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Topology
• From abstract mathematical concepts to materials
• Many topologically distinct classes of topological materials

Integer quantum Hall effect

Klaus von Klitzing 1 part in a billion precision!
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or
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Fractional quantum Hall effect

Consequence of topology and strong correlation
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Lattice realization

• Landau levels are not essential, but need to break time reversal symmetry

• Integer quantum Hall effect è Chern insulator (quantum anomalous Hall 
insulator)

• Fractional quantum Hall effect è fractional Chern insulator

Duncan Haldane, PRL 61, 2015 (1988)
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Haldane model Duncan Haldane, PRL 61, 2015 (1988)
Nobel Prize 2016
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Why Chern insulator

Platform for topological 
quantum computation

Resistance standard without 
magnetic field
10 parts per billion precision

Dissipation free 
electronic devices

Okazaki et al., Nat. Phys. (2022) S. C. Zhang et al.
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First experimental realization:  doping topological insulator

chromium-doped (Bi,Sb)2Te3

TI

Change et al., Science (2013)
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MnBi2Te4

Deng et al., Science (2020)
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Chern insulator in Moiré materials
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Twisted bilayer graphene (TBG)

𝜃

𝑎, ∝ 𝑎/𝜃

Twisted bilayer graphene
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The rise of Moiré materials

Strange 
metal

R. Bistritzer, A.H. MacDonald, PNAS (2011)
Y. Cao et al, Nature (2018)
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Quantum anomalous Hall effect in TBG

A. Sharpe et al, Science (2019)
M. Serlin et al, Science (2020)

Current induced switching of valley polarization and 
topology

Chern insulator in twisted bilayer graphene

Inversion symmetry is broken by placing 
graphene on hBN

Theory: Ying and Lin, PRL (2020)
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Transition metal dichalcogenide moiré superlattice

MoSe2

MoSe2

WSe2

EF

Effective Hubbard model

Wu et al., PRL 121, 
026402 (2018)

+ Coulomb
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Band folding due to moiré superlattice

Coulomb 𝑈~1/𝑎,, kinetic energy 𝐾~1/𝑎,( for parabolic dispersion

Coulomb dominates for a large 𝑎,
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Surprise: Chern insulator in TMD moiré superlattice

AB-stacked MoTe2/WSe2
heterobilayer

Chern insulatorLi et al., Nature (2021)
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Massive Dirac fermion in a periodic potential

Meron texture

1eV

model

Parameter measures the initial Berry curvature

Su, Li, Zhang, Sun and SZL, arXiv:2110.02537

Small Berry curvature + Band folding è Chern band
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Comparison between the two models

Massive Dirac fermion (blue)
Intravalley T breaking

Simple parabolic 
dispersion (red)
Intravalley T preserving

C=0C=-1

Band structure agrees well with two models, but the band 
topology is completely different!
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Emergence of the Haldane physics

Wannier functions

• Wannier functions for two valence bands for a give valley form honeycomb lattice.
• 𝜙 serves as inversion symmetry breaking parameter
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Electric field tuning of topology
AB stackingAA stacking

trivial

Chern band
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Spontaneous valley polarization

𝜏 = +, ↑ 𝜏 = −, ↓

C=1 C=-1
Time-reversal symmetric
Quantum valley/spin Hall insulator

To realize Chern insulator, T-symmetry needs to 
be broken, which can be achieved by Coulomb 
interaction

Inter-valley Coulomb 
repulsion

𝜏 = −, ↓

𝜏 = +, ↑ 𝐸-
Chern insulatorBroken time-reversal symmetry

𝐸-
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Correlated Chern insulator

Red: + valley
Blue: -valley

𝜈 = 1 filling

𝜈 = 2 filling
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Fractional Chern insulator
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Chern insulator in transition metal dichalcogenides 
Moiré materials

• Strongly correlated Chern band

• Interplay between correlation and 
topology

• Realization of Fractional Chern 
insulator

MoTe2 homobilayer moiré superlattice

Tang et al., PRL (2011)
Sun et al., PRL (2011)
Neupert et al. PRL (2011)
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Fractional Chern insulator

• Valley polarization by breaking T-
reversal symmetry

• Fractional Chern insulating state at 
v=1/3 filling

• Quasi-hole excitation

• Symmetry breaking determines 
correlated topological phase and low 
energy excitations

H. Q. Li, U. Kumar, K. Sun and SZL, Phys. Rev. 
Research 3, 032070 (2021)
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Charge neutral excitation

• Valley wave 

• Valley wave is gapped because the 
opposite valley has different Chern 
number: SU(2) ===> U(1) 

• Hamiltonian for Valley pseudospin 
n

Individual valley skyrmion is not stable, but allow for skyrmion lattice stabilized by the 
Coulomb interaction
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Summary

• A new mechanism to stabilize Chern insulator by placing massive Dirac 
fermion in a periodic potential

• Coulomb interaction spontaneously breaks time-reversal symmetry
• Our theory is a candidate to explain the experiments MoTe2/WSe2

• Fractional Chern insulator can be realized when the interaction is strong

Other theories: Zhang et al. arXiv:2107.02167
Xie et al., arXiv:2106.13991
Chang et al., arXiv:2203.10088

Li, Kumar, Sun and SZL, Phys. Rev. Research 3, 032070 (2021)

Su, Li, Zhang, Sun and SZL, arXiv:2110.02537
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Narrow bands at magic angles 
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Hybridization gap

Narrow bands at magic angles 

• When inversion symmetry is broken, we can 
pack two merons inside the same Moiré 
Brillouin zone

• Strong Coulomb interaction causes valley 
polarization è Chern insulator

Theory: Zhang, Mao, Senthil PRR (2019)


