi95U/M/rJSq4dDPK40QRjmcPBQmDKoLTSGCfCoIVSzUgLKj+K8RDJBBWOriSDsFeXHkZ2uc1W/OdTuMazKoIjkAZVIENLkAd3IImaAEMHsELeAPvxpPxanwYn7PWgjGfOQR/yvj6ARqcmqo=</latexit><latexit sha1_base64="dJqYdaGXOaojKIOEJGnGEnfV9Do=">AAACBXicbZC7TsMwFIadcivlFmCEwaJCKkuVsMCC1MLCWCR6kdooctzT1qrjRLaDVEVdWHgVFgYQYuUd2Hgb3DQDtBzJ8qf/P0f2+YOYM6Ud59sqrKyurW8UN0tb2zu7e/b+QUtFiaTQpBGPZCcgCjgT0NRMc+jEEkgYcGgH45uZ334AqVgk7vUkBi8kQ8EGjBJtJN8+rtR9gq9wD2LFuFFSNp7ienad+XbZqTpZ4WVwcyijvBq+/dXrRzQJQWjKiVJd14m1lxKpGeUwLfUSBTGhYzKErkFBQlBemm0xxadG6eNBJM0RGmfq74mUhEpNwsB0hkSP1KI3E//zuokeXHopE3GiQdD5Q4OEYx3hWSS4zyRQzScGCJXM/BXTEZGEahNcyYTgLq68DK3zqmv4zinXrvM4iugInaAKctEFqqFb1EBNRNEjekav6M16sl6sd+tj3lqw8plD9Keszx/+pJeb</latexit>

�tpk +� · Jk = jk
<latexit sha1_base64="jkg+kXLyR3qUKEj+jITWOthzLi0="></latexit><latexit sha1_base64="1i2l9WDEUHb8YYeKIbIFGef/u+c="></latexit><latexit sha1_base64="1i2l9WDEUHb8YYeKIbIFGef/u+c="></latexit><latexit sha1_base64="bWnmBHXmfJ9jR3PhmiCA3TrdUL0=">AAACFnicbZBNS8NAEIY3ftb6VfXoZbEIgiiJF70IRS/iScFqoQlhst3UNZtN2J0IJfRXePGvePGgiFfx5r9xU3vw64WFh3dmmJ03yqUw6LofzsTk1PTMbG2uPr+wuLTcWFm9NFmhGW+zTGa6E4HhUijeRoGSd3LNIY0kv4qS46p+dcu1EZm6wEHOgxT6SsSCAVorbOz4OWgUIEOkeZjQbeoriCT4rJdh6UcxPR2GZTKkh/QmTMJG0911R6J/wRtDk4x1Fjbe/V7GipQrZBKM6XpujkFZrWSSD+t+YXgOLIE+71pUkHITlKOzhnTTOj0aZ9o+hXTkfp8oITVmkEa2MwW8Nr9rlflfrVtgfBCUQuUFcsW+FsWFpJjRKiPaE5ozlAMLwLSwf6XsGjQwtEnWbQje75P/wuXermf53G22jsZx1Mg62SBbxCP7pEVOyBlpE0buyAN5Is/OvfPovDivX60TznhmjfyQ8/YJDc6eow==</latexit>

�� j = 0
<latexit sha1_base64="h4MGgV4tC4frV04YFx6FuN+okHo=">AAACFnicbVDLSgMxFL1T3/U16lIXQRHcWKZuFIpQdONSwarQGUomzbSxmWRIMkoZ5ivc+Cm6caGIW3Hnzk8xnYqo9UDgcM595YQJZ9p43rtTGhufmJyaninPzs0vLLpLy2daporQBpFcqosQa8qZoA3DDKcXiaI4Djk9D3uHA//8iirNpDg1/YQGMe4IFjGCjZVa7nbmF0OykGPSy30uRUexTtdgpeR17tf8WuaHEbrM0T7yWu6GV/EKoG9S/Us26mt3Jx8AcNxy3/y2JGlMhSEca92seokJMqwMI5zmZT/VNLGLcYc2LRU4pjrIiotytGmVNoqksk8YVKg/OzIca92PQ1sZY9PVf72B+J/XTE20F2RMJKmhggwXRSlHRqJBRqjNFCWG9y3BRDF7KyJdrDAxNsmyDWHky6PkbKdStfzEpnEAQ0zDKqzDFlRhF+pwBMfQAAI3cA+P8OTcOg/Os/MyLC05Xz0r8AvO6yfWzKHt</latexit><latexit sha1_base64="1NHmJkUPgFrgc+K4UMDI1ucNgP4=">AAACFnicbVDLSgMxFM34rPU16lKRYBHcWKZuFIpQdOOyBfuATimZNDONzSRDklHKMEu/wI2fUjcuFHEr7vwGf8K0FdHWA4HDOfeV40WMKu04H9bM7Nz8wmJmKbu8srq2bm9s1pSIJSZVLJiQDQ8pwignVU01I41IEhR6jNS93vnQr18Tqajgl7ofkVaIAk59ipE2Uts+TNzRkMRjCPdSlwkeSBp0NZJS3KRu0S0mrufDqxSeQqdt55y8MwL8IYVJkivtDCqft7uDctt+dzsCxyHhGjOkVLPgRLqVIKkpZiTNurEikVmMAtI0lKOQqFYyuiiF+0bpQF9I87iGI/V3R4JCpfqhZypDpLtq0huK/3nNWPsnrYTyKNaE4/EiP2ZQCzjMCHaoJFizviEIS2puhbiLJMLaJJk1IUx9eZrUjvIFwysmjTMwRgZsgz1wAArgGJTABSiDKsDgDjyAJ/Bs3VuP1ov1Oi6dsb57tsAfWG9ftRGjUw==</latexit><latexit sha1_base64="1NHmJkUPgFrgc+K4UMDI1ucNgP4=">AAACFnicbVDLSgMxFM34rPU16lKRYBHcWKZuFIpQdOOyBfuATimZNDONzSRDklHKMEu/wI2fUjcuFHEr7vwGf8K0FdHWA4HDOfeV40WMKu04H9bM7Nz8wmJmKbu8srq2bm9s1pSIJSZVLJiQDQ8pwignVU01I41IEhR6jNS93vnQr18Tqajgl7ofkVaIAk59ipE2Uts+TNzRkMRjCPdSlwkeSBp0NZJS3KRu0S0mrufDqxSeQqdt55y8MwL8IYVJkivtDCqft7uDctt+dzsCxyHhGjOkVLPgRLqVIKkpZiTNurEikVmMAtI0lKOQqFYyuiiF+0bpQF9I87iGI/V3R4JCpfqhZypDpLtq0huK/3nNWPsnrYTyKNaE4/EiP2ZQCzjMCHaoJFizviEIS2puhbiLJMLaJJk1IUx9eZrUjvIFwysmjTMwRgZsgz1wAArgGJTABSiDKsDgDjyAJ/Bs3VuP1ov1Oi6dsb57tsAfWG9ftRGjUw==</latexit><latexit sha1_base64="/01bPzzKDdPiGjfPQ0AMTsq8qR4=">AAACFnicbVDNS8MwHE3n15xfVY9egkPw4mi9KAxh6MXjBLcJaxlplnZxaVKSVBmlf4UX/xUvHhTxKt78b8y6Ibr5IPB47/eVFySMKu04X1ZpYXFpeaW8Wllb39jcsrd32kqkEpMWFkzImwApwignLU01IzeJJCgOGOkEw4ux37kjUlHBr/UoIX6MIk5DipE2Us8+yrxiSBYwhIe5xwSPJI0GGkkp7nOv7tUzLwjhbQ7PoNOzq07NKQB/iDtLqmCKZs/+9PoCpzHhGjOkVNd1Eu1nSGqKGckrXqpIYhajiHQN5Sgmys+Ki3J4YJQ+DIU0j2tYqL87MhQrNYoDUxkjPVCz3lj8z+umOjz1M8qTVBOOJ4vClEEt4Dgj2KeSYM1GhiAsqbkV4gGSCGuTZMWEMPfledI+rrmGXznVxvk0jjLYA/vgELjgBDTAJWiCFsDgATyBF/BqPVrP1pv1PiktWdOeXfAH1sc3xtKfqA==</latexit>



• Lattice fractonic vector gauge theory:  

- Gauss’ law:

Fractons via vector gauge theoryL. R., 
Hermele
2019

[Âik, Êjk� ] = �i�ij�kk��2(x� x�),
<latexit sha1_base64="hGBskyLOIm4e7Bk59mXHeF9/vhU="></latexit>

[âi, êj ] = �i�ij�
2(x� x�)

<latexit sha1_base64="uxlRiY3tK0xgfJUCcAnOSnQ+IMM="></latexit>

� · e = s
<latexit sha1_base64="XmkfbJG2pm0/5RbYC+9OUJlt6Ik=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gEVyWpC90Ui25cVrAPaEKZTCbt0MlMmJkIJRT8FRFcKOLWP3DvRvwbp62Ith64cDjnXu69J0wZVdp1P63CwuLS8kpx1V5b39jccrZ3mkpkEpMGFkzIdogUYZSThqaakXYqCUpCRlrh4GLst26IVFTwaz1MSZCgHqcxxUgbqevs+RyFDPk4Ejr3wxiSURWqrlNyy+4E8Id4s6R09mZX0/sPu9513v1I4CwhXGOGlOp4bqqDHElNMSMj288USREeoB7pGMpRQlSQT84fwUOjRDAW0hTXcKL+nshRotQwCU1ngnRfzXpj8T+vk+n4NMgpTzNNOJ4uijMGtYDjLGBEJcGaDQ1BWFJzK8R9JBHWJjHbhDD38jxpVsrecbly5ZZq52CKItgHB+AIeOAE1MAlqIMGwCAHd+ARPFm31oP1bL1MWwvW98wu+APr9QsZvpiQ</latexit> � · Ek = ek

<latexit sha1_base64="EnWTNKlVViLRLFLEaVf1mlqDgGs=">AAACBHicbVBNS8NAEN3Ur1qtRgUvvSwWwVNJ60EvQqkIHluwH9CEsNls2iWbTdjdCCX04MW/4kVBEa+e/AXevPhb3LYi2vpg4PHeDDPzvIRRqSzrw8gtLa+sruXXCxubxa1tc2e3I+NUYNLGMYtFz0OSMMpJW1HFSC8RBEUeI10vPJ/43WsiJI35lRolxInQgNOAYqS05JolmyOPIRv7scpsL4AXYzeEZ5C4YdE1y1bFmgL+kOo8Kdf3W5/0ofHWdM13249xGhGuMENS9qtWopwMCUUxI+OCnUqSIByiAelrylFEpJNNnxjDQ634MIiFLq7gVP09kaFIylHk6c4IqaGc9ybif14/VcGpk1GepIpwPFsUpAyqGE4SgT4VBCs20gRhQfWtEA+RQFjp3Ao6hIWXF0mnVqkeV2otnUYDzJAHJXAAjkAVnIA6uARN0AYY3IA78AiejFvj3ng2XmatOeN7Zg/8gfH6BQ3Smr8=</latexit>

H = UE
2

��
��Lx

E2
x� +

�
��Ly

E2
y�

�
+ Ue

2

�
��L e2

�
<latexit sha1_base64="w97yRJRYaI1B4Tk8gr/QWSZVb2k="></latexit>

+KE
2

��
�x

(��Ax)2+
�

�y
(��Ay)2

�
�Ke

�
� cos

�
(��a)�+Axy�Ayx

�
<latexit sha1_base64="5+ldXqsts24BVQ3OkxMURt5ZPgI="></latexit>

ex
<latexit sha1_base64="t6NM+ZLTbgKF9oHxXGENyj0iiK0=">AAAB7XicbZC7TsMwFIadcivhVkBiYbGokJiqpAwwVmVhbCV6kdqoctyT1tSxI9tBVFHfgYUBhFiZeAuegI2FZyFpO0DLL1n69P/nyOccP+JMG8f5snIrq2vrG/lNe2t7Z3evsH/Q1DJWFBpUcqnaPtHAmYCGYYZDO1JAQp9Dyx9dZXnrDpRmUtyYcQReSAaCBYwSk1pN6N1j2+4Vik7JmQovgzuHYuWo/s3eqx+1XuGz25c0DkEYyonWHdeJjJcQZRjlMLG7sYaI0BEZQCdFQULQXjKddoJPU6ePA6nSJwyeur87EhJqPQ79tDIkZqgXs8z8L+vEJrj0Eiai2ICgs4+CmGMjcbY67jMF1PBxCoQqls6K6ZAoQk16oOwI7uLKy9Asl9zzUrnuFitVNFMeHaMTdIZcdIEq6BrVUANRdIse0BN6tqT1aL1Yr7PSnDXvOUR/ZL39APwskcg=</latexit>

ey
<latexit sha1_base64="RMvMfPkTRQVW/QHyZKx7VrPmME0=">AAAB7XicbZC7TsMwFIZPyq2kXAqMLBYFialKygBjBQtjkehFaqPKcZ3W1LEj26kUVX0HFgYQYuUNeAHegI0HgZmk7QAtv2Tp0/+fI59z/IgzbRzn08qtrK6tb+Q37cLW9s5ucW+/oWWsCK0TyaVq+VhTzgStG2Y4bUWK4tDntOkPr7K8OaJKMyluTRJRL8R9wQJGsEmtBu0myLa7xZJTdqZCy+DOoVQ9/np7HxW+a93iR6cnSRxSYQjHWrddJzLeGCvDCKcTuxNrGmEyxH3aTlHgkGpvPJ12gk5Sp4cCqdInDJq6vzvGONQ6Cf20MsRmoBezzPwva8cmuPDGTESxoYLMPgpijoxE2eqoxxQlhicpYKJYOisiA6wwMemBsiO4iysvQ6NSds/KlRu3VL2EmfJwCEdwCi6cQxWuoQZ1IHAH9/AIT5a0Hqxn62VWmrPmPQfwR9brD+DbknE=</latexit> Eyx

<latexit sha1_base64="uvgwgAlKXi8ACoSOJZDRmRsBddg=">AAAB73icbZDLSsNAFIZP6q2mXqou3QxWwVVJ6kKXRRFcVrAXaEOZTCft0MnFmUkxhL6EGxeKuPUFfAHfwJ0PomsnrYi2/jDw8f/nMOccN+JMKst6N3ILi0vLK/lVs7C2vrFZ3NpuyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7PMvy5ogKycLgSiURdXzcD5jHCFbaap130+RmbJrdYskqWxOhH7BnoVTd/3h5HRU+a93iW6cXktingSIcS9m2rUg5KRaKEU7HZieWNMJkiPu0rTHAPpVOOpl3jA6000NeKPQLFJq4vztS7EuZ+K6u9LEayNksM//L2rHyTpyUBVGsaECmH3kxRypE2fKoxwQliicaMBFMz4rIAAtMlD5RdoS5leehUSnbR+XKpV2qnsJUediFPTgEG46hChdQgzoQ4HAL9/BgXBt3xqPxNC3NGd89O/BHxvMX/q+Ttg==</latexit>

Eyy
<latexit sha1_base64="m0DLuOAcZKYId206D6A4IQsvdWc=">AAAB73icbZDLSsNAFIZPvNbUS9Wlm8EquCpJXeiyKILLCvYCbSmT6aQdOpnEmUkhhL6EGxeKuPUFfAHfwJ0PomsnrYi2/jDw8f/nMOccL+JMacd5txYWl5ZXVnNrdn59Y3OrsL1TV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3PM/yxohKxUJxrZOIdgLcF8xnBGtjNS+6aZKMbbtbKDolZyL0A+4sFCsHHy+vo/xntVt4a/dCEgdUaMKxUi3XiXQnxVIzwunYbseKRpgMcZ+2DAocUNVJJ/OO0aFxesgPpXlCo4n7uyPFgVJJ4JnKAOuBms0y87+sFWv/tJMyEcWaCjL9yI850iHKlkc9JinRPDGAiWRmVkQGWGKizYmyI8ytPA/1csk9LpWv3GLlDKbKwR7swxG4cAIVuIQq1IAAh1u4hwfrxrqzHq2naemC9d2zC39kPX8BAEWTtw==</latexit>

ex
<latexit sha1_base64="t6NM+ZLTbgKF9oHxXGENyj0iiK0=">AAAB7XicbZC7TsMwFIadcivhVkBiYbGokJiqpAwwVmVhbCV6kdqoctyT1tSxI9tBVFHfgYUBhFiZeAuegI2FZyFpO0DLL1n69P/nyOccP+JMG8f5snIrq2vrG/lNe2t7Z3evsH/Q1DJWFBpUcqnaPtHAmYCGYYZDO1JAQp9Dyx9dZXnrDpRmUtyYcQReSAaCBYwSk1pN6N1j2+4Vik7JmQovgzuHYuWo/s3eqx+1XuGz25c0DkEYyonWHdeJjJcQZRjlMLG7sYaI0BEZQCdFQULQXjKddoJPU6ePA6nSJwyeur87EhJqPQ79tDIkZqgXs8z8L+vEJrj0Eiai2ICgs4+CmGMjcbY67jMF1PBxCoQqls6K6ZAoQk16oOwI7uLKy9Asl9zzUrnuFitVNFMeHaMTdIZcdIEq6BrVUANRdIse0BN6tqT1aL1Yr7PSnDXvOUR/ZL39APwskcg=</latexit>Exx

<latexit sha1_base64="1eaT8tYv47b+f48Cm7yK6AZGCLc=">AAAB73icdVDLSgNBEOyNr7i+ooIXL4NB8BR240GPISJ4TMA8IFnC7GQ2GTI7u87MSsKSn/DiQRGvHvwLv8CbF7/FSaJgfBQ0FFXddHX7MWdKO86blVlYXFpeya7aa+sbm1u57Z26ihJJaI1EPJJNHyvKmaA1zTSnzVhSHPqcNvzB2cRvXFOpWCQu9SimXoh7ggWMYG2k5nknHQ7Htt3J5d2CMwVyfpEvK1/aq76z5/JLpZN7bXcjkoRUaMKxUi3XibWXYqkZ4XRstxNFY0wGuEdbhgocUuWl07xjdGiULgoiaUpoNFW/T6Q4VGoU+qYzxLqvfnoT8S+vlejg1EuZiBNNBZktChKOdIQmx6Muk5RoPjIEE8lMVkT6WGKizYvmnvA/qRcL7nGhWHXzpTLMkIV9OIAjcOEESnABFagBAQ43cAf31pV1az1Yj7PWjPU5swtzsJ4+ABogkw0=</latexit>

Exy
<latexit sha1_base64="fP7Uoh5Gep0685t5ZW6UkSOjmDA=">AAAB73icdVDLSgNBEOyNr7jxEfXoZTAKnsJuPOgxKILHCOYByRJmJ7PJkNnZdWY2GJb8hBcPinj1B/wB/8CbH6JnJ4mC8VHQUFR109Xtx5wp7TivVmZufmFxKbts51ZW19bzG5s1FSWS0CqJeCQbPlaUM0GrmmlOG7GkOPQ5rfv9k7FfH1CpWCQu9DCmXoi7ggWMYG2kxmk7vRqObLudL7hFZwLk/CJfVqG8+/b0PMi9V9r5l1YnIklIhSYcK9V0nVh7KZaaEU5HditRNMakj7u0aajAIVVeOsk7QntG6aAgkqaERhP1+0SKQ6WGoW86Q6x76qc3Fv/ymokOjryUiTjRVJDpoiDhSEdofDzqMEmJ5kNDMJHMZEWkhyUm2rxo5gn/k1qp6B4US+duoXwMU2RhG3ZgH1w4hDKcQQWqQIDDNdzCnXVp3Vj31sO0NWN9zmzBDKzHD/7Ak7Y=</latexit>



• Dualize to a coupled vector gauge theory:  

- Gauss’ law:

- Gauge redundancy:

- Vector -> tensor gauge theory:

* gauge away ak: choose χk = ak --> gaps out Aa --> symmetrizes Aik

* generalized Gauss’ law: 

* recover tensor gauge theory

Vector-tensor gauge theory equivalence L. R. 2019

H̃ =
1
2
C|Ek|2 +

1
2
(��Ak)2 +

1
2
K|e|2 +

1
2
(�� a + gAa)2 �Ak · Jb

k � a · js
<latexit sha1_base64="1QHk2nwSSAaLVkkgxe+KkUJ/xE0="></latexit><latexit sha1_base64="2fFMDaLZcyaUfyeQ5C/yMNhGmcQ="></latexit><latexit sha1_base64="2fFMDaLZcyaUfyeQ5C/yMNhGmcQ="></latexit><latexit sha1_base64="2UvTaX6wqbNJmvbS3sDHO6d5PBg="></latexit>

� · Ek = p̃k
<latexit sha1_base64="jn0Op/ibBc8lWYAa4WbHYR0N2g0=">AAACC3icbZDPSsNAEMYn9X+1GvWoh0URPJXUi16EoggeW7AqNCVsNpt26WYTdidCCb178VW8eFDEqy/gzZuP4rYVUesHCz++mWF2vjCTwqDnvTulmdm5+YXFpfLySmV1zV3fuDRprhlvsVSm+jqkhkuheAsFSn6daU6TUPKrsH86ql/dcG1Eqi5wkPFOQrtKxIJRtFbg7viKhpL6LEqx8MOYnA2DPjkmPgoZcZIF/Urg7npVbyzyDbW/sFvffmp+AEAjcN/8KGV5whUySY1p17wMOwXVKJjkw7KfG55R1qdd3raoaMJNpxjfMiR71olInGr7FJKx+3OioIkxgyS0nQnFnvlbG5n/1do5xkedQqgsR67YZFGcS4IpGQVDIqE5QzmwQJkW9q+E9aimDG18ZRvC1MnTcHlQrVlu2jROYKJF2IId2IcaHEIdzqEBLWBwC/fwCE/OnfPgPDsvk9aS8zWzCb/kvH4CfWScPg==</latexit><latexit sha1_base64="eBanA+7sVnfyv1gPSEIakIMk+SI=">AAACC3icbZDNSgMxFIUz9a9Wq1WXioQWwVWZutGNUBTBZQv2BzplyGQybWgmMyR3hDJ0KbjxVdy4sIhbX8Cdz+BLmLYi2nog8HHuvdzc48WCa7DtDyuztLyyupZdz21s5re2Czu7TR0lirIGjUSk2h7RTHDJGsBBsHasGAk9wVre4HJSb90ypXkkb2AYs25IepIHnBIwllsoOpJ4gjjUjyB1vABfjdwBPscOcOEzHLuDvFso2WV7KvwDlXkoVQ/G9c+7w3HNLbw7fkSTkEmggmjdqdgxdFOigFPBRjkn0SwmdEB6rGNQkpDpbjq9ZYSPjOPjIFLmScBT9/dESkKth6FnOkMCfT1fm5j/1ToJBGfdlMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8ORPCwsmL0DwpVwzXTRoXaKYs2kdFdIwq6BRV0TWqoQai6B49omc0th6sJ+vFep21ZqzvmT30R9bbF1upnaQ=</latexit><latexit sha1_base64="eBanA+7sVnfyv1gPSEIakIMk+SI=">AAACC3icbZDNSgMxFIUz9a9Wq1WXioQWwVWZutGNUBTBZQv2BzplyGQybWgmMyR3hDJ0KbjxVdy4sIhbX8Cdz+BLmLYi2nog8HHuvdzc48WCa7DtDyuztLyyupZdz21s5re2Czu7TR0lirIGjUSk2h7RTHDJGsBBsHasGAk9wVre4HJSb90ypXkkb2AYs25IepIHnBIwllsoOpJ4gjjUjyB1vABfjdwBPscOcOEzHLuDvFso2WV7KvwDlXkoVQ/G9c+7w3HNLbw7fkSTkEmggmjdqdgxdFOigFPBRjkn0SwmdEB6rGNQkpDpbjq9ZYSPjOPjIFLmScBT9/dESkKth6FnOkMCfT1fm5j/1ToJBGfdlMs4ASbpbFGQCAwRngSDfa4YBTE0QKji5q+Y9okiFEx8ORPCwsmL0DwpVwzXTRoXaKYs2kdFdIwq6BRV0TWqoQai6B49omc0th6sJ+vFep21ZqzvmT30R9bbF1upnaQ=</latexit><latexit sha1_base64="T1yasv5/Dz2tHWLzR+pM06y5DY0=">AAACC3icbZDLSsNAFIYnXmu1GnXpZmgRXJXUjW6EogguK9gLNCFMJpN2yGQSZk6EErp346u4caGIW1/AnW/j9IJo6w8DH/85hzPnDzLBNTjOl7Wyura+sVnaKm/vVHb37P2Djk5zRVmbpiJVvYBoJrhkbeAgWC9TjCSBYN0gvprUu/dMaZ7KOxhlzEvIQPKIUwLG8u2qK0kgiEvDFAo3iPD12I/xBXaBi5DhzI8rvl1z6s5U+Acai1BDc7V8+9MNU5onTAIVROt+w8nAK4gCTgUbl91cs4zQmAxY36AkCdNeMb1ljI+NE+IoVeZJwFP390RBEq1HSWA6EwJDvVibmP/V+jlE517BZZYDk3S2KMoFhhRPgsEhV4yCGBkgVHHzV0yHRBEKJr6yCWHp5GXonNYbhm+dWvNyHkcJHaEqOkENdIaa6Aa1UBtR9ICe0At6tR6tZ+vNep+1rljzmUP0R9bHN21qmfk=</latexit>

� · e = s
<latexit sha1_base64="d9QOSs39vel4qDGyKc7zhA7G6GE=">AAAB/nicbZDLSsNAFIZPvNZ4i4orN4NFcFUSN7opFt24rGAv0IQymUzaoZNJmJkIJRT6Km5cKOLWN3Dvzrdx2opo6w8DH/85h3PmDzPOlHbdT2tpeWV1bb20YW9ube/sOnv7TZXmktAGSXkq2yFWlDNBG5ppTtuZpDgJOW2Fg+tJvXVPpWKpuNPDjAYJ7gkWM4K1sbrOoS9wyLFPolQXfhgjOqoi1XXKbsWdCv2ANw/ly3e7OgaAetf58KOU5AkVmnCsVMdzMx0UWGpGOB3Zfq5ohskA92jHoMAJVUExPX+ETowToTiV5gmNpu7viQInSg2T0HQmWPfVfG1i/lfr5Dq+CAomslxTQWaL4pwjnaJJFihikhLNhwYwkczcikgfS0y0Scw2ISx8eRGaZxXP8K1brl3BTCU4gmM4BQ/OoQY3UIcGECjgAZ7g2Rpbj9aL9TprXbK+Zw7gj6y3Lybjlxg=</latexit><latexit sha1_base64="3tO4AdgfMtI7CXKtgS1KI6HKYok=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWwVVJ3eimWHTjsoK9QBPKZDJph04mYeZEKKHgq4jgQhG3voF7N+LbOG1FtPWHgY//nMM58wep4Bpc99MqLCwuLa8UV+219Y3NLWd7p6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgrGFyM660bpjRP5DUMU+bHpCd5xCkBY3WdPU+SQBCPhgnkXhBhNqpi3XVKbtmdCP9AZRZKZ292Nb3/sOtd590LE5rFTAIVROtOxU3Bz4kCTgUb2V6mWUrogPRYx6AkMdN+Pjl/hA+NE+IoUeZJwBP390ROYq2HcWA6YwJ9PVsbm//VOhlEp37OZZoBk3S6KMoEhgSPs8AhV4yCGBogVHFzK6Z9oggFk5htQpj78jw0j8sVw1duqXaOpiqifXSAjlAFnaAaukR11EAU5egOPaIn69Z6sJ6tl2lrwfqe2UV/ZL1+ARhymIw=</latexit><latexit sha1_base64="3tO4AdgfMtI7CXKtgS1KI6HKYok=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWwVVJ3eimWHTjsoK9QBPKZDJph04mYeZEKKHgq4jgQhG3voF7N+LbOG1FtPWHgY//nMM58wep4Bpc99MqLCwuLa8UV+219Y3NLWd7p6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgrGFyM660bpjRP5DUMU+bHpCd5xCkBY3WdPU+SQBCPhgnkXhBhNqpi3XVKbtmdCP9AZRZKZ292Nb3/sOtd590LE5rFTAIVROtOxU3Bz4kCTgUb2V6mWUrogPRYx6AkMdN+Pjl/hA+NE+IoUeZJwBP390ROYq2HcWA6YwJ9PVsbm//VOhlEp37OZZoBk3S6KMoEhgSPs8AhV4yCGBogVHFzK6Z9oggFk5htQpj78jw0j8sVw1duqXaOpiqifXSAjlAFnaAaukR11EAU5egOPaIn69Z6sJ6tl2lrwfqe2UV/ZL1+ARhymIw=</latexit><latexit sha1_base64="5bEHS+voUuvY8F5XLlQxC09aEaY=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWwVWZcaMboejGZQV7gc5QMplMG5pJhuSMUIaCr+LGhSJufQ53vo3pBdHWHwIf/zmHc/JHmeAGPO/LKa2srq1vlDcrW9s7u3vu/kHLqFxT1qRKKN2JiGGCS9YEDoJ1Ms1IGgnWjoY3k3r7gWnDlbyHUcbClPQlTzglYK2eexRIEgkS0FhBEUQJZuMrbHpu1at5U+Ef8BehiuZq9NzPIFY0T5kEKogxXd/LICyIBk4FG1eC3LCM0CHps65FSVJmwmJ6/hifWifGidL2ScBT9/dEQVJjRmlkO1MCA7NYm5j/1bo5JJdhwWWWA5N0tijJBQaFJ1ngmGtGQYwsEKq5vRXTAdGEgk2sYkNY+vIytM5rvuU7r1q/nsdRRsfoBJ0hH12gOrpFDdREFBXoCb2gV+fReXbenPdZa8mZzxyiP3I+vgG3nJVL</latexit>

(p̃k = pk � ek)
<latexit sha1_base64="gTykEnSvHb9cc2bz7v76+UR7DHc=">AAACAXicbZC7SgNBFIbPxluMt6iNYDMkCBEx7NpoIwRtLCOYC2SXZXZykgyZvTAzK4QQG1/EwsZCEVvfws63cXIpNPHADB//fw4z5w8SwZW27W8rs7S8srqWXc9tbG5t7+R39+oqTiXDGotFLJsBVSh4hDXNtcBmIpGGgcBG0L8e+417lIrH0Z0eJOiFtBvxDmdUG8nPH5RczUUbSeL3yeXkPiXo94/9fNEu25Mii+DMoFgpuCdPAFD1819uO2ZpiJFmgirVcuxEe0MqNWcCRzk3VZhQ1qddbBmMaIjKG042GJEjo7RJJ5bmRJpM1N8TQxoqNQgD0xlS3VPz3lj8z2ulunPhDXmUpBojNn2okwqiYzKOg7S5RKbFwABlkpu/EtajkjJtQsuZEJz5lRehflZ2DN+aNK5gWlk4hAKUwIFzqMANVKEGDB7gGV7hzXq0Xqx362PamrFmM/vwp6zPH6dElow=</latexit><latexit sha1_base64="dCpVZijRWt9CasBcQbo7Jq+9E40=">AAACAXicbZDLSgMxFIYz9VbrbdSN4Ca0CBVRZtzoRii6cVnBXqBThkzmtA3NZIYkIwylbnwFH8GNC0Xc+hbu+jaml4W2Hkj4+P9zSM4fJJwp7TgjK7e0vLK6ll8vbGxube/Yu3t1FaeSQo3GPJbNgCjgTEBNM82hmUggUcChEfRvxn7jAaRisbjXWQLtiHQF6zBKtJF8+6DsacZDwInfx1eT+xSD3z/27ZJz5kwKL4I7g1Kl6J08jypZ1be/vTCmaQRCU06UarlOotsDIjWjHIYFL1WQENonXWgZFCQC1R5MNhjiI6OEuBNLc4TGE/X3xIBESmVRYDojontq3huL/3mtVHcu2wMmklSDoNOHOinHOsbjOHDIJFDNMwOESmb+immPSEK1Ca1gQnDnV16E+vmZa/jOpHGNppVHh6iIyshFF6iCblEV1RBFj+gFvaF368l6tT6sz2lrzprN7KM/ZX39ALCumBI=</latexit><latexit sha1_base64="dCpVZijRWt9CasBcQbo7Jq+9E40=">AAACAXicbZDLSgMxFIYz9VbrbdSN4Ca0CBVRZtzoRii6cVnBXqBThkzmtA3NZIYkIwylbnwFH8GNC0Xc+hbu+jaml4W2Hkj4+P9zSM4fJJwp7TgjK7e0vLK6ll8vbGxube/Yu3t1FaeSQo3GPJbNgCjgTEBNM82hmUggUcChEfRvxn7jAaRisbjXWQLtiHQF6zBKtJF8+6DsacZDwInfx1eT+xSD3z/27ZJz5kwKL4I7g1Kl6J08jypZ1be/vTCmaQRCU06UarlOotsDIjWjHIYFL1WQENonXWgZFCQC1R5MNhjiI6OEuBNLc4TGE/X3xIBESmVRYDojontq3huL/3mtVHcu2wMmklSDoNOHOinHOsbjOHDIJFDNMwOESmb+immPSEK1Ca1gQnDnV16E+vmZa/jOpHGNppVHh6iIyshFF6iCblEV1RBFj+gFvaF368l6tT6sz2lrzprN7KM/ZX39ALCumBI=</latexit><latexit sha1_base64="ciIO7UsNMDSHKfZXfROfnpbVWqw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaLUBeWxI1uhKIblxXsBdoQJpOTdsjkwsxEKKFufBU3LhRx61u4822cpllo64EZPv7/HGbO76WcSWVZ38bS8srq2nplo7q5tb2za+7td2SSCQptmvBE9DwigbMY2oopDr1UAIk8Dl0vvJn63QcQkiXxvRqn4ERkGLOAUaK05JqH9YFi3AecuiG+Ku4zDG546po1q2EVhRfBLqGGymq55tfAT2gWQawoJ1L2bStVTk6EYpTDpDrIJKSEhmQIfY0xiUA6ebHBBJ9oxcdBIvSJFS7U3xM5iaQcR57ujIgayXlvKv7n9TMVXDo5i9NMQUxnDwUZxyrB0ziwzwRQxccaCBVM/xXTERGEKh1aVYdgz6+8CJ3zhq35zqo1r8s4KugIHaM6stEFaqJb1EJtRNEjekav6M14Ml6Md+Nj1rpklDMH6E8Znz+UxZUD</latexit>

ak � ak + �k�� �k, a0 � a0 + �t�
<latexit sha1_base64="u5Qn1oZ1jikO4R1LhbJR5o1L014="></latexit><latexit sha1_base64="wyj6VwONpH6iO7bFoSRHaKii1x0="></latexit><latexit sha1_base64="wyj6VwONpH6iO7bFoSRHaKii1x0="></latexit><latexit sha1_base64="XqA+MVB6zqtAEmipG8FpHJtdmgM="></latexit>

Ak � Ak +��k, A0k � A0k + �t�k
<latexit sha1_base64="B+FCaFzxHfr2OAqcrsaE5KDFXZ8="></latexit><latexit sha1_base64="QTC9AZU0km00zVZ6oiAZGk4YAg0="></latexit><latexit sha1_base64="QTC9AZU0km00zVZ6oiAZGk4YAg0="></latexit><latexit sha1_base64="w7AYhcSilj0Yo3Nm7US5Lbh/HdE="></latexit>

(Aa = �ikAik)
<latexit sha1_base64="e5DCcPdtFyzNiRwl6cVUkJFtoJQ=">AAACBXicbZC7SgNBFIbPxluMt1VLLYYEISKEXRtthEQbywjmAtllmZ3MJkNmL8zMCmFJY+NrWNpYKGLrO9j5Nk42KTR6YJiP/z+HmfP7CWdSWdaXUVhaXlldK66XNja3tnfM3b22jFNBaIvEPBZdH0vKWURbiilOu4mgOPQ57fijq6nfuaNCsji6VeOEuiEeRCxgBCsteeZhteFhdIEcmkjGtZKx0QQ18uvYMytWzcoL/QV7DpV62Tl5BICmZ346/ZikIY0U4VjKnm0lys2wUIxwOik5qaQJJiM8oD2NEQ6pdLN8iwk60kofBbHQJ1IoV39OZDiUchz6ujPEaigXvan4n9dLVXDuZixKUkUjMnsoSDlSMZpGgvpMUKL4WAMmgum/IjLEAhOlgyvpEOzFlf9C+7Rma77RaVzCrIpwAGWogg1nUIdraEILCNzDE7zAq/FgPBtvxvustWDMZ/bhVxkf3xEymSQ=</latexit><latexit sha1_base64="TexfbHsWHc8DMDzSvltuB3e5GyM=">AAACBXicbZBNS8MwGMfT+TbnW9WjHsKGMBFG60UvwqYXjxPcC6ylpFm6haVpSVKhlF28+AX8EF48KOLV7+Bt38as20E3Hwj58f8/D8nz92NGpbKsiVFYWV1b3yhulra2d3b3zP2DtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80c3U7zwQIWnE71UaEzdEA04DipHSkmceVxseglfQIbGkTCsZHY1hI79OPbNi1ay84DLYc6jUy87Z86SeNj3z2+lHOAkJV5ghKXu2FSs3Q0JRzMi45CSSxAiP0ID0NHIUEulm+RZjeKKVPgwioQ9XMFd/T2QolDINfd0ZIjWUi95U/M/rJSq4dDPK40QRjmcPBQmDKoLTSGCfCoIVSzUgLKj+K8RDJBBWOriSDsFeXHkZ2uc1W/OdTuMazKoIjkAZVIENLkAd3IImaAEMHsELeAPvxpPxanwYn7PWgjGfOQR/yvj6ARqcmqo=</latexit><latexit sha1_base64="TexfbHsWHc8DMDzSvltuB3e5GyM=">AAACBXicbZBNS8MwGMfT+TbnW9WjHsKGMBFG60UvwqYXjxPcC6ylpFm6haVpSVKhlF28+AX8EF48KOLV7+Bt38as20E3Hwj58f8/D8nz92NGpbKsiVFYWV1b3yhulra2d3b3zP2DtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80c3U7zwQIWnE71UaEzdEA04DipHSkmceVxseglfQIbGkTCsZHY1hI79OPbNi1ay84DLYc6jUy87Z86SeNj3z2+lHOAkJV5ghKXu2FSs3Q0JRzMi45CSSxAiP0ID0NHIUEulm+RZjeKKVPgwioQ9XMFd/T2QolDINfd0ZIjWUi95U/M/rJSq4dDPK40QRjmcPBQmDKoLTSGCfCoIVSzUgLKj+K8RDJBBWOriSDsFeXHkZ2uc1W/OdTuMazKoIjkAZVIENLkAd3IImaAEMHsELeAPvxpPxanwYn7PWgjGfOQR/yvj6ARqcmqo=</latexit><latexit sha1_base64="dJqYdaGXOaojKIOEJGnGEnfV9Do=">AAACBXicbZC7TsMwFIadcivlFmCEwaJCKkuVsMCC1MLCWCR6kdooctzT1qrjRLaDVEVdWHgVFgYQYuUd2Hgb3DQDtBzJ8qf/P0f2+YOYM6Ud59sqrKyurW8UN0tb2zu7e/b+QUtFiaTQpBGPZCcgCjgT0NRMc+jEEkgYcGgH45uZ334AqVgk7vUkBi8kQ8EGjBJtJN8+rtR9gq9wD2LFuFFSNp7ienad+XbZqTpZ4WVwcyijvBq+/dXrRzQJQWjKiVJd14m1lxKpGeUwLfUSBTGhYzKErkFBQlBemm0xxadG6eNBJM0RGmfq74mUhEpNwsB0hkSP1KI3E//zuokeXHopE3GiQdD5Q4OEYx3hWSS4zyRQzScGCJXM/BXTEZGEahNcyYTgLq68DK3zqmv4zinXrvM4iugInaAKctEFqqFb1EBNRNEjekav6M16sl6sd+tj3lqw8plD9Keszx/+pJeb</latexit>

� · �kEk = �
<latexit sha1_base64="PkvJHV/WAGlcw+OUqrpWRX9TcIw=">AAACD3icbZBNSwMxEIZn/bZ+VT3qISiKJ9l60YsgiuCxBfsB3bLMplkbmk2WJCuUpf/Ai3/Fi4IiXr168+ZPMW1FtPpC4OGdGSbzRqngxvr+uzcxOTU9Mzs3X1hYXFpeKa6u1YzKNGVVqoTSjQgNE1yyquVWsEaqGSaRYPWoezao16+ZNlzJS9tLWSvBK8ljTtE6KyzuBhIjgQFtKxukqC1HEXbzIIrJeT/skmMS6I5aCovb/r4/FPmG0jhsn2w+VD4AoBwW34K2olnCpKUCjWmW/NS28sECKli/EGSGpUi7eMWaDiUmzLTy4T19suOcNomVdk9aMnR/TuSYGNNLIteZoO2Y8drA/K/WzGx81Mq5TDPLJB0tijNBrCKDcEiba0at6DlAqrn7K6Ed1Eiti7DgQvhz8l+oHeyXHFdcGqcw0hxswBbsQQkO4QQuoAxVoHADd/AIT96td+89ey+j1gnva2Ydfsl7/QRDt55W</latexit><latexit sha1_base64="6uZvYZCQnLTUPVFeznV7XMz6ppA=">AAACD3icbZDLSgMxFIYz3q23qktFgkVxJTNudCOIIrhswV6gU4YzaaYNzSRDkhHK0KU7N76KGwuKuHXrzmfwJUxbEW39IfDxn3M4OX+YcKaN6344U9Mzs3PzC4u5peWV1bX8+kZFy1QRWiaSS1ULQVPOBC0bZjitJYpCHHJaDTsXg3r1hirNpLg23YQ2YmgJFjECxlpBft8XEHLwSVMaPwFlGPCgk/lhhC97QQefYl+15UqQL7iH7lD4B7xxKJxt90uftzv9YpB/95uSpDEVhnDQuu65iWlkgwWE017OTzVNgHSgResWBcRUN7LhPT28Z50mjqSyTxg8dH9PZBBr3Y1D2xmDaevx2sD8r1ZPTXTSyJhIUkMFGS2KUo6NxINwcJMpSgzvWgCimP0rJm1QQIyNMGdDmDh5EipHh57lkk3jHI20gLbQLjpAHjpGZ+gKFVEZEXSHHtATenbunUfnxXkdtU453zOb6I+cty8h/J+8</latexit><latexit sha1_base64="6uZvYZCQnLTUPVFeznV7XMz6ppA=">AAACD3icbZDLSgMxFIYz3q23qktFgkVxJTNudCOIIrhswV6gU4YzaaYNzSRDkhHK0KU7N76KGwuKuHXrzmfwJUxbEW39IfDxn3M4OX+YcKaN6344U9Mzs3PzC4u5peWV1bX8+kZFy1QRWiaSS1ULQVPOBC0bZjitJYpCHHJaDTsXg3r1hirNpLg23YQ2YmgJFjECxlpBft8XEHLwSVMaPwFlGPCgk/lhhC97QQefYl+15UqQL7iH7lD4B7xxKJxt90uftzv9YpB/95uSpDEVhnDQuu65iWlkgwWE017OTzVNgHSgResWBcRUN7LhPT28Z50mjqSyTxg8dH9PZBBr3Y1D2xmDaevx2sD8r1ZPTXTSyJhIUkMFGS2KUo6NxINwcJMpSgzvWgCimP0rJm1QQIyNMGdDmDh5EipHh57lkk3jHI20gLbQLjpAHjpGZ+gKFVEZEXSHHtATenbunUfnxXkdtU453zOb6I+cty8h/J+8</latexit><latexit sha1_base64="xqjrkyiYuAguqBGGZkE7jGKAvNY=">AAACD3icbZDLSgMxFIYzXmu1WnXpJlgUV2XqRjdCUQSXFewFOsNwJpNpQzPJkGSEMvQN3Pgqblwo4tatO9/G9IJo6w+Bj/+cw8n5w5QzbVz3y1laXlldWy9sFDe3Sts75d29lpaZIrRJJJeqE4KmnAnaNMxw2kkVhSTktB0Orsb19j1VmklxZ4Yp9RPoCRYzAsZaQfnYExBy8EgkjZeCMgx4MMi9MMbXo2CAL7Cn+rIUlCtu1Z0I/0BtHipopkZQ/vQiSbKECkM4aN2tuanx8/ECwumo6GWapkAG0KNdiwISqv18cs8IH1knwrFU9gmDJ+7viRwSrYdJaDsTMH09Xxub/9W6mYnP/ZyJNDNUkOmiOOPYSDwOB0dMUWL40AIQxexfMemDAmJshEUbwsLJi9A6rdYs37qV+uUsjgI6QIfoBNXQGaqjG9RATUTQA3pCL+jVeXSenTfnfdq65Mxm9tEfOR/fM72cEQ==</latexit>

(� � s +� · p)
<latexit sha1_base64="28vtWEp0Py9pBqdV2xPaGdHEsN4=">AAACDHicbVDLSgMxFL1TX7W+qi7dhBahUigzbnRZdOOygn1Ap5RMmmlDM8mYZApl6Ae48Rv8AzcuFHHrB7jzb0wfC209EDiccy439wQxZ9q47reTWVvf2NzKbud2dvf2D/KHRw0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHg99ZsjqjST4s6MY9qJcF+wkBFsrNTNF0u+Gkif3idshDQqI1/ggGOf9KRJ/SBE8eTMptyKOwNaJd6CFKsFv/wEALVu/svvSZJEVBjCsdZtz41NJ8XKMMLpJOcnmsaYDHGfti0VOKK6k86OmaBTq/RQKJV9wqCZ+nsixZHW4yiwyQibgV72puJ/Xjsx4WUnZSJODBVkvihMODISTZtBPaYoMXxsCSaK2b8iMsAKE2P7y9kSvOWTV0njvOJZfmvbuII5snACBSiBBxdQhRuoQR0IPMAzvMKb8+i8OO/OxzyacRYzx/AHzucPdtucFA==</latexit><latexit sha1_base64="UG1sg1rDutOrdcf4FkiVDHax7ZI=">AAACDHicbVDLSgMxFM34rPVVdekmtAiVQplxo8uiG5cV7AOaUjKZTBuaScYkUxiGfoAbV/6HGxeKuPUD3PVvTB8LbT0QOJxzLjf3+DFn2rjuxFlb39jc2s7t5Hf39g8OC0fHTS0TRWiDSC5V28eaciZowzDDaTtWFEc+py1/eDP1WyOqNJPi3qQx7Ua4L1jICDZW6hVKZaQGEtGHhI2ghhWIBPY5RiSQJkN+COPxuU25VXcGuEq8BSnViqjyPKml9V7hGwWSJBEVhnCsdcdzY9PNsDKMcDrOo0TTGJMh7tOOpQJHVHez2TFjeGaVAIZS2ScMnKm/JzIcaZ1Gvk1G2Az0sjcV//M6iQmvuhkTcWKoIPNFYcKhkXDaDAyYosTw1BJMFLN/hWSAFSbG9pe3JXjLJ6+S5kXVs/zOtnEN5siBU1AEZeCBS1ADt6AOGoCAR/AC3sC78+S8Oh/O5zy65ixmTsAfOF8/gEWdmg==</latexit><latexit sha1_base64="UG1sg1rDutOrdcf4FkiVDHax7ZI=">AAACDHicbVDLSgMxFM34rPVVdekmtAiVQplxo8uiG5cV7AOaUjKZTBuaScYkUxiGfoAbV/6HGxeKuPUD3PVvTB8LbT0QOJxzLjf3+DFn2rjuxFlb39jc2s7t5Hf39g8OC0fHTS0TRWiDSC5V28eaciZowzDDaTtWFEc+py1/eDP1WyOqNJPi3qQx7Ua4L1jICDZW6hVKZaQGEtGHhI2ghhWIBPY5RiSQJkN+COPxuU25VXcGuEq8BSnViqjyPKml9V7hGwWSJBEVhnCsdcdzY9PNsDKMcDrOo0TTGJMh7tOOpQJHVHez2TFjeGaVAIZS2ScMnKm/JzIcaZ1Gvk1G2Az0sjcV//M6iQmvuhkTcWKoIPNFYcKhkXDaDAyYosTw1BJMFLN/hWSAFSbG9pe3JXjLJ6+S5kXVs/zOtnEN5siBU1AEZeCBS1ADt6AOGoCAR/AC3sC78+S8Oh/O5zy65ixmTsAfOF8/gEWdmg==</latexit><latexit sha1_base64="NNG+sdCCqgagktbIQxvE7kFqf5w=">AAACDHicbVDLSgMxFM34rPVVdekmWISKUGbc6LLoxmUF+4DOUO6kmTY0k4xJplCGfoAbf8WNC0Xc+gHu/BvTdhbaeiBwOOdcbu4JE860cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tUwVoQ0iuVTtEDTlTNCGYYbTdqIoxCGnrXB4M/VbI6o0k+LejBMaxNAXLGIEjJW6pXLFVwPp04eUjbDG59gXEHLwSU+azA8jnEzObMqtujPgZeLlpIxy1LulL78nSRpTYQgHrTuem5ggA2UY4XRS9FNNEyBD6NOOpQJiqoNsdswEn1qlhyOp7BMGz9TfExnEWo/j0CZjMAO96E3F/7xOaqKrIGMiSQ0VZL4oSjk2Ek+bwT2mKDF8bAkQxexfMRmAAmJsf0Vbgrd48jJpXlQ9y+/ccu06r6OAjtEJqiAPXaIaukV11EAEPaJn9IrenCfnxXl3PubRFSefOUJ/4Hz+AGRcmos=</latexit>
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�tnd +� · jd = g2�t� · u� g1� · �tu � Js,
<latexit sha1_base64="IHBxcnWaObeQ3A2eaX+4X8VLV/8="></latexit><latexit sha1_base64="UUZkeiS/MmUcGG2rTOJTNsOcXsA="></latexit><latexit sha1_base64="UUZkeiS/MmUcGG2rTOJTNsOcXsA="></latexit><latexit sha1_base64="y61zINCJfrOxyHJDCy+T4gvWZ3w="></latexit>

nd = ���t� = n + g2� · u,
<latexit sha1_base64="uGVEByHNwi9AyGI16IcMwv0ZZeM="></latexit><latexit sha1_base64="NlSBPTpDWMsg/aZYqVCfOB+SC8Q="></latexit><latexit sha1_base64="NlSBPTpDWMsg/aZYqVCfOB+SC8Q="></latexit><latexit sha1_base64="h5v7tDj3mq9r1HP25hiA/qZcYos=">AAACInicbVDLSsNAFJ34tr6qLt0MFkFQS9KNDxCKblxWsCo0JdxMJu3gZBJmboQS+i9u/BU3LnytBD/GSe3C14ELh3Pu5d57wkwKg6777kxMTk3PzM7NVxYWl5ZXqqtrlybNNeNtlspUX4dguBSKt1Gg5NeZ5pCEkl+FN6elf3XLtRGpusBBxrsJ9JSIBQO0UlA9UkFEj+mez/rCz0CjABmgfws66wtrKLpDe0HDVxBK8FmUYuGHMc2Hu5WgWnPr7gj0L/HGpEbGaAXVVz9KWZ5whUyCMR3PzbBblEuZ5MOKnxueAbuBHu9YqiDhpluMfhzSLatENE61LYV0pH6fKCAxZpCEtjMB7JvfXin+53VyjA+6hVBZjlyxr0VxLimmtAyMRkJzhnJgCTAt7K2U9UEDQxtrGYL3++W/pN2oH9a9c7fWPBmnMUc2yCbZJh7ZJ01yRlqkTRi5Iw/kiTw7986j8+K8fbVOOOOZdfIDzscn3DmiwQ==</latexit>

jd = K�� = j� g1�tu,
<latexit sha1_base64="cXwHeLWLGN+LhmFsV9mJj74hzyU="></latexit><latexit sha1_base64="rPmiOUVsnXXARzyc2TpQrTvW0WQ="></latexit><latexit sha1_base64="rPmiOUVsnXXARzyc2TpQrTvW0WQ="></latexit><latexit sha1_base64="4+vpQoTI2fMAARNsTzdPfiOMoiU="></latexit>

Ĥ =
1
2
��1�̂2 +

1
2
Cijk�ûij ûk� +

1
2
K(��̂)2 +

1
2
��1n̂2

<latexit sha1_base64="vsxhHcRWNRTC6FCGFUEMuCHj2/M="></latexit><latexit sha1_base64="YdMqkgIstZVMp8zh1ZxFQT7q33Q="></latexit><latexit sha1_base64="YdMqkgIstZVMp8zh1ZxFQT7q33Q="></latexit><latexit sha1_base64="lnCcZxYBYfJWEawJBvhHrUe6EoE="></latexit>

+g1��̂ · �̂ + g2n̂ûii
<latexit sha1_base64="Cx5QL9t3ev3VO04gDgLdzllFlqg="></latexit><latexit sha1_base64="KqPtCwIisvYBE5OfGyHkRUnRVXc="></latexit><latexit sha1_base64="KqPtCwIisvYBE5OfGyHkRUnRVXc="></latexit><latexit sha1_base64="f9ZLqLgZHrTVKLAr8ghwfYM9XXw=">AAACInicbVDLSgMxFM34tr6qLt0EiyAIZcaNj1XRjUsFawudYbiTSdtgJjMkd4Qy9F/c+CtuXPhaCX6MmbaIWg+EnHvuuST3RJkUBl33w5mZnZtfWFxarqysrq1vVDe3bkyaa8abLJWpbkdguBSKN1Gg5O1Mc0giyVvR7XnZb91xbUSqrnGQ8SCBnhJdwQCtFFZPD2gv9HwFkQS/D+hnfeGzOMWyKPxMDGnpOCxLqujoysNCiKEfVmtu3R2BfhPvL6mRCS7D6psfpyxPuEImwZiO52YYFKBRMMmHFT83PAN2Cz3esVRBwk1QjHYc0j2rxLSbansU0pH6c6KAxJhBEllnAtg3f3ul+F+vk2P3OCiEynLkio0f6uaSYkrLwGgsNGcoB5YA08L+lbI+aGBoY63YEKZWnibNw/pJ3btya42zSRpLZIfskn3ikSPSIBfkkjQJI/fkkTyTF+fBeXJenfexdcaZzGyTX3A+vwBpVaO7</latexit>

Marchetti, L.R. 1998

J ij
s = g�ik�j�(�t�k � �k�t)u� = g�ikvkbj

<latexit sha1_base64="XkdbQV7mbnNda9yzGU6YI8vhGHQ="></latexit><latexit sha1_base64="K6ZIoGN8e4GqztWH2y7fGNiq8Xc="></latexit><latexit sha1_base64="K6ZIoGN8e4GqztWH2y7fGNiq8Xc="></latexit><latexit sha1_base64="zXkYv9ATqJxnTsaiHS4XQIxeHcw="></latexit>
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Marchetti, L.R. 1998�tnd + �iJ
i
d = �J i

i
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coupling elasticity vacancies/interstitials

(à Ampere’s law)



Symmetry-enriched fractonsM. Pretko, 
L. R., PRL2018 2D Kumar

Potter, 2018

“axion”coupling chargeselasticity bosons
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• Hybrid U(1) vector-tensor gauge duality 

-> supersolid -> “fracton superfluid” (mobile dipoles)  F

-> normal crystal -> “fracton Mott insulator” (confined dipoles) FU(1)

• Vortex condensation: F --> FU(1)
-> fracton dipole dimensional confinement
-> superfluid to Mott-insulating fracton transition

cf (0,1), “hollow GT”
Ma, et al; Bulmash, et al.
magnetic monopoles  



Fracton superfluid: supersolidM. Pretko, 
L. R.,2018

• Hybrid U(1) vector-tensor gauge duality 

with “mutual axion” electrodynamics
-> supersolid -> fracton superfluid (mobile dipoles)

-> normal crystal -> fracton Mott insulator (confined dipoles)

• Vortex condensation 
-> fracton dipole dimensional confinement
-> superfluid to Mott-insulating fracton transition

• Fracton dipole condensation 
-> superhexatic

2D
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Crystal Hexatic Liquid

unbinding of 
dislocations

unbinding of 
disclinations

Fracton condensation transition

Z. Zhai, L. R., 2019

2D crystal:

2D scalar fracton model:

Berezinskii
Kosterlitz, Thouless
Halperin, Nelson
Young
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cos (bn · ẑ ���)
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2D

L. R., 2016



Fracton “sliding phase”L. R., 2018

Incompressible crystal -> “fracton Mott insulator” 
FU(1)

tx
tx

• dispersionless along lines

• stability to interactions?

• Dclimb ~ e-Δ/T << Dglide
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