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Topological textures:

• Domain walls

• Vortices

• Skyrmions

• …

• Nuclear physics

• QCD

• Statistical Physics

• String theory

• Condensed matter

• Vortex lattice in a superconductor

• Skyrmion crystal in a magnet

• Memory devices using Skyrmions and domain walls



Outline:

• Néel antiferromagnet

• A texture

• Effective electron Hamiltonian

• A texture in the form of a Skyrmion

• Skyrmion-electron bound states

• Broader implications



Néel antiferromagnet :

spin−down sublattice

spin−up sublattice
<latexit sha1_base64="9ZKOkTMX0TQDiOXj0v5ULpiO/1c=">AAACOXicbVDLSgMxFM34rPVVdekmWIQWscxIUTdC0Y0boYK1hbaUTHpHQzMPkjtiGea33PgX7gQ3LhRx6w+Yjl1o64HA4Zx7kpvjRlJotO1na2Z2bn5hMbeUX15ZXVsvbGxe6zBWHBo8lKFquUyDFAE0UKCEVqSA+a6Epjs4G/nNO1BahMEVDiPo+uwmEJ7gDI3UK9STjuvRi5SWMqLoHu0g3GN2c+LKGNKEpWmZnkzr+ymlE/G03CsU7YqdgU4TZ0yKZIx6r/DU6Yc89iFALpnWbceOsJswhYJLSPOdWEPE+IDdQNvQgPmgu0m2R0p3jdKnXqjMCZBm6u9Ewnyth75rJn2Gt3rSG4n/ee0YveNuIoIoRgj4z0NeLCmGdFQj7QsFHOXQEMaVMLtSfssU42jKzpsSnMkvT5Prg4pzWKleVou103EdObJNdkiJOOSI1Mg5qZMG4eSBvJA38m49Wq/Wh/X5MzpjjTNb5A+sr28kvayK</latexit>

M(r+ a) = �M(r)
<latexit sha1_base64="n8mK5Y3kBOOk+jg4Y3iuY98HH68="></latexit>

M(r) = M0 exp[ i (Q · r) ]
<latexit sha1_base64="OEVw2sUM2eO7KrUgumvIm0Yperc="></latexit>

Q =
⇣⇡
a
,
⇡

a

⌘

couples to conduction electron spin    :<latexit sha1_base64="rnGvI20wOMEF+AD/4tI0BGjOH6U=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAN2Q5idzCZD5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNaIsornQ3xoZyJmnLMstpN9UUi5jTTjy+m/mdJ6oNU/LRTlLaE3goWcIItk4KozjJI8OGAk/71Zpf9+dAqyQoSA0KNPvVr2igSCaotIRjY8LAT20vx9oywum0EmWGppiM8ZCGjkosqOnl85On6MwpA5Qo7UpaNFd/T+RYGDMRsesU2I7MsjcT//PCzCY3vZzJNLNUksWiJOPIKjT7Hw2YpsTyiSOYaOZuRWSENSbWpVRxIQTLL6+S9kU9uKpfPlzWGrdFHGU4gVM4hwCuoQH30IQWEFDwDK/w5lnvxXv3PhatJa+YOYY/8D5/AJq3kXo=</latexit>�
<latexit sha1_base64="fFhg4vEuhSKObZK97DjWexidtvk=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BL16ECOaBSQizk95kyOzsMjMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPd5ceCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/dDP1m0+oNI/kgxnH2A3pQPKAM2qs9Njxg/SOlNTZpFcoumV3BrJMvIwUIUOtV/jq9COWhCgNE1TrtufGpptSZTgTOMl3Eo0xZSM6wLalkoaou+ns4gk5tUqfBJGyJQ2Zqb8nUhpqPQ592xlSM9SL3lT8z2snJrjqplzGiUHJ5ouCRBATken7pM8VMiPGllCmuL2VsCFVlBkbUt6G4C2+vEwa52Xvoly5rxSr11kcOTiGEyiBB5dQhVuoQR0YSHiGV3hztPPivDsf89YVJ5s5gj9wPn8AjpuQMw==</latexit>

M(r)

… that is, couples any momentum     to           .    <latexit sha1_base64="N2i5UzR0fHjWmVVXRhKu9Ff6uwI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSEGYnvcmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrVIIb6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3Q2pQcIkNy63AttJI41BgKxzfzfzWE2rDE/loJwp7MR1KHnFGrZNa3TDKiJr2yxW/6s9BVkmQkwrkqPfLX91BwtIYpWWCGtMJfGV7GdWWM4HTUjc1qCgb0yF2HJU0RtPL5udOyZlTBiRKtCtpyVz9PZHR2JhJHLrOmNqRWfZm4n9eJ7XRTS/jUqUWJVssilJBbEJmv5MB18ismDhCmebuVsJGVFNmXUIlF0Kw/PIqaV5Ug6vq5cNlpXabx1GEEziFcwjgGmpwD3VoAIMxPMMrvHnKe/HevY9Fa8HLZ47hD7zPHyWDj3U=</latexit>p
<latexit sha1_base64="KI5J8cXxXk9oT2/ylrNAnjssNvs=">AAACCnicbVDLSgNBEJz1GeMr6tHLaBAEIexKUI9BLx4TMA9IQpid9CZDZh/M9Iph2bMXf8WLB0W8+gXe/Bsnmxw0saChqOqeni43kkKjbX9bS8srq2vruY385tb2zm5hb7+hw1hxqPNQhqrlMg1SBFBHgRJakQLmuxKa7uhm4jfvQWkRBnc4jqDrs0EgPMEZGqlXOOq4XkKjlJ7RDsIDZi8mrowhTYxFa2mvULRLdga6SJwZKZIZqr3CV6cf8tiHALlkWrcdO8JuwhQKLiHNd2INEeMjNoC2oQHzQXeTbHFKT4zSp16oTAVIM/X3RMJ8rce+azp9hkM9703E/7x2jN5VNxFBFCMEfLrIiyXFkE5yoX2hgKMcG8K4EuavlA+ZYhxNenkTgjN/8iJpnJeci1K5Vi5Wrmdx5MghOSanxCGXpEJuSZXUCSeP5Jm8kjfryXqx3q2PaeuSNZs5IH9gff4ACUqagg==</latexit>

p+Q

<latexit sha1_base64="D17N5q/JdkaTTYLfxI5UDiJpRtQ="></latexit>

J (M(r) · �) ⇠ J (M0 · �) eiQ·r = (� · �)eiQ·r



Bispinor 
<latexit sha1_base64="/LufMEb06m/LvnOhE3r5lx2lnS8=">AAACJnicbVDLSgNBEJz1bXxFPXoZDIJiCLsS1EtA9OIxAZMI2RBmJ71xcPbBTK8Ylv0aL/6KFw8REW9+ipNkD/FRMFBUdVM95cVSaLTtT2tufmFxaXlltbC2vrG5VdzeaekoURyaPJKRuvWYBilCaKJACbexAhZ4Etre/dXYbz+A0iIKb3AYQzdgg1D4gjM0Uq9Yc+ta0Bo9dGMteqnr+TTOqFumZTqj0GPqIjziJC/1ZAJZ2siyo16xZFfsCehf4uSkRHLUe8WR2494EkCIXDKtO44dYzdlCgWXkBXcREPM+D0bQMfQkAWgu+kkNqMHRulTP1LmhUgn6uxGygKth4FnJgOGd/q3Nxb/8zoJ+ufdVIRxghDyaZCfSIoRHXdG+0IBRzk0hHElzK2U3zHFOJpmC6YE5/eX/5LWScU5rVQb1dLFZV7HCtkj++SQOOSMXJBrUidNwskTeSEj8mY9W6/Wu/UxHZ2z8p1d8gPW1zcwNqR6</latexit>

 = ( p , p+Q)

The Hamiltonian :
<latexit sha1_base64="hzI2/ipMGX2g2cLh9CH+7cx32v8="></latexit>

H =


"(p) (� · �)

(� · �) "(p+Q)

�

The spectrum                                  , 
<latexit sha1_base64="iPYYsXdISnC+erggwWxiyTB074w="></latexit>

Ep = "+(p)±
q
|�|2 + "2�(p)

where                               .
<latexit sha1_base64="jY2hUd4nf023KOeeIBZW1OMDjfY="></latexit>

"±(p) ⌘
1

2
["(p)± "(p+Q)]

Generalisation for a non-uniform            ?<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�



Hamiltonian for a non-uniform            ? 

Effective-mass theory near band extrema:

<latexit sha1_base64="0q81QVy046QsPo1V/vPiYGNBPgc=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYo6sJlBfuAJpTJdNIOnUzCzI1QQr/Djb/ixoUi7sSNf+M0LaitBwbOPede7twTJIJrcJwvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHwauK37pnSPJZ3MEqYH5G+5CGnBIzUtd3MC0LsXTMBZNzNCzXGF9gbEMgr+aNOu7p22ak4OfAicWekjGaod+0PrxfTNGISqCBad1wnAT8jCjgVbFzyUs0SQoekzzqGShIx7Wf5aWN8ZJQeDmNlngScq78nMhJpPYoC0xkRGOh5byL+53VSCM/9jMskBSbpdFGYCgwxnuSEe1wxCmJkCKGKm79iOiCKUDBplkwI7vzJi6R5UnFPK9Xbarl2OYujiA7QITpGLjpDNXSD6qiBKHpAT+gFvVqP1rP1Zr1PWwvWbGYf/YH1+Q05j6Bg</latexit>

�r = n̂r�

<latexit sha1_base64="NGR4EUL02ZYKrIOp4jk0aEO+qSM="></latexit>

"(p), "(p+Q) ! "p0(�i~r) , "p0+Q(�i~r̂)

Perform a spin rotation    : <latexit sha1_base64="KyU36rh8h4KqWSQ6vcyIniDKhr8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3M79zhNVmsXywUwTGgg8kixiBBsrPfqDrB9GSM0G1Zpbd3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQ5QfP0JlVhiiKlS1pUK7+nsiw0HoqQtspsBnrZW8u/uf1UhNdBxmTSWqoJItFUcqRidH8ezRkihLDp5Zgopi9FZExVpgYm1HFhuAtv7xK2hd177LeuG/UmjdFHGU4gVM4Bw+uoAl30AIfCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/iNyQPw==</latexit>

Ur

<latexit sha1_base64="lr1+Q2GzEEpxX7WqjHTAw+FsqH4="></latexit>

U†
r (n̂r · �)Ur = �z

On the diagonal – a Peierls substitution: 
<latexit sha1_base64="6YZirEteYzbrmY+lHh3sHOXBhh4=">AAACKXicbVDLSgMxFM34rPVVdekmWISKUGakqMuqG5cVrAqdUu6kmTY0MxmSO0oZ+jtu/BU3Coq69UdMx4LPA4GTc84luSdIpDDouq/O1PTM7Nx8YaG4uLS8slpaW78wKtWMN5mSSl8FYLgUMW+iQMmvEs0hCiS/DAYnY//ymmsjVHyOw4S3I+jFIhQM0EqdUt3vA2bJqCOor0Wvj6C1uqFf6i6tZH4Q0qM8wroKaX73jehFMNrplMpu1c1B/xJvQspkgkan9Oh3FUsjHiOTYEzLcxNsZ6BRMMlHRT81PAE2gB5vWRpDxE07yzcd0W2rdGmotD0x0lz9PpFBZMwwCmwyAuyb395Y/M9rpRgetjMRJynymH0+FKaSoqLj2mhXaM5QDi0BpoX9K2V90MDQllu0JXi/V/5LLvaq3n61dlYr148ndRTIJtkiFeKRA1Inp6RBmoSRW3JPnsizc+c8OC/O22d0ypnMbJAfcN4/AEYUpps=</latexit>

p̂i ! p̂i + (Ai · �) with 
<latexit sha1_base64="0FLuOC+0VzGUpVSVs0dDASdIaok="></latexit>

(Ai · �) = A↵
i �

↵ = �i~U †
r@iUr

<latexit sha1_base64="hzI2/ipMGX2g2cLh9CH+7cx32v8="></latexit>

H =


"(p) (� · �)

(� · �) "(p+Q)

�
Off diagonal – uniform    :              <latexit sha1_base64="XgzrXJSadV5p3VKQntExAtLSv2A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiHjxWsB/QlLLZbtqlm03YnQgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ70V0qEQoGEUr+ZkfhMS/4xLptF+uuFV3DrJKvJxUIEejX/7yBzFLI66QSWpM13MT7GVUo2CST0t+anhC2ZgOeddSRSNuetn85ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophte9TKgkRa7YYlGYSoIxmQVABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/nlVdK6qHqX1dpDrVK/yeMowgmcwjl4cAV1uIcGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w+3AZF9</latexit>

�



Now, the effective Hamiltonian : 

Stay close to the band edge (           )
<latexit sha1_base64="UJHGnhQoHHRQbCBEkw2vBc98PCw=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwY0mkqMviA1xWsA9oQplMJ+3QySTMTIQSunTjr7hxoYhbP8Gdf+O0zUJbD1zu4Zx7mbknSDhT2nG+rYXFpeWV1cJacX1jc2vb3tltqDiVhNZJzGPZCrCinAla10xz2kokxVHAaTMYXI395gOVisXiXg8T6ke4J1jICNZG6tgHXigxyW7QCfKuKdd4lOUdeZwjt2OXnLIzAZonbk5KkKPWsb+8bkzSiApNOFaq7TqJ9jMsNSOcjopeqmiCyQD3aNtQgSOq/GxyyAgdGaWLwliaEhpN1N8bGY6UGkaBmYyw7qtZbyz+57VTHV74GRNJqqkg04fClCMdo3EqqMskJZoPDcFEMvNXRPrYJKNNdkUTgjt78jxpnJbds3LlrlKqXuZxFGAfDuEYXDiHKtxCDepA4BGe4RXerCfrxXq3PqajC1a+swd/YH3+AAPxmLU=</latexit>

E ��

�
⌧ 1

and go from “Dirac” to       “Schrödinger” 

Where are our band extrema ? 

px

Σ2

Σ4

Σ3

Γ

Q
X

X

Σ1

py

What is the        ? <latexit sha1_base64="BdIXCRi4bs8J7V7T+yRljyb0aL4=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqpUlipBFTBWsDAWibZITRQ5rtNadRzLdipVUb6AhV9hYQAhVmY2/ga3zQAtR7J07jn36vqeUDCqtON8W6W19Y3NrfJ2ZWd3b//APjzqqiSVmHRwwhL5ECJFGOWko6lm5EFIguKQkV44vpn5vQmRiib8Xk8F8WM05DSiGGkjBXbNmyBJhKLMVFnmhREUeeDksO6NkC7qs8CuOg1nDrhK3IJUQYF2YH95gwSnMeEaM6RU33WE9jMkNcWM5BUvVUQgPEZD0jeUo5goP5ufk8OaUQYwSqR5XMO5+nsiQ7FS0zg0nTHSI7XszcT/vH6qoys/o1ykmnC8WBSlDOoEzrKBAyoJ1mxqCMKSmr9CPEISYW0SrJgQ3OWTV0n3vOFeNJp3zWrruoijDE7AKagDF1yCFrgFbdABGDyCZ/AK3qwn68V6tz4WrSWrmDkGf2B9/gD8c5wN</latexit>

"p0(p̂)
<latexit sha1_base64="tOxaZcFTg2kWw6llqdgqHMNcLpQ="></latexit>

"p0(p̂) = v · p̂+
p̂2i
2mi

and …

<latexit sha1_base64="nCnHVchgL8iDMUG9SVzvxG1UE/c=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2FZsQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvpn5nSeujYjVPU4S7kd0qEQoGEUrPdZID0XEDan1yxW36s5BVomXkwrkaPbLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVRRu8bP5hdPyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88jOhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJu1b1Lqr1u3qlcZ3HUYQTOIVz8OASGnALTWgBAwXP8ApvjnFenHfnY9FacPKZY/gD5/MHTWmQCQ==</latexit>

2⇥ 2



Skyrmion : 

static input to the electron problem.

<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘

… and



Now, on to our Skyrmion :

Energy density : 
<latexit sha1_base64="Weo4ezq+QcAxnuq6V18w8TbfpUM=">AAACD3icbVC7TsMwFHV4lvIqMLJYVKCyVElVAWMFC2IqEn1ITaluXKe16jiR7SBVUf6AhV9hYQAhVlY2/gY37QAtR7q6R+fcK/seL+JMadv+tpaWV1bX1nMb+c2t7Z3dwt5+U4WxJLRBQh7KtgeKciZoQzPNaTuSFAKP05Y3upr4rQcqFQvFnR5HtBvAQDCfEdBG6hVObnApcT0fuwI8Dil2h6AzQaS9rMv09L7SKxTtsp0BLxJnRopohnqv8OX2QxIHVGjCQamOY0e6m4DUjHCa5t1Y0QjICAa0Y6iAgKpukt2T4mOj9LEfSlNC40z9vZFAoNQ48MxkAHqo5r2J+J/XibV/0U2YiGJNBZk+5Mcc6xBPwsF9JinRfGwIEMnMXzEZggSiTYR5E4Izf/IiaVbKzlm5elst1i5nceTQITpCJeSgc1RD16iOGoigR/SMXtGb9WS9WO/Wx3R0yZrtHKA/sD5/ACqzm4E=</latexit>

J(rn̂r)
2

… the Belavin-Polyakov Skyrmion (1975)

<latexit sha1_base64="WCzEvtUnPrM5rvmvfBHrnAeLRcE="></latexit>

n̂r = (sin ✓r cos�, sin ✓r sin�, cos ✓r), r =
p
x2 + y2, � = arctan

y

x

The ‘Néel’ profile :

Toy problem : isotropic antiferromagnet 



The Belavin-Polyakov Skyrmion:

A single length, radius    :
<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="p/DACAzAq4BfTpd9e0T8kF3IiHo=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiCUpLiayMU3bisYmuhiWUyndjBySTM3AhtyJe48VfcuFBEcKV/4/SB+Dpw4XDOvdx7T5AIrsFxPqyJyanpmdnCXHF+YXFp2V5Zbeg4VZTVaSxi1QyIZoJLVgcOgjUTxUgUCHYZ3JwM/MtbpjSP5QX0EuZH5FrykFMCRmrbe57mEnvQZUDwEfZCRWhW6eeZi7dx/6qS4x3s7eD+l6fy7Dxv2yWn7AyB/xJ3TEpojFrbfvM6MU0jJoEKonXLdRLwM6KAU8HyopdqlhB6Q65Zy1BJIqb9bPhejjeN0sFhrExJwEP1+0RGIq17UWA6IwJd/dsbiP95rRTCQz/jMkmBSTpaFKYCQ4wHWeEOV4yC6BlCqOLmVky7xKQAJtGiCcH9/fJf0qiU3f3y7tluqXo8jqOA1tEG2kIuOkBVdIpqqI4oukMP6Ak9W/fWo/VivY5aJ6zxzBr6Aev9E8RQoGw=</latexit>

sin ✓ =
2z

1 + z2
, z =

r

R

Pick a gauge :
<latexit sha1_base64="fnRliiko1v9oZ9bIK/lOZg0Zulw=">AAACGXicbZBPS8MwGMbT+W/Of1WPXoJDmJfRylAvwtCLxwl2DtZS0izdwpK2JKkwSr+GF7+KFw+KeNST38asK6KbDwR+ed73JXmfIGFUKsv6MipLyyura9X12sbm1vaOubvXlXEqMHFwzGLRC5AkjEbEUVQx0ksEQTxg5C4YX03rd/dESBpHt2qSEI+jYURDipHSlm9ajp+5QQhFDi9go0Ce/1guHsQKFjdX0iFH+bFv1q2mVQgugl1CHZTq+OaHO4hxykmkMENS9m0rUV6GhKKYkbzmppIkCI/RkPQ1RogT6WXFZjk80s4AhrHQJ1KwcH9PZIhLOeGB7uRIjeR8bWr+V+unKjz3MholqSIRnj0UpgyqGE5jggMqCFZsogFhQfVfIR4hgbDSYdZ0CPb8yovQPWnap83WTavevizjqIIDcAgawAZnoA2uQQc4AIMH8ARewKvxaDwbb8b7rLVilDP74I+Mz2+G4J9p</latexit>

Ur = (mr · �)

… and back to the Hamiltonian, term by term :

Energy

Topological sectors, labelled by         <latexit sha1_base64="/m6ObDTh8qlUYBU0c+vpTteBrgo=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFcSEhKUTdC0Y3LFuwDmlAm02k7dDIJMxOhhH6AG3/FjQtF3PoB7vwbJ20W2nphmMM553LvPUHMmdKO822trK6tb2wWtorbO7t7+6WDw5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FtprcfqFQsEvd6ElM/xEPBBoxgbaheqeyFWI8I5mljiq6Rg86RF4fIzf8Ksm3buBzbmRVaBm4OypBXvVf68voRSUIqNOFYqa7rxNpPsdSMcDoteomiMSZjPKRdAwUOqfLT2TFTdGqYPhpE0jyh0Yz93ZHiUKlJGBhntrpa1DLyP62b6MGVnzIRJ5oKMh80SDjSEcqSQX0mKdF8YgAmkpldERlhiYk2+RVNCO7iycugVbHdC7vaqJZrN3kcBTiGEzgDFy6hBndQhyYQeIRneIU368l6sd6tj7l1xcp7juBPWZ8/IiCX1Q==</latexit>

Q = 0,±1,±2...

<latexit sha1_base64="fCLCKKVoshsPsd4Nukos+Xcagqg=">AAACBHicbVDLSgNBEOyNrxhfqx5zGQyCp7ArQb0IQRHEUwLmAdkQZiezyZDZBzOzQtjk4MVf8eJBEa9+hDf/xtlkD5pY0FBUddPd5UacSWVZ30ZuZXVtfSO/Wdja3tndM/cPmjKMBaENEvJQtF0sKWcBbSimOG1HgmLf5bTljq5Tv/VAhWRhcK/GEe36eBAwjxGstNQzizfoElWQEzF0hybI8bEaEsyT+hRNembJKlszoGViZ6QEGWo988vphyT2aaAIx1J2bCtS3QQLxQin04ITSxphMsID2tE0wD6V3WT2xBQda6WPvFDoChSaqb8nEuxLOfZd3ZkeKRe9VPzP68TKu+gmLIhiRQMyX+TFHKkQpYmgPhOUKD7WBBPB9K2IDLHAROncCjoEe/HlZdI8Ldtn5Uq9UqpeZXHkoQhHcAI2nEMVbqEGDSDwCM/wCm/Gk/FivBsf89ackc0cwh8Ynz/EOpZO</latexit>

E = 4⇡J |Q|



produces geometric flux        . 

<latexit sha1_base64="VLYFwe+FrVeJ4D7XFqKE//RyQQY="></latexit>

H⌃ =
(p̂i +Az

i �z)
2

2m⇤
i

+

⇣
Ak

i

⌘2

2mi
+ v

⇣
Ak

y · �
⌘

1:
<latexit sha1_base64="88dhEHF8CtWAOstHLqiZFsvCzHM="></latexit>

(p̂i +Az
i �z)

2

2m⇤
i

<latexit sha1_base64="Ivp3xjBiiWDEhixNVvW9UqvH53k="></latexit>

Az
x =

�~y
R2 + r2

, Az
y =

~x
R2 + r2, where

<latexit sha1_base64="JvdJR2pi8gxvrGF/YF9jmAtMtMw=">AAAB7nicbVBNSwMxEJ2tX3X9qnr0EiyCp7IrRT1WvXisYD+gXUs2zbah2WRJskJd+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8VNd2t7Z3evtH/Q1DJVhDaI5FK1Q6wpZ4I2DDOcthNFcRxy2gpHN1O/9UiVZlLcm3FCgxgPBIsYwcZKLffq4anHUK9U9ireDGiZ+DkpQ456r/TV7UuSxlQYwrHWHd9LTJBhZRjhdOJ2U00TTEZ4QDuWChxTHWSzcyfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQZZEwkqaGCzBdFKUdGounvqM8UJYaPLcFEMXsrIkOsMDE2IdeG4C++vEyaZxX/vFK9q5Zr13kcRTiCYzgFHy6gBrdQhwYQGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDLzOO1A==</latexit>

Az
i

<latexit sha1_base64="6z1p++q5/XEwc3BoePl02awpaSk=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInspuKeqx6MVjBfsB3aVk02wbmmSXJCvUpb/EiwdFvPpTvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxyWK0fHHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbDye3c7z5SpVksH8w0oYHAI8kiRrCx0qBS9hOB6shPGPLHIVaDStWtuQugdeLlpAo5WoPKlz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1ki8Nn6NwqQxTFypY0aKH+nsiw0HoqQtspsBnrVW8u/uf1UxNdBxmTSWqoJMtFUcqRidE8BTRkihLDp5Zgopi9FZExVpgYm1XJhuCtvrxOOvWad1lr3DeqzZs8jiKcwhlcgAdX0IQ7aEEbCKTwDK/w5jw5L86787FsLTj5zAn8gfP5A1s/kkM=</latexit>

±2⇡~

2:

<latexit sha1_base64="I5PTbIrv/KDzdqXJ7GtUbX5wtNY="></latexit>⇣
Ak

i

⌘2

2mi
=

~2
2R2


1

mx
+

1

my

�
1

(1 + z2)2
repulsive
potential.

3:
<latexit sha1_base64="S742d98PorG0J8JWKrBogtU4fuE="></latexit>

v
⇣
Ak

y · �
⌘
= �~v

R

�x

1 + z2 - Sk-induced SOC!
- Attraction!



Large Skyrmion (               ) 
<latexit sha1_base64="n6cmVPVoNaDyI5XB2w7P8ersaGw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6kYo6sJlFfuAJpSb6SQdOnkwMymW0L0bf8WNC0Xc+gPu/BunbRbaeuDC4Zx7ufceL+FMKsv6NgpLyyura8X10sbm1vaOubvXlHEqCG2QmMei7YGknEW0oZjitJ0ICqHHacsbXE381pAKyeLoXo0S6oYQRMxnBJSWumb5DjtBgJ0Hhi+w4wsgmdP3QODhOHOuKVcw7poVq2pNgReJnZMKylHvml9OLyZpSCNFOEjZsa1EuRkIxQin45KTSpoAGUBAO5pGEFLpZtNfxvhQKz3sx0JXpPBU/T2RQSjlKPR0ZwiqL+e9ifif10mVf+5mLEpSRSMyW+SnHKsYT4LBPSYoUXykCRDB9K2Y9EEHonR8JR2CPf/yImkeV+3T6sntSaV2mcdRRAeojI6Qjc5QDd2gOmoggh7RM3pFb8aT8WK8Gx+z1oKRz+yjPzA+fwCsq5o7</latexit>

R � ⇠ =
~v
�

Attraction                  dominates :
<latexit sha1_base64="SxfcJj+BJbjpbPJC7zJik8+JS+8=">AAACGHicbVDLSgMxFM3UV62vUZdugkUQxDpTiros6sJlFfuAzrRk0kwbmswMSUZah/kMN/6KGxeKuO3OvzF9CFo9cOHknHvJvceLGJXKsj6NzMLi0vJKdjW3tr6xuWVu79RkGAtMqjhkoWh4SBJGA1JVVDHSiARB3GOk7vUvx379nghJw+BODSPictQNqE8xUlpqmyfH0LkiTCHo+ALhxBnQNLlNv1+SdjlqDdLEhkfwoVVM22beKlgTwL/EnpE8mKHSNkdOJ8QxJ4HCDEnZtK1IuQkSimJG0pwTSxIh3Edd0tQ0QJxIN5kclsIDrXSgHwpdgYIT9edEgriUQ+7pTo5UT857Y/E/rxkr/9xNaBDFigR4+pEfM6hCOE4JdqggWLGhJggLqneFuId0JEpnmdMh2PMn/yW1YsE+LZRuSvnyxSyOLNgD++AQ2OAMlME1qIAqwOARPINX8GY8GS/Gu/Exbc0Ys5ld8AvG6AvOsZ+l</latexit>

��
⇠

R

�x

1 + z2

– For          , the bound state remains shallow.<latexit sha1_base64="jpkzKsamtc+NYMmQ8RGkgCd1au4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsR/SXUo2zbahSXZJsmJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlvRknNBB4IFnECDZWerhD/mCA/CfWK1fcqjsDWiZeTiqQo9Erf/n9mKSCSkM41rrruYkJMqwMI5xOSn6qaYLJCA9o11KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRZZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9c6rtdtapX6Vx1GEIziGU/DgAupwAw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB+cVj9Y=</latexit>

R � ⇠

–        : low-energy approximation breakdown.     <latexit sha1_base64="1RWmjBBAtf8qNTfIVj1IS7Of5BY=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsR/YXUo2zbahSXZJsmJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4up767UeqNIvlvRknNBB4IFnECDZWerhDvmYC+U+sV664VXcGtEy8nFQgR6NX/vL7MUkFlYZwrHXXcxMTZFgZRjidlPxU0wSTER7QrqUSC6qDbHbxBJ1YpY+iWNmSBs3U3xMZFlqPRWg7BTZDvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGavo/6TFFi+NgSTBSztyIyxAoTY0Mq2RC8xZeXSeus6p1Xa7e1Sv0qj6MIR3AMp+DBBdThBhrQBAISnuEV3hztvDjvzse8teDkM4fwB87nD8omkFs=</latexit>

R ⇠ ⇠

<latexit sha1_base64="rmT1gbXejR1/bgHrS55jON7hE+k="></latexit>

✏c0(R) = ��
⇠

R

"
1� 1

21/2

r
⇠

R

#



Toy problem, full picture :  

The scales :  
<latexit sha1_base64="2Xecm0g+vq0QqPie3tX4WKX30rg=">AAACHXicbVDLSsNAFJ34rPUVdelmsAgupCRS1GXRjcsq9gFNCJPppB06k8SZiTSE/Igbf8WNC0VcuBH/xmkbQVsPzOVwzr3cucePGZXKsr6MhcWl5ZXV0lp5fWNza9vc2W3JKBGYNHHEItHxkSSMhqSpqGKkEwuCuM9I2x9ejv32PRGSRuGtSmPictQPaUAxUlryzJrjI5Hd5NCRlOtyJ1TmBALhjHtprssoz3/kEYUoh8cQembFqloTwHliF6QCCjQ888PpRTjhJFSYISm7thUrN0NCUcxIXnYSSWKEh6hPupqGiBPpZpPrcniolR4MIqFfqOBE/T2RIS5lyn3dyZEayFlvLP7ndRMVnLsZDeNEkRBPFwUJgyqC46hgjwqCFUs1QVhQ/VeIB0hno3SgZR2CPXvyPGmdVO3Tau26VqlfFHGUwD44AEfABmegDq5AAzQBBg/gCbyAV+PReDbejPdp64JRzOyBPzA+vwE1AqKT</latexit>

R̄ ⇠
r

my

mx

p
⇠a,

<latexit sha1_base64="I40II/2KAP5wiHEuXNNazxyP/gg=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElkaKCm6Ibl1XsBZpQTqaTduhkEmYmYgkFN76KGxeKuPUl3Pk2Ti8Lbf1h4OM/53Dm/EHCmdKO823lFhaXllfyq4W19Y3NLXt7p67iVBJaIzGPZTMARTkTtKaZ5rSZSApRwGkj6F+N6o17KhWLxZ0eJNSPoCtYyAhoY7XtPcAe59gLQGa3wwk/MOwd44u2XXRKzlh4HtwpFNFU1bb95XVikkZUaMJBqZbrJNrPQGpGOB0WvFTRBEgfurRlUEBElZ+NbxjiQ+N0cBhL84TGY/f3RAaRUoMoMJ0R6J6arY3M/2qtVIfnfsZEkmoqyGRRmHKsYzwKBHeYpETzgQEgkpm/YtIDCUSb2AomBHf25Hmon5Tc01L5plysXE7jyKN9dICOkIvOUAVdoyqqIYIe0TN6RW/Wk/VivVsfk9acNZ3ZRX9kff4AcBWWHA==</latexit>

a ⌧ R̄ ⌧ ⇠ ;

<latexit sha1_base64="dmSkqXLy90M/PiLV8bTXZU/UhtA=">AAACHHicbZDNSsNAFIUn/tb4F3XpZrAIdWFJtKhLURcuq9hWaGKZTG906CQZZiZiCX0QN76KGxeKuHEh+DZOaxZaPTDwce693LknFJwp7bqf1sTk1PTMbGnOnl9YXFp2VlabKs0khQZNeSovQ6KAswQammkOl0ICiUMOrbB3PKy3bkEqliYXui8giMl1wiJGiTZWx9n1QSjGDbpXFFfOt7DtEyFkeodtjLexfwJcEz+ShOb+HRvk5wPcccpu1R0J/wWvgDIqVO847343pVkMiaacKNX2XKGDnEjNKIeB7WcKBKE9cg1tgwmJQQX56LgB3jROF0epNC/ReOT+nMhJrFQ/Dk1nTPSNGq8Nzf9q7UxHB0HOEpFpSOj3oijjWKd4mBTuMglU874BQiUzf8X0hpggtMnTNiF44yf/heZO1dur1s5q5cOjIo4SWkcbqII8tI8O0Smqowai6B49omf0Yj1YT9ar9fbdOmEVM2vol6yPL4Bbn88=</latexit>

✏c0(R) ⇡ ��
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Summary :  

– the Skyrmion-electron bound states

– do not rely on the Belavin-Polyakov profile

– but do rely on real-space Sk-induced SOC                

– and do hinge on lower symmetry of      points.

– The Skyrmion becomes charged

– and can be manipulated by electric field.

<latexit sha1_base64="AP1GKE831ATthHd/5R6XRwc0Lig=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrnd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG5Njww=</latexit>

⌃

( arXiv:2203.03569 ) 

Thank you !  

<latexit sha1_base64="609jM/RL4hsqp4R9Xa3VEbndvy4=">AAACGnicbVDLSsNAFJ34rPVVdelmsAh1UxIp6rLqxmUF+4Amlsl0kg6dPJi5KZSY73Djr7hxoYg7cePfOG2z0NYDFw7n3Mu997ix4ApM89tYWl5ZXVsvbBQ3t7Z3dkt7+y0VJZKyJo1EJDsuUUzwkDWBg2CdWDISuIK13eH1xG+PmFQ8Cu9gHDMnIH7IPU4JaKlXskbYFsyDCk5t18OXWW98bz9gm/YjwDPNVtwPSIZtyf0BnPRKZbNqToEXiZWTMsrR6JU+7X5Ek4CFQAVRqmuZMTgpkcCpYFnRThSLCR0Sn3U1DUnAlJNOX8vwsVb62IukrhDwVP09kZJAqXHg6s6AwEDNexPxP6+bgHfhpDyME2AhnS3yEoEhwpOccJ9LRkGMNSFUcn0rpgMiCQWdZlGHYM2/vEhap1XrrFq7rZXrV3kcBXSIjlAFWegc1dENaqAmougRPaNX9GY8GS/Gu/Exa10y8pkD9AfG1w9lF5/g</latexit>
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