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TD 1

The antiferromagnetic Ising model

An antiferromagnetic crystal is made of magnetic ions distributed over two sub-lattices a and b in a
bipartite way, such that the ν nearest-neighbours of an ion in sub-lattice a belong to sub-lattice b only, and
vise-versa. The exchange energy J > 0 between neighbouring ions is positives, which favours anti-parallel
alignment on the two sub-lattices.

Such a crystal will always have a zero total magnetization in the absence of an external magnetic field.
Still, below a critical temperature called the Néel temperature, one observes, in zero field, the onset of
spontaneous magnetizations Ma and Mb on each sub-lattices, that are opposite.

We will study this phenomenon in the framework of the Ising model with antiferromagnetic nearest
neighbour couplings. Each spin Si, with 1 ≤ i ≤ N , takes only two values ±1 which correspond to the
possible projections along a quantification axis which is chosen along the field ~B when it is non-zero. We
use the notation Na = Nb = N/2 for the total number of spins in each sub-lattice. The Hamiltonian then
reads

H = +J
∑

<i∈a,j∈b>

SiSj −B
∑

i∈a

Si −B
∑

j∈b

Sj (1.1)

where i ∈ a (resp. j ∈ b) indicates that the sum over spins i belonging to sub-lattice a (resp. b). The notation
< i, j > stands for nearest neighbours i and j.

The thermal averages Ma and Mb of the two sub-lattice magnetizations are defined by :

Ma ≡
〈

∑

i∈a

Si

〉

, Mb ≡
〈

∑

i∈b

Si

〉

and the corresponding average spins follow Sa = Ma/Na and Sb = Mb/Nb.

1. What kind of experiment would allow to evidence antiferromagnetic order below T ≤ TN ? What is the
physical origin of a positive exchange coupling ?

2. What are the values of the energy E and total magnetization M = Ma + Mb in the ground-state (at

T = 0) in the absence of an external magnetic field ( ~B = 0) ? What is the degeneracy of this state ?

3. Define and perform the mean-field approximation in Hamiltonian H of equation (1.1). Show that, within
this approximation, the mean-field Hamiltonian reads

Hcm = H0 +
∑

i∈a

hi +
∑

j∈b

hj

where hi and hj are single-spin Hamiltonians that you elucidate, and H0 is a constant term.

4. Compute the canonical partition function Z and deduce the free energy F within the mean-field approxi-
mation. Expression will be given as a function of T , B, Sa and Sb.
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2 TD 1. THE ANTIFERROMAGNETIC ISING MODEL

5. A self-consistent method to determine Sa and Sb consists in minimizing the free energy expression with
respect to these variables, keeping T and B fixed. Another method consists in determining the thermal
averages Sa and Sb using Hamiltonian Hcm. Write down the self-consistent equations. Comment on the
similarity of the results obtained from these two methods.

6. We first consider the case of zero-field ( ~B = 0). Specify the self-consistent equations obtained in 5
and show that they imply that Sa = −Sb. We then simplify the notation to S = Sa. Does the property
Sa = −Sb remain valid beyond the mean-field approximation ? Deduce the unique equation satisfied by
S for all temperatures. Sketch the graphical solution of this equation. Show that, below a certain critical
temperature corresponding to TN , the equation has a non-zero solution (antiferromagnetic phase), while
S = 0 is the only solution for T > TN .

7. Still at zero field, we focus on the vicinity of the Néel temperature. Determine the behaviour of the order
parameter S as a function of temperature to the lowest order in the reduced temperature ε ≡ TN−T

TN
> 0.

Infer the critical exponent controlling the behaviour of S close to TN . For fixed T close to TN , expand the
free energy in powers of S, up to order 4. Sketch the free energy as a function of S for T > TN and T < TN .

8. Compute the internal energy U of the model at zero field. By studying the vicinity of the critical point,
show that the specific heat CV displays a discontinuity at T = TN that will be explicitly calculated.

9. We are interested now in the magnetization M induced by the presence of an external field ~B. Give the
general expression for M within the mean-field approximation. We first place ourselves in the paramagnetic
phase (T > TN ). Compute the magnetization M at low field and infer the zero-field magnetic susceptibility

χ =
∂M

∂B

∣

∣

∣

B=0
.

Comment on the behavior of χ as T → T+
N . Show that the sub-lattice magnetization Ma and Mb are equal

at low fields. Examine the antiferromagnetic phase (T < TN ). Give the expression for the susceptibility

χ as a function of sub-lattices susceptibilities. χa = ∂Sa

∂B

∣

∣

∣

B=0
and χb = ∂Sb

∂B

∣

∣

∣

B=0
. Write down the coupled

equations which determine χa and χb. Express these susceptibilities as a function of the zero-field order
parameter S. From that, get the expression for χ as a function of the reduced temperature ε to the lowest
order in ε. Compute the limit of χ as T → T−

N (ε → 0+). Draw schematically the variation of χ with T in
the vicinity of TN . Compare with the result obtained in the ferromagnetic case..

10. Finally, we wish to investigate the behaviour of the susceptibility χ in the limit of very low temperatures
(T ≪ TN ) as well as very high temperatures (T ≫ TN ). In the first limit, one computes χ from the mean-
field expression obtained in 9. In the other limit, we use a high-temperature expansion : after having
demonstrated that

χ =
1

kBT

〈(

∑

i∈a,b

Si

)2〉∣
∣

∣

B=0
,

develop the numerator and the denominator in powers of T−1, limiting yourself to first order. Derive the
expression of χ to order T−2. Show that the susceptibility is lower than what is predicted by Curie’s law in
a paramagnetic crystal (J = 0). Why ? Compare with the result obtained in the mean-field theory.
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van der Waals model for the

liquid-gas transition

2.1 Equation of state

The homogeneous fluid phase of a substance is characterized by its free energy F which can be written
under the form F (N,V, T ) = Nf(v, T ) where v = V/N is the volume per particle (the inverse of the density
n = N/V ). On can justify (with a schematic model and using simple physical arguments) the following form
of the free energy per particle :

f(v, T ) = f0(T )−
a

v
− kBT ln(v − b) , (2.1)

where a and b are two parameters characteristic of the substance under consideration.

1/ Express P as a function of ∂f/∂v and write the van der Waals equation of state : P = P (v, T ).

2/ A simple geometrical study shows that in the Clapeyron
diagram (v, P ) the van der Waals isotherms have the behavior
which is sketched on the figure to the right.
Let’s denote by Tc the temperature below which the isothermal
lines are no longer monotonous in the Clapeyron diagram. The
Tc-isotherm has an inflection point of coordinates (vc, Pc) with

(

∂P

∂v

)

T,N

(vc, Tc) = 0 , and

(

∂2P

∂v2

)

T,N

(vc, Tc) = 0 . (2.2)

It will be shown later that this point is the critical point of the
liquid/gas transition. Show that

C
→ T = Tc

}

T > Tc

}

T < Tc

v

P

kBTc =
8

27

a

b
, vc = 3 b , Pc =

a

27 b2
. (2.3)

Then demonstrate that the van der Waals equation of state can be written in the adimensioned universal
form (ṽ = v/vc, P̃ = P/Pc and T̃ = T/Tc) :

(

P̃ +
3

ṽ2

)

(3 ṽ − 1) = 8 T̃ , or P̃ − 1 =
8 (T̃ − 1)

3 ṽ − 1
− 3 (ṽ − 1)3

ṽ2(3 ṽ − 1)
. (2.4)

In the following one will use the reduced adimensioned variables :

p = P̃ − 1 =
P − Pc

Pc
, τ = T̃ − 1 =

T − Tc

Tc
and φ = ṽ − 1 =

v − vc
vc

. (2.5)
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4 TD 2. VAN DER WAALS MODEL FOR THE LIQUID-GAS TRANSITION

3/ Show that the equation of state (2.4) admits, in the vicinity of
the critical point, the following expansion in τ and φ (one will admit
that it is legitimate to neglect the terms proportional to τ φ2) :

p ≃ 4 τ − 6 τ φ− 3

2
φ3 . (2.6)

Show that the isotherms behave, in the plane (p, φ), as sketched in the
figure to the right. Study separately the 3 typical cases τ > 0, τ = 0
and τ < 0. Give the value of the pressure for which φ = 0. When
τ < 0 show that, at the point where the isotherm has a horizontal
tangent one has

3 (p− 4τ)2 + (4τ)3 = 0 , and p = −3φ2 +O(φ3) . (2.7)

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

0.4 τ = 0.1
τ = 0.05

τ = 0

τ = -0.05
τ = -0.1

Cp

φ

These points are marked with a dotted line in the figure. Explain why the system is unstable in the region
between these points Indication : study the sign of the isothermal compressibility χT = − 1

V (∂V/∂P )T,N .

2.2 Landau Theory

It is the density which makes the difference between a gas and a liquid, and which will thus be used
as order parameter for characterizing the transition. Instead of the density n one can equivalently use the
volume per particle v = 1/n, hence the notation φ = (v − vc)/vc of the preceeding section : φ is a reduced
order parameter. φ = 0 at critical point, φ < 0 corresponds to the low volume per particle phase, i.e., large
density : the liquid. φ > 0 corresponds to the gaseous phase.

It is more convenient to work at constant pressure, and to study the behavior of the (free) enthalpy
per particle :

g(T, P ) = minv gL(T, P ; v) , where gL(T, P ; v) = f(v, T ) + Pv. (2.8)

gL plays the role of a Landau free energy. One supposes that in the vicinity of the critical point it obeys
the following Taylor expansion :

gL(T, P ;φ) = g0(T, P ) + g1(T, P )φ+ g2(T, P )φ2 + g3(T, P )φ3 + g4(T, p)φ
4 + · · · (2.9)

1/ The minimization of gL(φ) has to fix the value of the order parameter, that is, it should lead to the
approximate form (2.6) of the equation of state valid near the critical point 1. Show that the coefficients
gi≥1 of expansion (2.9) are (up to a global positive multiplicative constant 2)

g1 = p− 4τ , g2 = 3 τ , g3 = 0 , g4 = 3/8 . (2.10)

2/ Study the behavior of gL in the (T, P ) plane (or (τ, p) in reduced units) in order to convince yourself
that point C is indeed the critical point of a phase transition. For this purpose

— Study separately the domains τ < 0 and τ > 0.
— Show that the coexistence region of the two phases is a half-line ending at C.
— Explain that on each side of this line, one of the two phases is preferred whereas the other is

metastable. Show that the metastable phase disappears when one goes away from this straight line.
You main show that the limit where the metastable phase disappears corresponds, in the (τ, p)
plane, to the first of Eqs. (2.7).

— Discuss also the “super-critical zone” T > Tc (τ > 0).
3/ Which is the type of transition encountered if one moves in the (τ, p) along the curve p = 4 τ by varying
τ in R (i.e., τ ≤ 0 and τ > 0) ? Exactly on that line compute

(a) the critical exponent β characterizing the behavior of the order parameter in the vicinity of the
transition ;

(b) the critical exponent γ characterizing the divergence of the compressibility χT at the transition.

1. It is instructive to check that the formal minimization of (2.8) leads to the relation P = −(∂F/∂V )T,N which monitors
the equation of state, as seen on the example of question 2.1.1/.

2. Explain why this constant has to be positive



2.2. LANDAU THEORY 5

Formulas

• F = E − TS, dF = −SdT − PdV + µdN and thus P = −(∂F/∂V )T,N .

• Equation X3+βX + δ = 0 has (for β and δ real) either 3 real roots, either one real root and two complex
ones. The first case is obtained when 4β3 + 27 δ2 ≤ 0.



TD 3

Liquid crystal

Liquid crystal are long molecules that we can assimilate to little sticks. They can be found in several
states or phases (see figure below) : an isotropic phase where both positions and orientations are random ;
a nematic phase where positions are random but in which there is preferred orientation, the sticks align on
average along a direction represented by a vector called the director ; a smectic phase where there is both a
order in the orientation and in the position in the sense that molecules pile up in parallel layers (still having
a random position within each 2D layer).

Phases that can be observed in liquid crystals.

3.1 Looking for an order parameter

The orientation of a given stick is associated to a unitary vector
~ui. Each stick being symmetrical with respect to its centre, vec-
tors ~ui and −~ui are physically equivalent. In the nematic phase,
a orientational order is stabilized but there is no order in the
positions of the centres of the sticks. The mean orientation is cha-
racterized by a unitary vector ~n, the so-called director. We choose
the axis such that this director is parallel to Oz, so that we can
use spherical coordinates (θ, ϕ) to parametrize the vectors ~ui. The
various phases observed in liquid crystal will then correspond to
particular angular distributions p(θ, ϕ) of the sticks.

Sketch of the orientational order

in the nematic phase of a liquid

crystal.

We recall that, in spherical coordinates, the elementary solid angle writes dΩ = sin θdθdϕ and that
angular averaging of the function f(θ, ϕ) reads

〈f(θ, ϕ)〉 =
∫∫

dΩ p(θ, ϕ)f(θ, ϕ) (3.1)

so that p(θ, ϕ) = 1/4π corresponds to a uniform distribution over the sphere. Last, we assume that sticks
are symmetrical around their principal axis, which is called a uniaxial crystal.

6



3.2. MAIER-SAUPE MICROSCOPIC THEORY FOR THE ISOTROPIC-NEMATIC TRANSITION 7

1. Discuss the symmetry and periodicity properties of the p(θ, ϕ) function. Infer that 〈~ui〉 = ~0 cannot
be a good order parameter for the isotropic and nematic phases.

To define an orientational order parameter, we introduce a tensor Qi which is quadratic in the ~ui and which
mean value is :

Qi,αβ = ui,αui,β − 1

3
δαβ and Q = 〈Qi〉 . (3.2)

with ui,α the components of the vector ~ui in an orthonormalized frame, for instance α = x, y, z.

2. Show that TrQi = TrQ = 0.

3. Show that in the frame associated to the director ~n along ~ez, the matrix associated to Q takes the
following form

Q =





− 1
3S 0 0
0 − 1

3S 0
0 0 2

3S



 , with S =
1

2
〈3 cos2 θ − 1〉 ≥ 0 . (3.3)

4. Show that we can write the components Qαβ in an arbitrary basis as a function of those of the
director according to

Qαβ = S(nαnβ − 1

3
δαβ) . (3.4)

5. Show that Q is the good orientational order parameter that allows to discriminate the isotropic
phase from the nematic one. It finally features two quantities : an amplitude S and the director
vector ~n.

3.2 Maier-Saupe microscopic theory for the isotropic-nematic

transition

At high temperatures, the liquid crystal behaves as an isotropic fluid. Lowering the temperature, there
occurs a transition to the nematic phase at a critical temperature Tc. In this phase, the rotational symmetry
is broken (but not translational invariance). Only rotations around the director axis leave the nematic phase
unchanged. The simplest model of a nematic system is a lattice model comprising N sites (we suppress the
position fluctuations from the discussion, keeping the invariance by translation) which Hamiltonian writes :

H = −ε
∑

〈i,j〉

(~ui · ~uj)
2 (3.5)

where the sum over 〈i, j〉 means, as usual, a sum over nearest-neighbours, here assumed to live on a 3D
cubic lattice.

6. Justify the choice of the Hamiltonian from qualitative arguments. What is the order of magnitude
of ε ? What kind of experiment would allow to distinguish the two phases ?

7. Show that the Hamiltonian takes the form

H = −J
∑

〈i,j〉

Tr(QiQj) + cste . (3.6)

Give the expression of J as a function of ε.

8. Carry out the mean-field approximation on the Hamiltonian H. We then get a mean-field Hamilto-
nian Hcm which is simplified. Give the expression of Hcm as a function of Q and of the Qi.

9. Show that

Hcm = 2JNS2 − 4JS
∑

i

P2(cos θi) (3.7)

where P2(x) =
3
2x

2 − 1
2 and θi is the azimuthal angle of molecule i.
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10. Find, without explicitly computing the angular integral, an expression of the free energy and show
that its expansion in powers of S contains a cubic term. The Landeau theory of this transition will
be studied later on in the next section. Yet, can you already guess the order of the transition ? Draw
qualitatively the shape of S(T ).

11. By minimizing the free energy, show that S satisfies a self-consistent equation

S =

∫ 1

−1

dx P2(x)e
β4JSP2(x)

∫ 1

−1

dx eβ4JSP2(x)

(3.8)

Why is it useless to look a priori for a solution of this equation in the limit S → 0.

12. Show that the internal energy of the system matches E = −2NJS2. Draw qualitatively the specific
heat as a function of temperature.

3.3 Landau theory of the nematic-isotropic transition

We want to build a Landau free energy per volume fL(Q,T ) for a uniaxial liquid crystal. fL must be
invariant under a global rotation of the system, i.e. when one changes globally all orientation of the sticks,
keeping the relative angles unchanged. The only scalar invariants built from Q which have this property are
the traces of the powers of Q : Tr(Q2), Tr(Q3). . .Without an external field, the free energy density takes
the following form :

fL(Q,T ) =
3a

4
(T − T ∗) Tr (Q2)− 3b

2
Tr (Q3) +

9c

16

(

Tr (Q2)
)2

+ · · · (3.9)

where a, b and c are positive and real constants.

13. Express fL as a function of S. Explain why there is no Tr(Q) term in (3.9), nor Tr(Q4) term either.

14. Show that the free energy (3.9) describes a first order transition. To treat this question, we advise
you to get help from the graphs of the behaviour of fL(S) for various temperatures T .

15. Express the critical temperature Tc as a function of the parameters. Identify another temperature
T ∗∗ such that Tc < T < T ∗∗ in which the nematic phase is metastable. Give the expression of T ∗∗ as
a function of the parameters of the problem. Discuss the stability of the isotropic phase for T < T ∗

and T ∗ < T < Tc.

In the presence of an external uniform magnetic field ~H, the liquid crystal develops a magnetic moment
~M with Mα = χαβHβ , where χαβ is the magnetic susceptibility tensor that writes χαβ = χsδαβ + χaQαβ ,
with χs et χa the isotropic and anisotropic components of the magnetic susceptibility.

16. Discuss the experimental results of the figure below, corresponding to measures performed on
the compound 5cb which is an organic compound which chemical structure is the following

C5H11 CN

T [◦C ]

∆
χ
/ρ

[×
10

8
m

3
k
g−

1
]
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Magnetic anisotropy ∆χ/ρ of liquid crystal 5cb as a function of temperature. ρ is the volumetric
mass density, ∆χ is the difference between the two eigenvalues of the magnetic susceptibility tensor
χαβ . Figure from the thesis of B. J. Frisken (1989).

17. Show that the contribution of the magnetic energy to the free energy density is

fmag
def
= −µ0

2
~M · ~H = −µ0

2

(

χsH
2 + χaS

[

(

~n · ~H
)2

− 1

3
H2

])

. (3.10)

18. One puts the sample in the presence of the magnetic field ~H parallel to the director ~n.
(a) Show that this is equivalent to adding a term −h× S to the expression of fL(S, T ), where you

will give h as a function of H, µ0 and χa.
(b) Then, show that, for T > Tc, S is proportional to h at low field. What is the proportionality

constant ?
(c) The anisotropy associated to the orientational order translates into optical birefringence of the

liquid crystal. One can show that the difference ∆n between the two optical indices is propor-
tional to S. Discuss then the behaviour of the Cotton-Mouton constant ∆n/H2 as a function of
T (for T ≥ Tc). Compare with the experimental results of the figure below, obtained with the

compound mbba which has the following chemical structure C4H9 N CH O CH3

Inverse of the Cotton-Mouton constant as a function of temperature, for two samples (which
crictial temperatures are slightly different) of the liquid crystal mbba. Figure from T. W. Stinson
and J. D. Litster, Phys. Rev. Lett. 25, 503 (1970).
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Ginzburg-Landau Theories

4.1 Static deformation in a nematic crystal

One considers a uni-axial liquid crystals (already studied in a previous tutorial). One works in the
nematic phase with a homogeneous parameter S = 1, with a director ~n(~r) depending on position ~r. This
vector corresponds to a mean value, averaged over the interior of a volume containing a large number
of molecules, but which spatial extension is small compared to the typical length scale associated to the
variation of direction. By using general arguments one can write the free energy as

FL

[

~n(~r ), ~H(~r )
]

=

∫

d3r

{

1

2
K

[

(~∇ · ~n)2 + |~∇∧ ~n|2
]

− µ0

2
χa( ~H · ~n)2

}

, (4.1)

where K is a positive constant characteristic of the energetic cost associated with the deformation of the
order parameter.

1. Using (3.10), justify the form of the magnetic coupling in (4.1). Why is the contribution (3.9) not
present ?

One considers a set-up where the liquid crystal occupies the space between two glass surfaces. The interaction
between the nematic and the glass is such that the director is constrained to be perpendicular to the glass
surfaces (on both sides). A magnetic field parallel to the interfaces is applied. When its intensity reaches a
certain threshold Hcrit, the optical properties of the system change abruptly. This effect was observed the
first time by Frédericksz and coworkers (1927 and 1933).

The model is the following : the liquid crystal occupies the space between two surfaces parallel to the
y0z plane and located at abscissas x = 0 and x = L (see the figure below). The area of the surfaces is
denoted LyLz. The orientation of vector ~n is governed by an angle θ(x) :

~n(x) = cos θ(x)~ex + sin θ(x)~ey (4.2)

with θ(0) = θ(L) = 0. The magnetic field is uniform : ~H = H ~ey.

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��

~H

~ex

~ey

Frédericksz effect. The orientation of the rods is sche-
matically represented by the solid segments. the glass
surfaces are the hatched rectangles.
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2. Write the free energy per unit surface area [that is, FL/(LyLz)] as a functional of θ(x).

3. Show that the orientation θ(x) obeys the following equation :

ξ2
d2θ

dx2
+ sin θ cos θ = 0 . (4.3)

where ξ =
√

K/(µ0χaH2) is the magnetic length. Is there a trivial solution ?

4. One looks for a non trivial solution of (4.3) where the maximal value of θ(x) is non zero, but remains
small, so that |θ(x)| ≪ 1. Solve (4.3) in a approximate way in this case. Explain that the simplest
solution is obtained when L/ξ = π. Deduce from this result the value of the critical Frédericksz
field :

Hcrit =
π

L

√

K

µ0 χa
. (4.4)

5. Solve (4.3) by finding its first integral (cf. main lectures).

4.2 Critical temperature in a slab

On studies a system of extension L in direction x (and infinite in the two other directions). The slab
occupies a volume V = [0, L]× R

2. The system is described by a Ginzburg-Landau theory with (notations
are the same as in the course)

FL[φ] = F0(T ) +

∫

V

d3r
{

g|~∇φ|2 + fL(φ(~r ))
}

with fL(φ) = a(T − TC)φ
2 + dφ4 .

One assumes that at equilibrium the order parameter φ depends only on x and obeys the boundary
conditions : φ(0) = φ(L) = 0.

1/ Write the differential equation verified by φ(x). Show that it is possible to find a first integral formally
analog to the conservation of energy of a fictitious classical particle of “mass” 2 g, “position” φ, “time”
x moving in a “potential” −fL(φ). One will use the notation Ecl for the energy of the fictitious classical
particle measured from fL(0).

2/ For answering this question you will need to use one (or several) graphs.
(a) Show that when T > TC the only possible solution is φ ≡ 0.
(b) One will consider henceforth the case T < TC . Show that one can find a solution only if

0 ≤ Ecl < Emax
cl = −min {fL(φ)} . (4.5)

(c) By using a physical reasoning (without rigorous demonstration)
justify that apart a trivial solution φ ≡ 0, the minimal energy
solution certainly looks like the one displayed in the figure. Plot
of an “energy-position” diagram the behavior of the corresponding
classical particle. Place in this figure the value of Ecl and the value
φ+ corresponding to the maximum of the order parameter.

x0

φ(x)

L

+φ

L/2

3/ For the solution in the above graph to be acceptable, the value of Ecl has to lead to an exact agreement
between the half of the smallest “period” of oscillation of the fictitious particle and the width L of the slab.
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Deduce from the above remark that if the value of Ecl is
fixed, L has to be equal to

L(Ecl) = 2

∫ φ+

0

g1/2 dφ
√

Ecl + fL(φ)
, (4.6)

and that this corresponds to the curve displayed in the fi-
gure. One will express Ecl as a function of φ+.
Of course the value of Ecl is not fixed a priori, but it is none-
theless constrained by the condition (4.5) and this imposes
that L should be larger to a minimal value. One denotes as
Lmin the smallest acceptable value of L (cf. figure).

L

L
min

0
E

cl

E
cl

max

4/ In the above graph on notices that Lmin is reached when Ecl → 0, i.e., in a regime where φ(x) remains
very close to zero. In this regime one can make a quadratic approximation of fL(φ).

(a) Show, either by using (4.6), either by linearising the equation obeyed by φ (obtained at question
1/) that one gets

(Lmin)
2 =

π2g

a(TC − T )
.

(b) Deduce from this relation that the transition temperature in the slab is reduced with respect to
the bulk transition temperature TC by a factor of which you will give the explicit expression.

5/ Give the analytic expression of the profile φ(x) in the vicinity of one of the interfaces in the limit L → ∞.

4.3 Ginzburg-Landau theory of surface transitions

One works in three dimensional space. One considers a system which is semi-infinite along direction x
(with x ∈ [0,∞[) and very large in the two other directions (corresponding to a 2D vector ~ρ ). The system is
described by an order parameter φ(x, ~ρ ) which obeys a theory described by a Ginzburg-Landau functional
with a surface term :

FL[φ, h, h1] =

∫

d2ρ

∫ ∞

0

dx
{

g |~∇φ|2 + fL(φ(x, ~ρ ), h(x, ~ρ ))
}

+

∫

d2ρ
{ g

λ
φ2(x = 0, ~ρ )− h1(~ρ )φ(x = 0, ~ρ )

}

.

(4.7)

In (4.7) h(x, ~ρ ) and h1(~ρ ) are external fields. h1 only acts at the surface ; beware : it has not the same
fundamental dimensions as h. fL is the free energy per unit volume : fL(φ, h) = a× (T −Tc)φ

2 + dφ4 −hφ
(a and d > 0). Note that in (4.7) the surface contribution to the free energy is simply described by a term
∝ φ2, with a single phenomenological parameter : λ (not necessarily positive) 1. λ is called the extrapolation
length.

One considers a situation where h and h1 are uniform. Then φ depends on x only, and by denoting as
S the area of the surface of the sample perpendicular to x, one gets (writing φ′ = dφ/dx) :

F [φ, h, h1]
def
=

FL

S
=

∫ ∞

0

dx
{

g φ′ 2 + fL(φ(x), h)
}

+
g

λ
φ2(0)− h1 φ(0) . (4.8)

In the following one will denote as φ0 and ξ0 the values of the order parameter and coherence length obtained
for h = 0 neglecting the contribution of the surface terms (their expression is given in the lecture notes as
a function of T and of the parameters of fL) :

φ0 =

{

0 if T > Tc ,
√

a(Tc−T )
2d if T < Tc ,

ξ0 =







√

g
a(T−Tc)

if T > Tc ,
√

g
2a(Tc−T ) if T < Tc .

1. g has been artificially introduced in the surface term in order to simplify forthcoming equations.
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1/ Discuss qualitatively the effect of the surface term taking into account the sign and intensity of the
parameter λ. Compute the variation δF associated to a variation δφ(x) of the order parameter. By treating
with care the terms resulting from the integration by part, show that the extremization of F leads to

−2 g φ′′ +
∂fL

∂φ
= 0 , with boundary conditions

{

1
λφ(0)− φ′(0) = h1/2 g ,

φ′(+∞) = 0 .
(4.9)

By using a first integral of (4.9) show that one gets the following relation between φ0 = φ(∞) and φ1
def
= φ(0) :

fL(φ0, h)− fL(φ1, h) + g

[

φ1

λ
− h1

2 g

]2

= 0 . (4.10)

We will denote henceforth φ1 as the “surface order parameter”.

2/ One works at T < Tc, h = 0, h1 = 0 and one considers the case λ > 0. Show that one obtains four
solutions of the form

φ1 = φ0
ξ0
λ

{

−ε±
√

1 + (λ/ξ0)2
}

, with ε2 = 1. (4.11)

(a) One considers the case φ0 and φ1 positive. Explain that the sign of λ and the boundary condition
at x = 0 fixes the value of the physically acceptable solution to be :

φ1 = φ0
ξ0
λ

{

√

1 + (λ/ξ0)2 − 1
}

Plot the corresponding φ(x) for x > 0.
(b) One aims at solving (4.9) in the simple case where λ ≫ ξ0. Explain why in this case one can write

φ(x) = φ0 + ϕ(x) with |ϕ(x)| ≪ φ0. Solve (4.9) in the framework of this approximation. Express
φ(x) as a function of the parameters φ0, φ1 and ξ0. What goes on when λ → ∞ ?

(c) One considers the limiting case T → T−
c . What is the asymptotic value of the ratio λ/ξ0 ? Charac-

terize the temperature dependence of φ1.

3/ One considers now the case λ < 0, h = 0 and h1 = 0.
(a) One first studies the situation T < Tc in the case where φ0 and φ1 are both positive. What is the

most appropriate solution of (4.11) ? Plot the corresponding φ(x) for x > 0. How does φ1 behave
when T → T−

c ?
(b) One now considers the situation T > Tc where expression (4.11) is of no longer use for determining

φ1. What are the possible values of φ1 ? Show that there exists a characteristic temperature T1

(which you will express as a function of Tc, g, a and λ2) below which the surface order parameter
has a non zero value. Plot the curve φ(x) in the case Tc < T < T1. Plot φ1 as a function of T for
T ∈ [Tc,∞[. Explain why one is entitled to speak of a surface phase transition. How does φ1 behave
when T → T−

1 and when T → T+
1 ? Of which order is the transition ?

(c) In order to confirm the results of question 3.b, one considers the case T > T1 where h and h1 are
non zero but small (with always λ < 0). Explain why is it legitimate to linearize equation (4.9).
Look for a solution of the form φ(x) = A exp(−x/ξ0) +B. Express A and B as functions of λ, ξ0,
g, h and h1. Show that

φ1 → 1

|λ| a × h1 + h |λ|
T − T1

when T → T+
1 . (4.12)

Does this corroborate the analysis of the previous question ?

4/ Plot the zero field (h = 0 and h1 = 0) lines of phase transition of the system in the plane (λ−1, T ).
Locate the multicritical point where several lines meet.
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Superconductivity

In 1950 Ginzburg and Landau have proposed a phenomenological theory of superconductivity inspired
from Landau’s theory of second order phase transitions (1937). They used a complex valued order parameter
φ(~r ) which physical meaning was not clear at that time, but came to be interpreted later as derived from the
field of paired electrons. They wrote the free energy of the system in the presence of an external magnetic
field by imposing gauge invariance (dubbed as “minimal coupling” in field theories). This allows for a
correct description of many rich effects associated to the mutual interaction between a superconductor and
a magnetic field.

5.1 Ginzburg-Landau free energy

We describe the superconducting phase of a metal using a complex order parameter φ(~r ) that plays

the role of an effective wave-function. In the presence of magnetic induction ~B(~r ), the Ginzburg-Landau
free energy writes

F = F0(T ) +

∫

d3r

{

~
2

2m

∣

∣

∣

∣

(

~∇− iq

~

~A

)

φ

∣

∣

∣

∣

2

+ a|φ|2 + d

2
|φ|4 +

~B 2

2µ0

}

. (5.1)

where m and q are two parameters of the model. While m is arbitrary, we’ll see that q is not. ~A(~r ) is the

potential vector, defined up to a gradient and such that ~B = ~∇ ∧ ~A . d is a positive constant parameter,
and a = ã× (T − Tc) where ã > 0 and Tc is the critical temperature of the superconducting transition.

1/ By minimizing F with respect to its variation against φ∗ and ~A, derive the equations that describe the
equilibrium configuration of the order parameter and of the field :

1

2m

(

i~~∇+ q ~A
)2

φ+ aφ+ d |φ|2φ = 0 , (5.2)

and

~∇∧ ~B = µ0
~Js où ~Js(~r ) = −q2

m
|φ|2 ~A− i q ~

2m

(

φ∗~∇φ− φ~∇φ∗
)

. (5.3)

Indication : it is useful to integrate by parts using
∫
d3r|(~∇ − iq

~

~A)φ|2 =
∫
d3rφ∗(i~∇ + q

~

~A)2φ. Show that if one

writes φ =
√

ρ(~r ) exp{iθ(~r )}, then the density of super-current takes the form ~Js =
q
mρ[~~∇θ − q ~A ]

2/ Check that if one performs a gauge transformation on the potential vector ~A → ~A ′ = ~A+ ~∇χ then the
new solution of (5.2) is φ′(~r ) = φ(~r ) exp{i q

~
χ(~r )}. Check that the expression (5.1) of F is invariant under

gauge transformation in which one does both ~A → ~A ′ and φ → φ ′), and that the same result works for the

density of current ~Js.

3/ In the absence of any external magnetic field, give, for a uniform system, the expression of the density
of pairs ρ0 as a function of temperature. If one puts itself in the non-uniform case where the field φ(~r ) is

14
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taken to be zero in the half-space x ≤ 0, check that for x > 0 (and T < Tc), we have

φ(x) =
√
ρ0 tanh

(

x√
2 ξ

)

, (5.4)

where ξ is called the “coherence length” (we give the expression as a function of the parameters of the
problem).

4/ In the last two questions of this section, we describe the interaction of the electromagnetic field with
a superconductor in a simplified manner : the density of pairs ρ = φ∗φ is assumed to be not affected by
the electromagnetic field and keep the constant value ρ0 that we have determined. We only consider weak
electromagnetic field which can yet induce currents in the superconductor, so that one describes the field
of pairs in the following way φ(~r ) =

√
ρ0 exp{iθ(~r )}.

We consider the configuration where the half-space x > 0 corresponds to a superconductor medium
with a force field φ =

√
ρ0 exp{iθ(~r )}, while the x < 0 region corresponds to vacuum (with φ = 0).

(a) Show, by using the Maxwell-Ampere equation of question 1/, that the magnetic field in the super-

conductor satisfies −∆ ~B +
~B
λ2
L

= ~0. Give the expression of the characteristic length-scale λL of the

problem (the so-called London length).

(b) We now impose a uniform field ~B0 = B0~ez in the half-space x < 0. Find the profile of the magnetic

field ~B(x) in the domain x > 0.
(c) Show the Meisner effect, which states that “there cannot exist a uniform magnetic field in the bulk

of a superconductor”
5/ We consider a superconducting sample put in a static magnetic field.

(a) In the superconductor, far from the surface, justify that ~Js = 0, and then show that along any path
C going from point ~r1 to point ~r2 we have

∫

C

~A.d~ℓ =
~

q

[

θ(~r2)− θ(~r1)
]

. (5.5)

(b) We consider a superconductor with a toric form
and apply the previous formula along the closed da-
shed curve in the figure next. We observe that the
field φmust be single valued, but that this constrai-
ned can be relaxed for the phase θ in a non simply
connex superconductor. Show that the flux of ~B
through the surface of contour C is quantized in
units of Φ0 = h/q.

B0

(c) The experiments of Doll and
Näbauer and of Deaver and Fair-
bank showed in 1961 that the flux
is quantized with a quantum flux
of Φ0 = 2, 07×10−7 gauss.cm2 (cf.
figure). What is the corresponding
value of the charge q (we will ex-
press it in units of the elementary
charge) ? Comment. B0 [gauss]

Φ/Φ0

Flux through an hollow superconducting cylinder (made of tin)

as a function of the applied magnetic field. Extracted from B.

S. Deaver et W. M. Fairbank, Phys. Rev. Lett. 7, 43 (1961).
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5.2 Thermodynamique et magnétisme

1/ Rappels : magnétisme dans un milieu. L’induction magnétique ~B est la valeur du champ microsco-

pique ~b moyennée sur un volume petit à l’échelle macroscopique : ~B = 〈~b 〉. La valeur moyennée de la densité

de courant s’écrit 〈~j 〉 = ~∇ ∧ ~M + ~Jcond où ~M est la densité de moment magnétique et ~Jcond la densité de
“courant de conduction” (elle est nulle si aucun courant n’est injecté dans le système) 1. On définit le champ

magnétique 2 par ~H = 1
µ0

~B − ~M , il vérifie ~∇∧ ~H = ~Jcond.

Remarque : à l’intérieur d’un supraconducteur, l’effet Meissner impose que ~M = − ~H ( ~B = 0). La
susceptibilité magnétique χ = dM/dH|H=0 vaut donc exactement -1. On parle de diamagnétisme par-

fait : le courant induit ~Js produit un écrantage parfait. Par contre, dans l’état normal le système que
nous considérons n’a pas de propriété magnétique particulière, et un champ magnétique statique pénètre
parfaitement dans l’échantillon.

2/ On se place dans la configuration où aucun courant n’est injecté dans le supraconducteur. Le super-

courant ~Js est donc induit par le champ magnétique extérieur (il est donc de la forme ~Js = ~∇ ∧ ~M). À

l’extérieur du supraconducteur il y a des courants de conduction notés ~Jext (et non plus ~Jcond) qui créent

le champ magnétique 3. On a donc une distinction claire entre ~Js (qui n’est non nul qu’à l’intérieur du

supraconducteur) et ~Jext (qui n’est non nul que hors du supraconducteur).

On soumet le matériau à un champ magnétique et on considère une situation où, à température fixée,
~B(~r ) → ~B(~r )+δ ~B(~r ). L’opération est effectuée en un temps δt, elle est supposée quasi-statique et réversible.
Montrer que le travail δW reçu par le système est

δW = −δt

∫

~E. ~Jextd
3r , où ~∇∧ ~E = −δ ~B

δt
, (5.6)

~E étant le champ électrique généré par la variation de ~B. Justifier que l’on peut identifier δW avec la
variation d’énergie libre δF du système et que si dans (5.6) on élimine ~Jext au profit de ~H, une intégration
par parties permet d’écrire

δF =

∫

d3r ~H.δ ~B . (5.7)

3/ On définit l’équivalent de l’enthalpie libre G
def
= F −

∫

d3r ~B. ~H. Montrer qu’à T et ~Jext fixés
l’état d’équilibre du système correspond à un extrémum de G (indication : montrer que δG + SδT =

−
∫

~A.δ ~Jextd
3r). Les courageux pourront montrer que l’extrémisation de G par rapport aux variations de

~A conduit – à ~Jext fixé – à une équation équivalente à Maxwell-Ampère (5.3). Cela justifie que par la suite
on travaille toujours avec les équations (5.2) et (5.3).

4/ On place l’échantillon à T < Tc dans une bobine où règne un champ magnétique ~H. L’expérience montre
que la supraconductivité est brisée si le champ est supérieur à un champ magnétique Hc(T ) qui se comporte
approximativement comme Hc(T ) = Hc(0)(1− T 2/T 2

c ).

En comparant les enthalpies libres de Ginzburg-Landau pour un système supraconducteur et un système
normal, donner la forme de Hc(T ) prédite par la théorie de Ginzburg-Landau. L’accord est il bon avec
l’expérience pour T ∈ [0, Tc] ? Et au voisinage de Tc ?

5.3 Interface entre les phases normales et supraconductrices

On considère une interface plane entre les phases normales et supraconductrices à l’intérieur de
l’échantillon, le système baignant dans un champ magnétique Hc. L’interface est le plan yOz et l’axe x

1. On pourra se rafraichir rapidement la mémoire sur les matériaux magnétiques en lisant les 4 premières pages du chapitre
IV de “Electrodynamics of continuous media”, Landau et Lifshitz Volume 8.

2. Parfois appelé “excitation magnétique” dans la littérature française.
3. Typiquement on met l’échantillon dans une bobine.
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pointe vers la phase supraconductrice. La distribution de toutes les quantités ne dépend que de la coor-
donnée x. On choisit d’exprimer le potentiel vecteur dans la jauge de Coulomb (~∇. ~A = 0), de sorte que
dAx/dx = 0, et qu’il est donc possible de prendre Ax ≡ 0. On choisit alors l’axe Oy de sorte que êy soit

toujours colinéaire à ~A : ~A = (0, A(x), 0) et alors ~B = (0, 0, dA/dx).

1/ En utilisant les relations entre ~H, ~B, ~M et ~Js montrer que dans tout l’espace le champ magnétique garde

la valeur constante ~H = (0, 0, Hc).

2/ Justifier que l’on définisse la tension de surface comme

σ =

∫ ∞

−∞

dx

{

~
2

2m

∣

∣

∣

∣

(

~∇− iq

~

~A

)

φ

∣

∣

∣

∣

2

+ a|φ|2 + d

2
|φ|4 + B2

2µ0
−B(x)Hc − gnc

}

, (5.8)

où gnc est la densité d’enthalpie libre dans la phase normale uniforme en présence d’un champ Hc (gnc est
exactement égale à la densité d’enthalpie libre gsc dans la phase supraconductrice uniforme en présence d’un
champ Hc).

3/ Montrer que φ est solution de l’équation

− ~
2

2m

d2φ

dx2
+

(

a+
q2A2(x)

2m
+ dφ2(x)

)

φ(x) = 0 , (5.9)

et que A(x) est solution de
d2A

dx2
=

µ0q
2

m
φ2(x)A(x) . (5.10)

L’équation (5.9) ayant des coefficients réels on peut choisir φ réel, ce qu’on fera désormais. On utilisera
également des variables adimensionnées : X = x/λL, ϕ = φ

√

b/|a|, B = B/Bc (où Bc = µ0Hc) et A =
A/(BcλL). On notera la dérivation par rapport à X par un prime (ainsi B = A ′). On définit également le
paramètre de Ginzburg-Landau :

κ = λL/ξ . (5.11)

En utilisant (5.10) montrer que (A 2ϕ2−A ′ 2)′ = 2A 2ϕϕ′ et en déduire une intégrale première de l’équation
(5.9) sous la forme

2

κ2
ϕ′ 2 + (2− A

2)ϕ2 − ϕ4 + A
′ 2 = 1 . (5.12)

Montrer que cela permet d’écrire la tension de surface sous la forme

σ =
B2

cλL

µ0

∫ ∞

−∞

dX

{

2

κ2
ϕ′ 2 + A

′(A ′ − 1)

}

=
B2

cλL

2µ0

∫ ∞

−∞

dX
{

(A ′ − 1)2 − ϕ4
}

. (5.13)

4/ Dans cette partie on calcule σ dans deux situations limites.
κ ≪ 1 C’est la situation typique pour les métaux purs. Dans ce cas justifier que l’on peut faire l’ap-

proximation B(X) = Θ(−X) (où Θ est la fonction de Heaviside). Quelle est alors la solution de
l’équation (5.12) ? [indication : se souvenir de la question 5.1.3/]. Montrer que dans ce cas

σ =
B2

c

2µ0
ξ
4
√
2

3
. (5.14)

κ ≫ 1 Justifier que dans ce cas on peut écrire ϕ(X) = Θ(X) et qu’alors

σ = −3

2

B2
c

2µ0
λL . (5.15)

On peut montrer que σ s’annule exactement lorsque κ = 1/
√
2. On appelle les supraconducteurs dont

κ < 1/
√
2 des supraconducteurs de type I, les autres étant de type II (κ > 1/

√
2). Discuter de l’influence du

signe de la tension de surface sur la propension du champ magnétique à pénétrer dans le supraconducteur.
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Tri-critical phase transition

6.1 Blume-Emery-Griffiths Model

One wants to describe the influence of a small amount of 3He
on the superfluid transition in 4He. The experiment shows that
if the concentration x in 3He remains small, the transition re-
mains of second order and is not qualitatively affected (howe-
ver the transition temperature decreases). When x > 0.67 the
transition becomes discontinuous and induces a phase separa-
tion : one of the two phases is rich in 4He and superfluid, the
other is rich in 3He and non-superfluid.
Figure 1 :T −x Phase diagram of the 3He + 4He system [from
E.H. Graf et al., Phys. Rev. Lett. 19, 417 (1967)]. % d’3He

T
[m

K
]

superfluid

normal

two phases

Blume, Emery and Griffiths (B.E.G.) proposed to schematic describe the normal/superfluid transition
by using an Ising-like model. In the B.E.G. model, the Ising spin is either +1, 0 or -1. The value Si = 0
corresponds to the presence of a 3He atom on site i, whereas Si = ±1 corresponds to the presence of a 4He
atom. The B.E.G. Hamiltonian is

H = −J
∑

〈i,j〉

SiSj +∆

N
∑

i=1

S 2
i −∆N , (6.1)

with J > 0 and
∑

〈i,j〉 is the sum on nearest neighbors (n.n.) on a lattice with N sites (N ≫ 1) whose

coordinance (i.e., the number of n.n. of each site) is denoted q. The 3He concentration x is the mean value :
x = 1−〈S 2

i 〉. The parameter ∆ controls the 3He concentration : x → 1 if ∆ → +∞ and x → 0 if ∆ → −∞.
The “superfluid” order parameter is φ = 〈Si〉, meaning that the occurrence of superfluidity is described in
an effective way as the spontaneous magnetization of the Ising system.

1/ One wishes to study (6.1) in a mean field approximation. For that matter one needs to re-write the n.n.
interaction term. By denoting Si = φ+σi (where σi represents the fluctuation of the Ising spin with respect
to its average value) and by neglecting in this term (and only in this term) the contributions of order O(σ2),
show that H can be written as the sum of N independent hamiltonians. Show that at temperature T , and
for a given value of the order parameter, the free energy of the system reads

FL(T,∆, φ)

N
= −∆+

1

2
qJφ2 − kBT ln

[

1 + 2e−β∆ cosh(βqJφ)
]

. (6.2)

2/ Give the expression of the fraction x in 3He as a function of temperature, of φ and of the parameters of
the problem. One may use (after demonstration) the relation x = − 1

N ∂FL/∂∆ (but this is not the unique
method nor the simplest). Show that in the non-superfluid phase one has

x =
λ− 1

λ
, où λ

def
= 1 +

e
β∆

2
. (6.3)

18
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3/ A series expansion of (6.2) in the vicinity of φ = 0 yields

FL(T,∆, φ)

N
= a(T,∆) + b(T,∆)φ2 + c(T,∆)φ4 + d(T,∆)φ6 + ... (6.4)

with

b(T,∆) =
qJ

2

(

1− qJ

λ kBT

)

et c(T,∆) =
qJ

8λ2

(

qJ

kBT

)3 (

1− λ

3

)

. (6.5)

Determine the shape of φ(T ) by using expansion (6.4) truncated at order φ4, and assuming that c > 0. Give
a relationship determining the critical temperature Tc. What is the value of Tc for ∆ = 0 and for ∆ → −∞ ?
Discuss the limit ∆ → +∞. Show that Tc(x)/Tc(0) = 1− x.

4/ Draw the curves b = 0 et c = 0 in the plane ( ∆
qJ ,

kBT
qJ ). Show that they meet in a point of which you will

give the coordinates.

6.2 Tri-critical points. General discussion

A more precise discussion of B.G.E. model leads to consider a Landau theory of type (6.4) taking into
account the fact that c(T,∆) may change sign. One will consider in this section a generic model in which,
for simplifying the discussion, a(T,∆) = 0, and d(T,∆) is a positive constant (noted d), weak enough so
that the term dφ6 is not dominant in (6.4) for typical values φ 1.

One draws in the (∆, T ) plane the two curves b(T,∆) =
0 and c(T,∆) = 0 (cf. figure). At high temperature both
b et c are positive. When ∆ < ∆t, b changes sign at a
higher temperature than c does. When ∆ > ∆t this is the
opposite. The intersection point (∆t, Tt) is called the “tri-
critical point”.
Figure 2 : Tri-critical point in the (∆, T ) plane.

b=0c=0

b>0

b<0
c>0

T

∆∆

T

t

t

c<0

1/ Rapidly draw the shape of FL(T,∆, φ) as a function of φ for several values of T when ∆ < ∆t and when
∆ > ∆t. Show that for ∆ > ∆t the second order transition disappears because the system experiences a
first order transition between a phase φ = 0 and a phase φ = φ1 (φ1 6= 0) at a temperature T1 such that

FL(T1,∆, φ1) = FL(T1,∆, 0) and
∂FL

∂φ

∣

∣

∣

∣

T1,∆,φ1

= 0 . (6.6)

Indication : it suffices to draw FL(T1,∆, φ) as a function of φ for understanding what’s going on.
(a) Derive a relation defining T1 and express φ1 as a function of c(T1,∆) and d.
(b) Express the slope ∂Tc/∂∆ at the left of the tri-critical point and the slope ∂T1/∂∆ at its right in

terms of the appropriate derivatives of b and c. You may use the relation (6.8).
(c) Taking inspiration from Figure 2, draw in a (∆, T ) diagram, the shape of the lines of first and

second order transition. Do these lines meet ? Are the tangent when they intersect ?

2/ Be F (T,∆) the canonical partition function of the system. In our mean field approximation F (T,∆) =
FL(T,∆, φ) evaluated in φ solution of ∂FL/∂φ = 0. Be x a thermodynamic parameter defined by x =
− 1

N (∂F/∂∆)T (in the B.E.G. model x is the 3He concentration, but we consider here a general case). One
studies the value of x is the different phases occurring at the first order transition.

(a) Show that x = − 1
N (∂FL/∂∆)T,φ where the derivative is computed for constant T and φ.

(b) Explain that x takes different values in each of the two phases φ = 0 and φ = φ1. Show that the
difference x1 − x0 between the values of parameter x in each phase reads

x1 − x0 =
c

2 d

∂b

∂∆
− b

d

∂c

∂∆
, (6.7)

where all functions are evaluated at (T1,∆).

1. One cannot simply drop the term d φ6 becomes it is dominant in (6.4) when φ → ±∞.
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(d) Display the gross shape of the phase diagram of the system in the (T, x) plane.
(e) One goes back for a moment to the B.E.G. model. Compare your answer to the previous question

with Figure 1. For which value of x is the tricitical point reached in the theory (6.4) ? Compare
with the experimental result.

3/Show that in the ordered phase the order parameter is φ2 = 1
3 d [−c+

√
c2 − 3b d] (one is not necessarily

close to the transition). One supposes that in the vicinity of the curves b = 0 and c = 0, b and c cancel
linearly : for instance b(T,∆) ∝ T − Tc(∆).

(a) Justify (not rigorously) than when one gets close to the tri-critical point in the (T,∆) plane, φ
typically cancels as (Tt − T )1/4 : i.e., the exponent β is 1

4 in our mean field theory 2.
(b) The value of β actually depends on the way one gets close to the tri-critical point. For understanding

this point, it is easier to use a (b, c) diagram rather than the (∆, T ) diagram. Draw the lines of first
and second order transition and the ordered region (φ 6= 0) in such a diagram. Find two half lines
located in the ordered zone and reaching the tri-critical point which both yield different values of
β.

(c) Determine the value of exponent δ at the tri-critical point by considering the response to an external
field.

(d) Show that exponent ν keeps, at the tri-critical point, the usual value it has in a mean field approxi-
mation.

4/ Some of the critical exponents are modified at the tri-critical point. This results in a modification of the
upper critical dimension which we now study.

(a) One works in the ordered phase in dimension d, and one notes ξ the correlation length. Write the
Ginzburg parameter as a function of an integral (over a domain to be specified) of the correlation
function G(~r ) divided by ξdφ2.

(b) One works close to a transition temperature T0 at which ξ and φ behave as |T−T0|−ν and |T−T0|β .
Give the expression of the upper critical dimension dcs as a function of β and ν. What is the value
dcs at the tri-critical point when β = 1

4 ?

Useful relation : One considers – in the plane (x, y) – a curve defined by the implicit equation
f(x, y) = 0. Be (x0, y0) a point of this curve. Show that the slope of the tangent to the curve at (x0, y0) can
be expressed as

(

∂y

∂x

)

0

= − (∂f/∂x)0
(∂f/∂y)0

, (6.8)

where the subscript 0 indicates that the functions are to be evaluated at point (x0, y0).
Indication : solve f(x, y) = 0 using an expansion in the vicinity of (x0, y0).

2. Beware, in all the following β is a critical exponent, β 6= 1/kBT !


