
Exercises on Calculus of variations and Functionals

- Exercise 1.1 Derivatives

1. Show the results for basic derivatives following the definition and then using Euler-Lagrange
equation.

2. Find the functional of the electrostatic potential V (~x ) that is extremal for a given charge
density distribution ρ(~x ). We recall the Poisson equation in electrostatics:

∆V (~x ) = −ρ(~x )/ε0 (1.49)

3. Prove the chain rule relation from the discrete point of view and then from the definition of
functional derivatives. Apply it to compute the functional derivative of

F [h] =

∫
dt exp

{
−
∫
dx h(x)w(x, t)

}
(1.50)

4. Compute the nth functional derivative of the following functional, given the function h(~x )

F [y] = exp

(∫
y(~x )h(~x ) d~x

)
(1.51)

- Exercise 1.2 On the nature of solutions We consider the following functional

F [y] =

∫ 1

−1
y2(1− y′)2 dx . (1.52)

1. We take boundary conditions y(−1) = 0 and y(1) = 1. Find the solution that minimizes F .

2. Discuss the case y(−1) = 2 and y(1) = 1.

- Exercise 1.3 Beltrami’s identity

1. Show that, if f(y, y′) in the functional to extremalize has no explicit dependence on x, we have

y′
∂f

∂y′
− f = const. (1.53)

2. Try to collect your memories on classical mechanics, in which S[q] =
∫ tf
ti
dt L(q, q̇, t) is the

action and L the Lagrangian. After introducing p = ∂L
∂q̇ the momentum, conjugate quantity of

q̇ w.r.t. L, interpret physically Beltrami’s identity?

3. Brachistochrone. We want to find the curve that minimizes the time T between a high point
A and point B lower in altitude y such that yA = 0 and y > 0 when going down. We assume
no friction and just gravitational energy.

a) Find the expression of the functional T [y].

b) Find and simplify differential equation satisfied by the trajectory y(x).

c) Solve the equation by introducing an angle θ such that y′ = 1/ tan(θ/2) and giving the
expressions of x(θ) and y(θ).

- Exercise 1.4 Isoperimetric problem
Show that the circle is the curve in 2D that maximizes the surface at fixed perimeter.
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Figure 1.1: Left: a real soap film. Center: modeling the soap film. Right: the d(a) function.

- Exercise 1.5 Shape of a soap film We consider a soap film as sketched on Fig. 1.1, assuming
it is tight between two circles and is invariant under rotation around the x-axis. In this situation, the
circles are not filled with soap. Then, its shape is described by the function y(x) with fixed boundary
conditions (x1, y1) and (x2, y2).

1. Show that the total area of the film, under those assumptions, reads (in which y′(x) = dy
dx)

A = 2π

∫ x2

x1

y
√

1 + y′ 2dx . (1.54)

2. What other physical situation is acceptable for the soap film? In such case, what is the total
area A0 of the soap film?

3. Recall the Euler-Lagrange equation and apply it to show that y satisfies to

1 + y′ 2 = yy′′ (1.55)

4. Equation (1.55) can be solved by introducing the variable θ(x) such that y′ = sinh θ. Show
that θ(x) = ax+ b and find the shape y(x).

5. We look for solutions in the case where boundary conditions read y1 = y2 = 1 (sets the unit of
length) and x2 = −x1 = d.

a) Why do we have b = 0? Write the equation giving d as a function of a.

b) The function d(a) is sketched on Fig 1.1. Discuss the nature of the solutions depending
on d. In the case where they are two solutions and without doing much calculation, find
the one that is minimal. What must be checked, lastly?

- Exercise 1.6 Fluctuation-dissipation theorem in the path integral formalism
We consider a scalar order parameter φ(~x ) associated to some free energy F [h] = − 1

β lnZ[h] where
h(~x ) is the field that couples to the order parameter

Z[h] =

∫
Dφ e−β(F [φ]−

∫
d~x φ(~x )h(~x )) (1.56)

with F the free energy in the absence of the external field. The statistical average of A(~x ) reads

〈A(~x )〉 =
1

Z

∫
DφA(~x ) e−β(F [φ]−

∫
d~x ′ φ(~x ′)h(~x ′)) . (1.57)

Let G(~x, ~x ′) ≡ 〈φ(~x )φ(~x ′)〉 − 〈φ(~x )〉〈φ(~x ′)〉 be the correlation function and χ(~x, ~x ′) = δ〈φ(~x )〉
δh(~x ′) the

susceptibility. Prove the fluctuation-dissipation theorem

G(~x, ~x ′) =
1

β
χ(~x, ~x ′) (1.58)


