
Instability in a collection of chemotactic particles

2018-2019 Statistical Mechanics exam – ICFP M2 – Soft Matter & Biophysics track

No documents, calculators or phones allowed.
The four sections can be tackled independently. Bold characters denote vectors.

Numerous living organisms sense the chemical composition of their surroundings and move towards
food sources or away from poisons, a process known as chemotaxis. In some cases, the chemoattrac-
tants/chemorepellants are produced by other cells of the same species, making chemotaxis crucial for the
movement of sperm towards the egg, for the correct spatial patterning of the embryo during its develop-
ment, and for the migration of white blood cells towards the site of an injury or infection. A collection
of many identical cells that swim towards the chemicals secreted by their sisters may become unstable,
which results in the cells concentrating into a few localized clusters. In the slime mold Dictyostelium,
such clusters form when food runs out, and then develops into a fruiting body that helps the population
colonize a more favorable location.

Chemotaxis can be artificially mimicked using asymmetric colloids that catalyze a chemical reaction
which results in their autonomous motion, and tend to move preferentially towards/away from the products
of the reactions induced by other colloids. In Sec. 1, we study the statistical properties of a single
self-propelled colloid. We then follow Ref. [1] and discuss their collective behaviors by establishing the
equations of their collective motion through symmetry considerations (Sec. 2) and kinetic theory (Sec. 3).
We finally study the stability of a homogeneous collection of these particles, and find that chemotaxis can
destabilize it (Sec. 4).

1 Individual chemotactic particles

Here we assess whether the dynamics of a single self-propelled particle confined in a harmonic trap in two
dimensions satisfies the fluctuation-dissipation relations.

1.1 We recall the form of the fluctuation-dissipation theorem:

χ(τ) = −H(τ)

kBT

dC

dt
(τ). (1)

Briefly define each of the variables involved in this equation. When is the equation valid?

1.2 We consider a polar particle that points along a polarization vector (hats denote unit vectors)

p = cos θx̂ + sin θŷ. (2)

The particle is self-propelled and swims along the direction of p with a velocity equal to one. As it
is subjected to thermal noise, both its position r = xx̂ + yŷ and orientation θ fluctuate over time.
We assume its propulsion is fast enough that the former can be neglected, yielding the following
dynamics in dimensionless units:

∂tr(t) = −r(t) + p(t) + f(t) (3a)

∂tθ(t) =
√

2Dη(t), (3b)

where f is an external force and η(t) is a Gaussian white noise with 〈η(t)〉 = 0, 〈η(t)η(t′)〉 = δ(t− t′).
Write the Fokker-Planck equation governing the probability of the angle only, namely P (θ, t|θ0, t0)
(no proof required).



1.3 Considering θ as a variable on the interval (−∞,∞)—as opposed to the interval [−π, π)—show that

P (θ, t|θ0, t0) =
e
− (θ−θ0)

2

2α(t−t0)√
2πα(t− t0)

(4)

with α a constant to be specified.

1.4 Defining the complex number z = x+ iy, show that ∂tz = −z + eiθ + f and formally compute z as
a function of θ and f = fx + ify. Hint: First write z(t) = Z(t) exp(−t) and solve for Z(t).

1.5 Using Eq. (4), compute 〈eiθ(t)〉. Show that it tends to zero as t0 → −∞. Justify this last result
physically.

1.6 Compute the response function χ(τ), defined by

〈z(t)〉 ∼
t0→−∞

∫ t

−∞
χ(t− t′)f(t′) dt′. (5)

Note that the expression you give must be valid for either sign of τ .

1.7 Now setting f = 0 and t0 6= −∞, compute 〈[x(t2)− x(t0)e
−(t2−t0)]× [x(t1)− x(t0)e

−(t1−t0)]〉 as the
sum of two terms. The former term will contain the expression 〈cos[θ(t2) + θ(t1)]〉, and the latter
term is equal to

1

2

∫ t2

t0

dt′2

∫ t1

t0

dt′1 e
−(t2−t′2)e−(t1−t

′
1)〈cos[θ(t′2)− θ(t′1)]〉 (6)

1.8 Let us now consider periodic boundary conditions on θ for a minute, i.e., θ ∈ [−π, π). Remembering
the discussion of question 1.5, give without calculation the probability distribution of θ(t1) + θ(t2)
in the t0 → −∞ limit. Deduce from it the value of 〈cos[θ(t2) + θ(t1)]〉.

1.9 Following this discussion, show that

〈cos[θ(t2)− θ(t1)]〉 ∼
t0→−∞

∫ π

−π

dθ1
2π

∫ ∞
−∞

dθ2 P (θ2, t2|θ1, t1) cos(θ2 − θ1). (7)

1.10 Compute lim
t0→−∞

〈cos[θ(t2)− θ(t1)]〉, making sure your result is valid for both t2 < t1 and t1 < t2.

1.11 Compute lim
t0→−∞

〈x(t2)x(t1)]〉 = lim
t0→−∞

〈[x(t2)− x(t0)e
−(t2−t0)]× [x(t1)− x(t0)e

−(t1−t0)]〉.

1.12 Show that the fluctuation-dissipation relation Eq. (1) is not satisfied. Why? Show that it can be
satisfied provided in a certain asymptotic limit provided you define the temperature that is a certain
function of D. Interpret this result.

2 Hydrodynamic derivation of the equations of motion

We consider a fluid with two conserved quantities, namely the density ρ(r, t) of phoretic particles and the
concentration c(r, t) of chemoattractant/repellant. In addition, here we consider the local velocity v(r, t),
defined as the sum of the polarities p of the particles contained in a small volume by that volume, as a
broken symmetry variable.

2.1 We will assume that the system is invariant under translation, spatial inversion, mirror symmetry
and rotation. Specify how each of our order parameters are transformed by these operations, as well
as time reversal.

2.2 Write the conservation equations associated to ρ and c in their most general form. You will introduce
and define two quantities Jρ and Jc.



2.3 Write the pseudo-conservation equation over the components vi of the vector v, defining Jv and
paying attention to writing all tensorial indices explicitely and properly. We will not discuss the
form of Jv any further in this section, deferring a fuller treatment until Sec. 3.

2.4 The fluxes Jρ and Jc are to be written as functions of three thermodynamic forces Aρ, Ac, Av

and their gradients. Defined each of these forces as the derivative of one quantity with respect to
another, justifying your choice of these quantities. Again, pay attention to writing the tensorial
indices properly.

2.5 The current Jρ can be split into a “dissipative” and a “reactive” part. Explain how these are defined.

2.6 Write down the most general form of the dissipative current Jρ,diss as a function of the thermody-
namic forces and to first order in gradients. This equation should follow the model

Jρ,diss =− γρρAρ − γ̄ρρ∇Aρ (8a)

− γρcAc − γ̄ρc∇Ac, (8b)

to which you will add all the correct tensorial indices which we have omitted. What justifies ne-
glecting higher order gradient terms?

2.7 Make a careful symmetry argument to show that the gradient-less terms in Eq. (8) vanish.

2.8 Briefly invoking another symmetry (no need for a detailed argument this time), write down the final
form of the dissipative currents Jρ,diss and Jc,diss.

2.9 Write the most general form of the reactive current Jρ,reac compatible with the spatial symmetries of
the problem to lowest order in gradients. No need for a detailed justification.

2.10 Write the full dynamical equations for ∂tρ and ∂tc as functions of the thermodynamic forces. What
relation between the coefficients involved would the Onsager symmetry dictate? Is is applicable
here, and why?

3 Kinetic theory

Here we derive the dynamical equation on v from microscopic considerations. We assume a fixed spatial
profile of c(r) and write the microscopic dynamics of a particle as:

∂tr(t) = p(t) (9a)

∂tθ(t) = βp×∇c+
√

2Dη(t), (9b)

where β is a scalar coefficient determining whether particles tend to migrate up (chemoattraction) or
down (chemorepulsion) a gradient of c, the symbol × denotes the cross product (aka. vector product:
a× b = axby − aybx in two dimensions) and the other notation is as in Sec. 1.

Introducing the probability density f(r, θ; t) for the particle to be in location r with angle θ at time t,
the density and velocity fields read:

ρ(r, t) =N

∫
f(r, θ; t)

dθ

2π
(10a)

ρ(r, t)v(r, t) =N

∫
f(r, θ; t)p(θ)

dθ

2π
(10b)

where N is the total number of particles, V the volume of the system and p(θ) is defined in Eq. (2).

3.1 Does a positive β correspond to chemoattraction or chemorepulsion?

3.2 Recalling that that the Langevin equation

∂txi = Xi(x) + ξi (11)



with ξ a zero-mean Gaussian white noise with 〈ξi(t)ξj(t′)〉 = 2Dijδ(t
′ − t) is equivalent to the

Fokker-Planck equation

∂tP (x; t) = −∂xi [XiP (x; t)−Dij∂xjP (x; t)], (12)

write the Fokker-Planck equation governing the evolution of f(r, θ; t).

3.3 Combining this equation with Eqs. (10), show that the dynamics considered in this section imply

∂tρ = −∇ · (φv), (13)

where you will express φ as a function of ρ and v.

3.4 Similarly, derive a full dynamical equation for ∂t(ρv). One of the terms of the right-hand side is
proportional to

∫
dθf(p×∇c)∂θp.

3.5 Show that this term is proportional to ∇c in the |v| � 1 limit,

3.6 Show that in the |v| � 1 limit

∂tv = −v

τ
+B∇c− 1

ρ
∇ρ, (14)

where you will give the expression of τ and B as functions of the parameters of the problem.

3.7 Equation (13) is simpler than the one derived at the end of the previous section. Why are some
of the couplings absent? Now considering Eq. (14), discuss whether v is indeed a hydrodynamic
variable as we had assumed in the previous section.

4 Keller-Segel instability

In a situation where the particle emit a chemoattractant/repellent at a rate ke > 0 which then degrades
spontaneously at a rate kd > 0, the equation for c becomes

∂tc = keρ− kdc, (15)

4.1 Is c still a hydrodynamic variable? Why did we omit the gradient terms computed in Sec. 2?

4.2 Argue that we can set ∂tv = 0 in Eq. (14) and ∂tc = 0 in (15).

4.3 Consider a small perturbation about a homogeneous state described by

v(r, t) =δv(r, t) (16a)

ρ(r, t) =
kdc0
ke

+ δρ(r, t) (16b)

c(r, t) =c0 + δc(r, t) (16c)

Using Eqs. (13) and the simplified forms of Eq. (14) and (15), derive a closed-form equation for δρ.

4.4 Show that for B > Bc, the homogeneous state is unstable, and give the value of Bc. Does this
so-called Keller-Segel instability require chemoattraction or chemorepulsion (support your answer
by a discussion of what a positive B means physically)?

Interestingly enough, the homogeneous phase can become unstable not only for B > 0, but also for
B < 0. The analysis of this effect however requires an expansion to higher order in gradients [1].
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