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Abstract
We consider an out-of-equilibrium one-dimensional model for two electrical double-layers.
With a combination of exact calculations and Brownian dynamics simulations, we compute
the relaxation time (τ ) for an electroneutral salt-free suspension, made up of two fixed
colloids, with N neutralizing mobile counterions. For N odd, the two double-layers never
decouple, irrespective of their separation L; this is the regime of like-charge attraction, where
τ exhibits a diffusive scaling in L2 for large L. On the other hand, for even N, L no longer is the
relevant length scale for setting the relaxation time; this role is played by the Bjerrum length.
This leads to distinctly different dynamics: for N even, thermal effects are detrimental to
relaxation, increasing τ , while they accelerate relaxation for N odd. Finally, we also show that
the mean-field theory is recovered for large N and moreover, that it remains an operational
treatment down to relatively small values of N (N > 3).
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1. Introduction

The contact between a charged surface or colloid particle with
an ionic solution is known to create an electrical double-
layer: a diffuse counterion cloud around the charged inter-
face which extends a distance typically in the colloidal range,
from molecular dimensions to the micrometer scale [1, 2]. The
study of electric double-layers is an active research topic due
to their importance to understand phenomena such as like-
charge attraction [3, 4], ion transport in biological membranes
[5] or nanofluidics [6–8]. Furthermore, they play a signifi-
cant role in the design and development of bio-chemical sen-
sors [9], super capacitors [10–13], electric-double-layer-gated
transistors [14], water treatment [15], etc.

∗ Author to whom any correspondence should be addressed.

Electrical double-layers have been studied extensively [1,
16–18]. They were first introduced in 1897 by Helmholtz
while investigating electrodes in electrolytes subject to an
external potential [19]. In this model, the counterions form
a single layer close to the electrode. Then, Gouy [20] and
Chapman [21] introduced the concept of a diffuse layer, where
the counterion typical position results from the competition
between entropic and electrostatic effects. This model was
further improved by Stern [22], by assuming that the elec-
trolyte system is made up of two parts: first comes a layer
that is strongly bound to the electrode surface (practically
immobile) and then follows the diffuse part, where counteri-
ons are loosely bound. The study of electrical double-layers
displays numerous approaches that quickly increase in dif-
ficulty as the model restrictions are relaxed and ingredients
are added. The Gouy–Chapman model resorts to a mean-field
treatment that assumes weak electrostatic interactions and con-
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Figure 1. Sketch of an electroneutral system consisting of two
interacting electric double-layers, each made of a colloid (rectangle)
and 4 counterions (circles). The distance between colloids is L. The
interaction between particles is mediated by the 1D Coulomb
potential, linear in separation. The dynamics of the counterions is
considered and the colloids are treated as static since their time scale
is assumed to be much larger than that of the counterions. All
particles are point-like and they can ‘cross over’ each other.

siders the ionic fluid as a continuum, discarding discreteness
effects. The latter shortcoming can be partly addressed includ-
ing ionic size effects within a mean-field framework [23–27]
(see [28] for a criticism on these approaches, and [29] for a
review on mean-field electric double-layers). Using mean-field
models is convenient since they may yield analytic expres-
sions. Interestingly, while mean-field techniques fail when
the electrostatic coupling increases [30–35], strongly-coupled
systems lend themselves to analytical progress [36, 37]. The
remaining intermediate regime between weak and strong cou-
pling is mostly accessible through numerics. So far, equi-
librium properties mostly have been studied, and results are
scarce for time dependent phenomena. The physics of out-
of-equilibrium electrical double-layers is primarily described
via mean-field and numerical approaches [1, 38–46], with few
beyond mean-field contributions [45, 47, 48].

Herein are reported exact and numerical results, within all
coupling regimes, for the relaxation time toward equilibrium
of two interacting double-layers in one dimension, at a distance
L. Such systems have been studied at equilibrium [49–52]. We
consider the dynamics of an electroneutral system made of two
symmetrically-placed, permeable like-charged colloids and N
counterions as shown in figure 1. Due to their larger mass,
the colloids are assumed to exhibit a very large time scale for
displacement compared to the counterions, hence we consider
them to be fixed, and address the dynamics of the diffuse layer.
The single counterion case (N = 1) allows an analytical solu-
tion for the particle density and relaxation time. This subsumes
the essential features of the dynamics for any odd number of
counterions. Indeed, the parity of N plays an important role,
for both static and dynamics properties: if N is even, the large
L regime features decoupled neutral entities, with N/2 coun-
terions neutralizing each colloid. This is no longer possible
for N odd, for which there is always a misfit counterion [51,
53], that plays an important role in what follows. The misfit
effect is accurately described by the mean passage of a free
diffusing particle in a reduced length approximately given by
the colloid separation minus the space taken by the double-
layers between the colloids. For even N, the two double-layers
form and completely neutralize each colloid. The decoupling
between the two moieties, made possible for even N, explains
why the relaxation process becomes L independent for large L,
in contrast with the odd case.

It is worth pointing out that one-dimensional approaches
may be insightful for more realistic systems. As an

illustration, we mention the question of the origin of cement
cohesion. In brief, cement, a key binding agent in concrete,
is made of layers of calcium-silicate-hydrates (C–H–S) that
trap between them a solution made of water and ions [54–56].
While the physical chemistry of cement is complex [54, 55],
a simple model for this system is provided by two symmet-
ric uniformly charged plates with counterions between them,
where these charges interact pairwise via the 3D Coulomb
potential, 1/r. The fact that counterions are multivalent, and
the plates highly charged, brings the cement system in the
strong-coupling regime. This triggers like-charge attraction,
that is at the origin of cement cohesion. In the strong-coupling
regime, when the distance between plates is small enough, all
counterions are approximately in the same plane parallel to the
plates, so that the dominant force acting on them stems from
the plates’ potential. For like-charged plates, this force van-
ishes, which leads to a uniform density profile, from which the
pressure can be readily computed. In this limit, the N = 1 ion
problem in one dimension exhibits the same equation of state
as its three dimensional counterpart [33, 36, 53, 57, 58]. We
will begin our discussion with the out of equilibrium analysis
for the single counterion case.

The paper is structured as follows. The time evolution of
the probability density for one counterion (N = 1) is computed
analytically in section 2, parameterized by the colloid distance
L. The density displays an exponential decay toward equilib-
rium, which naturally introduces a relaxation time. Then, a
scheme is introduced to determine this quantity, from a sim-
ulation based on the corresponding Langevin dynamics. The
results are in good agreement with exact values. In section 3,
the numerical study of the relaxation time is generalized for
the many-counterion case, N > 1. The role of the parity of N
and the symmetry of the initial condition (IC) is discussed,
with the former leading to two different behaviors for the
relaxation time. In section 4, we study the analytic mean-
field treatment of a system at zero colloid separation. We find
that this solution serves as a good approximation for the dis-
crete charge system, for a large number of counterions as
expected, but more surprisingly already for N as small as 3.
Treating the counterions as discrete charges results in expo-
nential relaxation dynamics. This is in contrast to mean-field
theory, that features a slower, algebraic decay [1]. We explain
below how the two regimes are matched, and show explic-
itly how mean-field’s accuracy improves, upon increasing the
number of counter-ions N. Finally, we investigate numerically
in section 5 the first passage time of the middle/misfit counte-
rion between the two double-layers when N is odd, to ratio-
nalize the behavior of the relaxation time. We conclude in
section 6.

2. One counterion (N = 1)

In this section, we consider an electroneutral system made of a
single counter-ion (N = 1), of charge e and two colloids, each
with charge −e/2. The colloids have fixed positions: −L/2
and L/2. These charges interact via the 1D Coulomb poten-
tial energy, which for two charges q1 and q2 at x1 and x2 is
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given by

V1D(x1, x2) = −q1q2

ε
|x1 − x2|, (1)

where ε is the dielectric constant of the medium. This potential
leads to a force that does not depend on the inter-charge dis-
tance, unlike the two- or three-dimensional result. This can be
understood with a three dimensional detour, working out the
potential between two infinite uniformly charged plates: each
of the plates creates a uniform electric field, and hence a locally
linear potential. As a result, the inter-plate potential is exactly
of the 1D form [59] of equation (1).

The counterion’s position x is ruled by the following over-
damped Langevin equation:

mγ
dx
dt

= −dΦ(x)
dx

+
√

mγkBTbathξ(t), (2)

where γ is the damping coefficient, Tbath the temperature, m
the counterion mass, andΦ(x) = V1D(x, L/2) + V1D(x,−L/2)
is the electrostatic potential energy due to the colloids. The
stochastic Langevin force ξ(t) is a Gaussian white noise char-
acterized by zero mean 〈ξ(t)〉 = 0, and delta time correlation
〈ξ(t1)ξ(t2)〉 = 2δ(t1 − t2).

There is an important length scale related to the electro-
static interaction, namely the Bjerrum length, which in this
one-dimensional context is defined as lB = kBTbathε/e2. When
two e-charges are pushed closer to one another, an energy
budget of kBTbath corresponds to a relative displacement over
a distance lB. Note that lB is exactly the inverse of its three
dimensional counterpart: this stems from the fact that the 1D
Coulomb potential is linear in distance between charges, while
it goes like the inverse distance in 3D. Associated to the diffu-
sive dynamics we consider here, we can define a characteristic
time scale τB = l2B/D where D = kBTbath/(γm) is the diffusion
coefficient. In the following, it will prove useful to work with
the rescaled units: x̃ = x/lB, t̃ = t/τB and Φ̃ = Φ/(kBTbath);
the length and time scales are such that the diffusion coefficient
is set to unity in the dimensionless units.

Since the dynamics are given by a Markov process, the
time evolution for the probability density function starting at
any given time t0 can be determined with the transition prob-
ability p(x, t|x0, t0), where p(x, t0|x0, t0) = δ(x − x0), without
knowledge of the preceding time evolution. In the following
we will set t0 = 0 and avoid writing it explicitly, p(x, t|x0) ≡
p(x, t|x0, 0). Equation (2) has an associated Fokker–Planck
equation that governs the transition probability p (also known
as the propagator, which is nothing but the density of ions):

∂p(x̃, t̃)
∂ t̃

=
∂

∂ x̃

(
p(x̃, t̃)

∂Φ̃(x̃, L̃)
∂ x̃

)
+

∂2 p(x̃, t̃)
∂ x̃2

, (3)

where the rescaled 1D Coulomb potential Φ̃ is given by

Φ̃(x̃, L̃) =

⎧⎨⎩L̃/2 if |x̃| < L̃/2

|x̃| if |x̃| > L̃/2
. (4)

Note that when L̃ = 0, equation (3) is formally the same
Fokker–Planck equation that describes a Brownian motion

with dry friction [60, 61]. We review in appendix A the cor-
responding solution, which will be relevant in the following
sections as a limiting case.

Equation (3) is a forward Fokker–Planck equation that fea-
tures a piece-wise constant force. It is equipped with bound-
ary condition p(x̃ →±∞, t̃|x̃0) = 0. It can therefore be solved
analytically using an eigenvalue expansion [62]:

p(x̃, t̃|x̃0) = p∞(x̃) +
∑
α=o,e

∑
k

uα
k (x̃)ναk (x̃0)

Zα
k

e−λαk t̃

+
∑
α=o,e

∫ ∞

1
4

dλ
uα(x̃,λ)να(x̃0,λ)

Zα(λ)
e−λ̃t, (5)

where uα
k and uα are the eigenfunctions of the Fokker–Planck

operator (rhs of equation (3)), ναk and να are their adjoint eigen-
functions, and Zα

k and Zα the normalization constants. The
equilibrium distribution p∞ is given by:

p∞(x̃) =
e−Φ̃(̃x)

Z∞
=

e−Φ̃(̃x)+L̃/2

L̃ + 2
. (6)

The superscript α in equation (5) indicates the parity of the
eigenfunctions, which will be discussed in upcoming sections.
The explicit expression of the functions and their derivation
can be found in appendix B. Note that equation (5) features
two different types of terms, corresponding either to discrete
eigenvalues (with subscript λk) or to a continuous spectrum
(the integral terms, involving functions of λ). This aspect will
play a key role in the subsequent treatment.

2.1. Analytic dynamics

We investigate here the dynamics of the counterion density
p(x̃, t̃), given that it starts with initial position x̃0. There are
two different possibilities for this IC: in the interstitial region
between the colloids (|x̃0| � L̃/2) or outside (|x̃0| > L̃/2).

Let us start with the counterion in the space between the two
colloids. The initial dynamics is that of a particle in free diffu-
sion, lasting approximately until spread of the density (increas-
ing in

√
2̃t ) reaches the nearest colloid. This behavior can be

seen directly in figure 2 where we observe that the density
remains left–right symmetric with respect to the counterion’s
initial position and it starts to become skewed once the near-
est colloid is ‘hit’ (located at x̃ = 5). This is corroborated in
figure 3, which features the dynamics of the average posi-
tion 〈x〉 (inset) and the position’s variance σ2

x̃ : the former is
constant, and the latter increases linearly with time until the
density ‘hits’ the colloid.

On the other hand, when the counterion starts outside the
interstitial region (|x̃0| > L̃/2) it initially experiences a con-
stant drift toward the colloids. This causes the particle to move
toward the colloids, with a mean position that travels at con-
stant speed. This is seen in the inset of figure 3, where for
small times the mean position is a linear function of time when
x̃0 > L̃. Besides, there is a constant diffusion which is man-
ifested in a linear growth of the position variance (σ2

x̃ ∼ 2̃t,
see figure 3). The time during which the drift diffusion occurs
lasts approximately until the mean position of the counterion

3



J. Phys.: Condens. Matter 33 (2021) 394001 L Varela et al

Figure 2. Time evolution of the density p(x̃, t̃) for a single
counterion (N = 1), with colloid separation L̃ = 10 and localized
initial distribution centered at x̃0 (red arrows): (a) x̃0 = 2, and (b)
x̃0 = 20. The equilibrium state (̃t →∞) is given by the dashed lines.
In panel (b), the cusp formed at x̃ = 5 for t̃ = 20 is understood in
terms of the wedge potential: to the right of the colloid there is a
constant force causing a greater probability flow than from the left
side where the counterion undergoes free diffusion.

Figure 3. Position variance σ2
x (̃t ) of a single counterion N = 1 with

a localized IC x̃0 = 0, 2, 22 and colloid separation L̃ = 10. Note that
for short times σ2

x (̃t ) is linear in time σ2
x (̃t ) ≈ 2̃t. For x̃0 = 22 the

variance is not monotonous, which happens because the initial
position is large enough to allow the regime of linear expansion to
overshoot the equilibrium variance. The inset is for the
corresponding average position 〈x̃(̃t )〉 for each IC. For large times
the average position decays exponentially toward 0, except for the
case x̃0 = 0 where it identically vanishes.

and its nearest colloid are one standard deviation apart. Upon
reaching the central region, it has to ultimately accommodate
to the asymptotic steady state given by equation (6); hence the
non-monotonic behavior of the position variance in figure 3.

We now turn to the asymptotic equilibrium distribution;
there is a closed form for the counterion position’s average

and variance:

lim
t̃→∞

〈x̃(̃t)〉 = 0, (7)

lim
t̃→∞

σ2
x̃ (̃t) =

L̃2

12
+

L̃
3
+

4
3
+

4

3(L̃ + 2)
. (8)

Averages are taken here with respect to the equilibrium distri-
bution p∞ (equation (6)). Note that for large L̃, the dominant
term is L̃2/12 which recovers the result of a Brownian particle
inside a 1D box of length L̃.

2.2. Eigenvalues and relaxation time

Equation (5) shows that there is an exponential relaxation
toward the equilibrium distribution p∞. Therefore, the relax-
ation time τ̃ can be defined as the inverse of the decay rate
associated to the dominant term in equation (5) for large times.
To determine this rate, it is necessary to know the eigenvalue
structure of the Fokker–Planck equation (equation (3)) and
more precisely the spectral gap (first non-vanishing eigen-
value), which is the inverse of τ̃ . In this section, we explore
the L̃-dependence of the spectrum and consequently of τ̃ .

The spectrum is made of two parts, one discrete and one
continuous, which stem from enforcing vanishing bound-
ary conditions at infinity to the eigenfunctions of the
Fokker–Planck operator (more details are presented in
appendix B). Since the Fokker–Planck equation is formally
equivalent to a Schrödinger equation [62], we can also under-
stand the spectrum in terms of quantum mechanics: the dis-
crete and continuous parts correspond to the bounded and
unbounded equilibrium states of a single nonrelativistic par-
ticle in one dimension, subject to a square well-like poten-
tial [63]. The discrete set of eigenvalues {λk}k ∈ [0, 1/4)
is L̃-dependent, while the continuous spectrum is the inter-
val [1/4,∞). The discrete eigenvalues are obtained from
solving the following equations subject to the restriction
0 � λk < 1/4:(

1 −
√

1 − 4λo
k

)
tan

(
L̃
√
λo

k/2
)
= 2

√
λo

k , (9)(√
1 − 4λe

k − 1
)

cot
(

L̃
√
λe

k/2
)
= 2

√
λe

k, (10)

where equations (9) and (10) are for odd and even eigen-
functions respectively. Note that the discrete set is non-empty
because λ0 = 0 is always a solution to equation (10). From
equations (9) and (10), it follows that the number of odd (Nλo )
and even (Nλe ) discrete eigenvalues for a given length are:

Nλo =

⌊
L̃ − π

4π

⌋
+ 1, (11)

Nλe =

⌊
L̃ + π

4π

⌋
+ 1. (12)

From Nλo and Nλe we see that discrete eigenvalues emerge
as L̃ increases: odd and even eigenvalues appear in an alternat-
ing sequence as a function of L̃ with period 2π, such that the
second eigenvalueλ2 is odd and present for L̃ > 3π, and so on,

4
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Figure 4. Spectrum of the Fokker–Planck operator as a function of
the system size L̃. The continuous spectrum’s range is
1/4 < λ < ∞, regardless of L̃. On the other hand, the number of
discrete eigenvalues increases with L̃ in a sequence that alternates
odd (λo

k) and even eigenvalues (λo
k). The equilibrium eigenvalue

λ0 = 0 is always present.

as sketched in figure 4. There is no degeneracy in the discrete
spectrum; an eigenvalue cannot solve equations (9) and (10)
simultaneously. This allows a strict ordering: λ0 < λo

1 < λe
1 <

λo
2 < · · ·.

Further analysis of equations (9) and (10) yields the large L̃
behavior for the discrete eigenvalues:

λo
k ∼

L̃�1

4π2

L̃2

(
k − 1

2

)2

, 1 � k � Nλo , (13)

λe
k ∼

L̃�1

4π2

L̃2
k2, 0 � k � Nλe − 1. (14)

This implies that for large colloid separations the relaxation
time is quadratic in L̃, regardless of x̃0. In other words, the large
L limit yields, quite expectedly, the same spectrum as a free
diffusion in a box of size L.

We conclude with the explicit expression for the relax-
ation time. For this purpose, we identify the dominant term
of equation (5) at large times, which is associated to the min-
imum nonzero eigenvalue among the non-vanishing projec-
tion of the ionic density onto the eigenbasis. This means that,
unlike the spectrum, the relaxation time does depend on the
ICs. Indeed, there are two distinct behaviors depending on the
symmetry of the IC: x̃0 = 0 (symmetric) and x̃0 = 0 (asym-
metric). For the former, we have νo

k (0) = 0 and therefore only
the even branches in figure 4 do matter in equation (5). Then,
the relaxation time is given by

τ̃ =

⎧⎪⎪⎨⎪⎪⎩
max

{
4,

1
λo

1

}
, x̃0 = 0,

max

{
4,

1
λe

1

}
, x̃0 = 0.

(15)

2.3. Simulations

This section introduces a method to estimate the relaxation
time using the counterion density. The scheme is tested on
the exact density and approximation obtained from a com-
puter simulation. Then, these results are compared to the the-
oretical spectral gap. In this way, the single counter-ion case,
which provides us with reference analytic results, is used as a
test bench for the method which is later employed for N > 1
counterions.

2.3.1. Relaxation time estimation scheme. First, the Kull-
back–Leibler divergence (KLD) [64] is introduced, as it will
be used in the relaxation time estimation scheme. Also known
as relative entropy and widely used in information theory, this
function is defined as:

DKL(ρ1‖ρ2) =
∫
R

dxρ1(x) log
ρ1(x)
ρ2(x)

, (16)

where ρ1 and ρ2 are probability densities and DKL(ρ1‖ρ2) is
defined as the KLD from ρ2 to ρ1. The discrete definition of
the KLD follows from replacing probability densities for prob-
abilities, and performing a summation instead of integrating.
The relative entropy is bounded from below DKL(ρ1‖ρ2) � 0,
with equality satisfied when ρ1 = ρ2, provided that ρ1 and
ρ2 are both normalized. The KLD is not a metric because it
is neither symmetric nor does it obey the triangular inequal-
ity. Nonetheless, it is conveniently related to the relaxation
time when used with the appropriate distributions: p(x̃, t̃|x̃0)
and p∞(x̃).

For large times, the KLD of the equilibrium distribution p∞
to the instantaneous density p decreases exponentially to zero.
To see this, consider the ionic density; from (5) it follows that

p(x̃, t̃|x̃0) = p∞(x̃) + δp(x̃, t̃, x̃0), (17)

where δp(x̃, t̃, x̃0)/p∞(x̃) � 1 at long times. Then, the KLD
from p∞ to p has the following large time behavior:

DKL(p‖p∞) ∼
∫
R

δpdx̃ +

∫
R

(δp)2

p∞
dx̃ +O

((
δp/p∞

)2
)

∼
∫
R

(δp)2

p∞
dx̃ +O

((
δp/p∞

)2
)

, (18)

where the integral of δp vanishes in view of equation (17)
and the fact that both p and p∞ are normalized. Like-
wise, the associated divergence with transposed arguments
(DKL(p∞‖p)) exhibits the same asymptotic behavior as that
given by equation (18). From equation (18) we observe that
the KLD has an exponential decay constant 2/τ̃ , which is twice
the value for the ionic density itself.

The term (δp)2 induces two distinct behaviors for
DKL(p‖p∞) depending on the symmetry of the IC: x̃0 = 0
(symmetric) or x̃0 = 0 (asymmetric). In the former case, the
projection of the ionic density onto odd eigenfuctions vanishes
and therefore only the even branches of the spectrum in figure 4
do matter. We next describe the asymmetric case, which in

5
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Figure 5. KLD for one counterion N = 1 with various colloid
separations L̃ = 0, 2, 3, 4 and initial counterion position x̃0 = L̃/4.
Note that for L̃ < π, the log KLD is still convex-up for DKL > 10−4

due to the subdominant power law t̃−s in equation (19). Contrarily,
for L̃ > π the curvature vanishes quickly since the subdominant
term decreases exponentially. The inset is a sketch of the scheme to
estimate the relaxation time τ̃ for a given L̃. Each same color set of
points is the numerical derivative of the logarithm of
DKL(p(x̃, t̃|x̃0)‖p∞(x̃)) as a function of the inverse time. The dashed
lines are the corresponding minimum square regressions, used to
extrapolate the behavior of the dots to 1/̃t = 0. According to
equation (19), this yields twice the decay rate, 2/τ̃ .

appendix C is found to be:

DKL(p‖p∞) ∼

⎧⎨⎩t̃−s e−2̃t/4 = t̃−s e−2̃t/τ̃ , L̃ < π

e−2̃t/λo
1 = e−2̃t/τ̃ , L̃ > π,

(19)

where 1/2 < s < 5/2. Although for very large times the alge-
braic term t̃−s is negligible, this is not the case for the times
available in the simulations, which may cause a difficulty in
extracting the decay rate. Take for example the case x̃0 = L̃/4
(figure 5): notice the curve’s concavity for L̃ < π, which stems
from the subleading term of order log t̃ in the logarithm of the
KLD. On the contrary, for L̃ > π this term is always negli-
gible. The symmetric case x̃0 = 0 is similar to equation (19),
provided the substitutionsλo

1 → λe
1 andπ → 3π are performed.

The inset of figure 5 presents the method used for extracting
the decay rate τ from the dynamical data.

2.3.2. Numerical integration. We now proceed to introduce
the simulation used to compute the numeric density profiles.
We integrate the following stochastic Langevin equation

˙̃x = F̃(x̃, L̃) + ξ(̃t), (20)

where F̃(L̃) = −∂Φ̃/∂ x̃ is the dimensionless force.
Equation (20) is equation (2) in rescaled units. We record 108

positions per time. Each temporal step was set to 4 × 10−4

and a histogram was recorded every 200 time steps, using bins
of size 0.2. These histograms give the numeric estimation of
the ionic density, p(x̃, t̃).

Figure 6. Relaxation time for a system made of two colloidal
particles at a distance L̃ and one counterion (N = 1), from the exact
calculation (solid) given by equation (15) and an estimation using a
simulation (squares). Two cases for the localized initial distribution
should be distinguished: asymmetric (x̃0 = 0) and symmetric
(x̃0 = 0).

Then, the discrete KLD DKL(p(x̃, t̃)‖p∞(x̃)) is calculated.
The relaxation times follow from the long-time behavior of
DKL, as explained above; the results are shown in figure 6,
where the numerical scheme is seen to be in agreement
with the analytical curve. Finally, note that the relaxation
time τ̃ sim extracted from the simulations for a symmetric IC
(SIC) exhibits a slight non-monotonous behavior in the vicin-
ity of L̃ = 9. This non-monotonicity appears to be an arti-
fact of the numerical procedure used. We come back to this
in section 3.

We conclude with some additional remarks on our numeri-
cal study. It is based on simulations of the Brownian dynamics
that describe the time evolution of the system. For our pur-
poses, the Euler–Maruyama method [65] is both the simplest
and most efficient technique to simulate the counterions’ paths.
The reason for this is that the coefficients of the white noise
terms in the Langevin equations (defining the diffusion coef-
ficients) are all constant in time and the electrostatic force is
bounded; these are sufficient conditions for numerical conver-
gence of weak order 1.0 [66, 67]. Higher-order methods do not
provide any computational advantages, as they usually rely on
derivatives of the white noise term coefficients [68], so the only
real improvement in this direction is the use of computation in
parallel. As it is necessary to collect n samples to obtain results
with a precision of order n−1/2 from simulations, computation
in parallel provides a way to obtain results with high precision
at a reasonable computation cost.

2.4. First passage time

At equilibrium, the counterion plays an important role in
the pressure: the colloids share this particle, which for large
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enough L̃, induces them to attract each other [51]. It is of inter-
est to investigate how the counterion is shared, and how much
time it spends in the vicinity of one colloid before reaching the
other.

The first passage time T̃ , with initial and final position on
each colloid, is an appropriate quantity to measure the crossing
time between colloids. Due to the symmetry of the system we
can choose the particle starting on either side and ending in the
opposite side. Taking the initial position of the counterion to
be at the left colloid −L̃/2 and the final position at the right
colloid L̃/2, the first passage time distribution wL̃(T̃) follows
from:

wL̃(T̃) = −
∫ L̃/2

−∞

∂

∂T̃
Pa(x̃, T̃| − L̃/2)dx̃, (21)

where Pa(x̃, T̃|x̃0) is the probability density function of an ini-
tially localized counterion at x̃0 with an absorbing wall at L̃/2
(see [62]). Since Pa follows from solving equation (3) with dif-
ferent boundary conditions than those for p (equation (5)), the
Fokker–Planck operator for Pa features a different spectrum.
It has both a continuous and a discrete part, and their bound-
aries are: λa ∈ (1/4,∞) and 0 < λa

k < 1/4 respectively. The
discrete part of the spectrum follows from solving

1 −
√

1 − 4λa
k = 2

√
λa

k cot(
√
λa

k L̃), (22)

which has no solutions for L̃ < π/2. Therefore, the spectrum
is completely continuous when L̃ < π/2, leaving aside the
gapped steady-state eigenvalue λ = 0.

In a similar fashion as for P, we obtain the analytic solution
for Pa and consequently for the first passage time distribution
wL̃(T̃):

wL̃(T̃) =
∫ ∞

1/4
e−λaT̃

√
4λa − 1 sin

(√
λaL̃

)
2π

√
λa − π sin

(
2
√
λaL̃

) dλa

+
∑

k

e−λa
k T̃

[
1 + 2

√
λa

k tan

(√
λa

k L̃

2

)
−

√
1 − 4λa

k

]
2(1 − 4λa

k )−
1
2 + L̃ csc2(

√
λa

kL̃) − cot(
√

λa
kL̃)/

√
λa

k

(23)

where λa
k < 1/4 is a solution of equation (22). From the spec-

trum follows the asymptotic behavior which decays as e−T̃/4

for L̃ < π/2 and as e−λa
1T̃ for L̃ > π/2 where λa

1 is the smallest
discrete eigenvalue.

The previous behavior bears a resemblance to the first pas-
sage time distribution of a free diffusing particle in a box of
length L̃. This situation consists of a free Brownian motion
X̃ (̃t) with diffusion constant equal to one and started at the ori-
gin. We place a pair of fixed walls, a reflecting one at the origin
and an absorbing one at a distance l > 0. Then, we define the
transport time as the first hitting time of l̃ , that is,

τ̃l = inf{̃t > 0 : X̃(̃t) � l̃ }. (24)

We derive the distribution ql̃ (̃t) of τ̃ l in appendix D:

ql̃ (̃t) =
∞∑

n=0

(−1)nπ (2n + 1)

l̃ 2
exp

(
−π2(2n + 1)2

4l̃ 2
t̃

)
. (25)

Figure 7. First passage distribution for a single counter-ion traveling
between the colloids (wL̃, solid) and a free diffusing particle in a box
(qL̃, dashed) with a colloid/box length of L̃ = 1.5 and 3. The former
is seen to have a larger mean first passage time and variance: in that
case the counter-ion has the possibility to make excursions with
x̃ < 0 outside the region delimited by the colloids unlike the box
situation where it is limited to a finite space.

The confined Brownian particle exhibits a smaller average
first passage time and variance than the one counter-ion col-
loid (see figure 7). This is expected since it does not have an
infinite region available to wander off. In the following section
the boxed particle model will allow us to understand the behav-
ior of the crossing time of the Mth particle when N = 2M − 1
(the middle/misfit counter-ion), from one colloid double-layer
to another. In this sense, the case N = 1 is different from all
the odd N > 1 where the colloids have screening particles
that prevent the middle counter-ion from scouting the exte-
rior regions. In fact, we will see that the effective length l is
smaller than L.

3. Relaxation time for multiple counterions

We move on to describe the relaxation time for the multi-
ple counterion case, N > 1. Each counterion has fixed charge
e, and the colloid charge −Ne/2 ensures electroneutrality.
An analytical or numerical solution of the Fokker–Planck
equation is impractical since it involves a partial differential
equation in N + 1 dimensions. Instead, we perform simula-
tions of the corresponding Langevin equation to compute the
time evolution of the density profile n(x̃, t̃; N). To obtain the
relaxation time, we analyze the evolution of the KLD between
the density at time t̃ and the equilibrium one by extending the
scheme introduced in section 2.3. This is done by replacing the
single particle counterion density with the normalized counte-
rion density profile n/N. This normalization is necessary to use
the KLD, which is defined for probability density functions.
Besides from the time evolution, we require the equilibrium
density profile n∞(x̃; N), which has the following analytical
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expression:

n∞ =
N∑

N�=0

N−N�∑
Nr=0

zN�,Nr (N, L̃)

Z(N, L̃)
nN�,Nr

(
x̃ +

L̃
2

, N, L̃

)
, (26)

where Z(N, L̃) =
∑N

N�=0

∑N−N�
Nr=0 zN� ,Nr (N, L̃). The functions

zN� ,Nr (N, L̃) refer to partition functions of a system with a
fixed number of particles at the left (N�) and right (Nr)
sides and are given in [52] (equations (52)–(55)), and nN�,Nr

are the density functions with fixed number of particles at
each side and are given by equations (59)–(61) of refer-
ence [52]. Those results are for a system of two symmet-
ric impermeable colloids and N counterions distributed in
the three possible regions: N�, Nr and N − N� − Nr are in
the regions x < 0, x̃ > L̃ and 0 < x̃ < L̃ respectively. These
results must be translated to coincide with the present situation
x̃ → x̃ + L̃/2, and then the sum over all the possible imperme-
able configurations weighted by zN�,Nr (N, L̃)/Z(N, L̃) yields the
permeable result.

The time evolution of the density profile n(x̃, t̃; N) is com-
puted using a numerical simulation of the Langevin equation.
The advantage of this scheme is that it is easily extended to an
N counter-ion system. The system of Langevin equations to be
simulated is

˙̃x j = F̃ j(x̃1, . . . , x̃N) + ξ j

(̃
t
)

, (27)

where 〈ξi (̃t′)ξ j(̃t)〉 = 2δi jδ(̃t − t̃′), 〈ξi (̃t)〉 = 0 and F̃ j =
F jεkT/e4 is the dimensionless Coulomb force on the particle
at x̃ j:

F̃ j(x̃1, . . . , x̃N) =
N∑

i=1
i = j

sgn(x̃ j − x̃i) −
N
2

sgn

(
x̃ j +

L̃
2

)

− N
2

sgn

(
x̃ j −

L̃
2

)
,

(28)
where sgn(x) is the sign function. Equation (27) with a
force given by equation (28) is very close to a one-
dimensional Brownian particle system with rank-dependent
drifts [69], with the difference that the fixed colloids dis-
able the rank-dependence because the drift of the counte-
rion also depends on its position relative to the fixed points
−L̃/2 and L̃/2. With these two ingredients, we can compute
DKL(p(x̃, t̃; N)‖p∞(x̃; N)), where p(x̃, t̃; N) = n(x̃, t̃; N)/N is
the normalized density profile and p∞(x̃; N) the corresponding
equilibrium state (equation (26)).

The simulations for the many counterions case use the same
time and position discretization as for N = 1. The number of
positions recorded per particle is of order 107. For N = 1, a
SIC annihilates the projection of the ionic density onto the first
non-zero eigenvalue (λo

1), and therefore changes the relaxation
time. In view of this phenomenon, we implement two IC with

Figure 8. Sketch of ICs (equation (29) used for the colloid
simulation (here N = 3): (a) SIC and (b) AIC.

Figure 9. Time evolution of the normalized density profile p(x̃, t̃; N)
for N = 4 counterions and colloids at distance L̃ = 6. The red
arrows represent the localized ICs: (a) symmetric and (b)
asymmetric. The solid line is the exact equilibrium distribution.
Note that for t̃ ≈ 4 the density has almost reached its steady state.

different parity, as presented in figure 8 and specified by

Symmetric IC =

{
− L̃

2
, . . . ,

(2k − 1 − N)L̃
2(N − 1)

, . . . ,
L̃
2

}

Asymmetric IC =

{
0, . . . ,

(k − 1)L̃
2(N − 1)

, . . . ,
L̃
2

}
,

(29)
where k ∈ {1, . . . , N}.

The dynamics in the many counterion case is determined
by two parameters: colloid separation and number of counte-
rions. However, there are a few general properties that we pro-
ceed to describe using a concrete example: N = 4 and L̃ = 6
which is plotted in figure 9. As a consistency check, note
that the simulation approaches the exact equilibrium result
(solid line). From p∞(x̃; N) we know that the first moment
vanishes at infinite times, which is readily seen from the
figure 9 at t̃ ≈ 4. The position variance is seen to be mono-
tonic as the density profile expands to its equilibrium state,
just as for N = 1 with the counterion initially in the region
between the colloids. Both the first moment and the vari-
ance decay exponentially to their respective terminal val-
ues. The following part of the paper moves on to describe
this process.
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Figure 10. Numeric KLD for N = 15 in the AIC case. Note the
strong positive concavity for L̃ = 4 in the vertical range between
10−3 and 10−4.

3.1. Odd number of counterions

Let us begin this part with the asymmetric IC (AIC) case.
Figure 10 shows the time evolution of the KLD obtained from
simulations with N = 15 counterions. In order to carry out the
extrapolation scheme described in section 2.3.1, we take the
data points where the KLD lies between 10−3 and 10−4. It
is clear from figure 10 that the log KLDs for 1 � L̃ � 4 are
convex-up in this region, but no concavity is visible for L̃ � 6.
In the following discussion, it will appear that the behavior for
odd N > 1 can be mapped onto the N = 1 case; the middle
particle indeed acts as for N = 1, but in a reduced length: the
whole colloid–colloid length L is no longer accessible, given
the presence of the ions localized in the vicinity of the colloids.
An effective length, L minus the two double-layer sizes, turns
out to make the above mapping operational. We come back
to this question in section 5. In the one-counterion case with
AIC, the first nonzero discrete eigenvalue appears when L̃ � π
according to equation (11); in the present situation with N > 1,
taking into account the double-layer size of the ion clouds, we
may surmise that this eigenvalue appears at a slightly larger L̃.
Indeed, this is confirmed in figure 11, where the characteristic
time seems to be close to τ̃ = 4 for L̃ � 4, and increases for
L̃ � 6.

When imposing the SIC, the projection of p onto any
odd eigenfunction vanishes. Therefore, the dominating term
becomes λe

1, which for N = 1 separates from the continuum
at L̃ � 3π, according to equation (12). If we take the double-
layer size into account, we expect the separation of this eigen-
value to occur at around L̃ = 10. The corresponding dynamics
of the KLDs for N = 15 are very similar in shape to those
shown in figure 10, in that the log KLDs show a noticeable
convex behavior in the range between 10−3 and 10−4 for small
L̃. This convexity disappears for large L̃, a phenomenon that
seems to occur at L̃ > 10, and that is reflected in figure 11.
As expected from our considerations in the single counterion

Figure 11. Numerical estimation of the relaxation time τ̃ as a
function of L̃ for N = 5, 9, 15 with AIC and SIC initial conditions
(equation (29)). The straight lines are guides to the eye. Note the
overall resemblance with the case N = 1 (figure (6)): a constant
region at short colloid separations is followed by a quadratic increase
of τ̃ ∼ L̃2 at large L̃. The error bars denote one standard deviation,
obtained from the spread in the linear fits outlined in section 2.3.1
performed over a moving window of 30 consecutive data points.

case, we observe that the characteristic time is compatible with
τ̃ � 4 for L̃ � 6, and that it increases for L̃ > 10.

While the diffusive behavior of the relaxation time for N
odd is due to the misfit, one may wonder how fast all other
ions do relax, and surmise that they presumably do so on
a much smaller time scale than τ̃ . We show now that this
indeed is the case and examine the effect of the middle parti-
cle in the double-layer relaxation. To this end, we have con-
sidered the density of the counterions discarding the misfit,
and investigated how it departs from its equilibrium distribu-
tion, through the corresponding KLD. In figure 12, the result-
ing dashed curve, for N = 15, does not exhibit a pure expo-
nential behavior, but its slope yields a relaxation time close
to 1.3, which is significantly smaller than the τ̃ value, here
close to 6.0, and given by the large time slope of the con-
tinuous N = 15 curve. For completeness, we also report a
benchmark calculation for N = 14. There is then no misfit,
but this calculation allows to estimate the effect of remov-
ing ions for the KLD considered. We note that the two curves
for N = 14 quickly become parallel, and thus yield the same
decay rate. This is at variance with the situation at N = 15.
In the following section, the case where N is even is explored
in detail.

3.2. Even number of counterions

We now consider an even number of counterions. For this case
we do not posses any analytical results. However, we expect
that for two counterions (N = 2) and L̃ � 1, there is corre-
spondence to the system with a single counterion (N = 1) and
zero colloid separation (L̃ = 0). The rationale behind this argu-
ment is that at large colloid separations, the N counterions split

9
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Figure 12. KLD of a modified ionic density (dashed) at a given time
and its equilibrium distribution, for L̃ = 9. For N = 15, the
simulation does not record the misfit’s position (x8). Likewise, for
N = 14 the middle particles x7, x8 are not recorded. The solid
curves correspond to the case where the true counterion density
profile is used.

into two groups of N/2 particles which completely screen each
colloid. In other words, two neutral subsystems are formed.
Moreover, the screened colloids do not exert any force onto
each other. Hence, there is an effective decoupling of the whole
system into two non-interacting screened colloids, with N/2
counterions each. Consequently, we expect the case N = 1 and
L̃ = 0 to have the same relaxation toward equilibrium as N = 2
and large L̃. In figure 13, we see that both systems share the
same KLD. Note that the mapping (N, L̃ � 1) → (N/2, L̃ = 0)
holds for any even N, as seen in figure 13 for a couple of cases
(N = 2, 6, 8).

Figure 14 shows the simulation based estimation for the
relaxation time as a function of L̃, for several even N. The
results for N � 2 give evidence that the relaxation time has
constant value τ̃ = 4 for any L̃. This is seen for both ICs
(equation (29)) and suggests that τ̃ is independent of both N
and L̃. Additionally, physical arguments lead to the same con-
clusion in limiting cases, such as the aforementioned mapping
(N, L̃ � 1) → (N/2, L̃ = 0). In figures 11 and 14 we observe
that for every N considered, the relaxation time is τ̃ = 4 when
the colloids are together (L̃ = 0). Therefore, it is plausible that
when N is even and the colloids are sufficiently separated, the
relaxation time is also 4.

An argument to understand the L̃ independence phe-
nomenon goes as follows: for even N, the left and right moi-
eties of the system, each being neutral, are decoupled. The
only L dependence in the problem therefore arises through
the IC, that does not affect the relaxation rate measured. Of
course, ICs with counterions more distant from their native
colloid will collectively take longer to relax than if all ions
would start, say, from a typical equilibrium double-layer dis-
tance from the colloid. Yet, this difference will manifest itself
in the short time evolution, and leave unaffected the large-time
decay rate. Indeed, ions starting far away from their native

Figure 13. KLD for one counter-ion (analytic) and for N = 2, 3, 4, 8
counter-ions (numerical). Solid lines have L̃ = 0 and marks L̃ = 20
(large colloid separation). Data for N/2 and N counterions do
overlap. The agreement of each pair of curves shows that at large
distances, a system with even N counterions effectively behaves as
two decoupled neutral subsystems of N/2 counterions.

Figure 14. Relaxation time τ̃ estimation for N = 2, 4, 8 counterions
as a function of colloid distance L̃ for two ICs (equation (29)): (a)
symmetric and (b) asymmetric. The straight lines are guides to the
eye.

colloid will undergo a ballistic motion on average. Such behav-
ior occurs in a finite time, whereas the equilibration of the
double-layer is an exponential decay. The N independence is
traced to the double-layer’s length, which is practically con-
stant in N when expressed in units of lB, as done here [51].
Then, for any number of counterions, the space to be probed
is the same.

Our results are limited by the minimum value obtained for
DKL, which is mainly determined by the binning of positions
used to compute the histograms at each time. As t̃ increases,
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so does the number of simulations needed. This especially
affects the AIC that requires a larger t̃ to be in the regime
where log DKL is ruled by a linear term in time and with
a subdominant (yet relevant) term log t̃. In that regime the
method for determining the relaxation time is very effective,
as previously seen in N odd and for the analytic solution
when N = 1.

To summarize, two essentially different scenarios are iden-
tified depending on the parity of N. The odd N case has a
qualitative behavior identical to the single counter-ion case.
When L̃ < L̃∗(N) then τ̃ = 4, where L̃∗(N) � π is some length
dependent on N. For large L̃ the relaxation time is quadratic
on the distance: τ̃ ∝ L̃2, showing typical diffusive behav-
ior. On the other hand, when N is even, we gave evidence
that the relaxation time is both N- and L̃-independent. In all
cases, the relaxation dynamics follow the exponential decay
outlined in equation (19), which is fundamentally differ-
ent from the long-time behavior shown by similar systems
with weak-coupling, that are amenable to a mean-field treat-
ment. We now establish the connection between these two
behaviors.

4. Mean-field dynamics

In this section, we consider the dynamics within a mean-
field treatment. This approach is justified in the weak-coupling
regime; in our case, this corresponds to taking the limit e → 0
and N →∞ while keeping Ne fixed (i.e. the colloids charge).
This was shown analytically using different formulations in
[50, 51], for an equilibrium system with counterions limited
to remain in the inter-colloidal space. We generalize here to
the dynamics.

To keep the discussion within reasonable bounds, we focus
on the case L = 0, which can alternatively be seen as a single
colloid with charge 2Q. Yet, we expect the general conclusions
to extend to L = 0. The mean-field problem then admits a sim-
ple exact solution, be it at equilibrium or out of equilibrium,
that allows to draw conclusions from analytic expressions and
to assess how a discrete system approaches the mean-field
regime. We will now treat the counterions as a continuous
charge distribution rather than a discrete set of point-particles.
We consider a system made of two colloids at the origin, each
of charge Qe, together with the counterion distribution. The top
illustration in figure 15 envisions the mean-field system, were
we take the distance between colloids to be zero. Although
our discussion is centered in a 1D Coulomb gas, the mean-
field results in this section also describe systems in 2D and
3D, as depicted in figure 15. Since our system is symmetric
with respect to the origin, we restrict to x > 0. First, we ana-
lyze the equilibrium behavior, which follows from solving the
Poisson–Boltzmann (PB) equation [70]:

φ′′
PB(x) =

2n0e
ε

exp{eβφPB(x)}, (30)

where n0 is a normalization constant. The previous
equation is complemented with the boundary condition
φ

′
PB(0+) = −2Qe/ε, which accounts for the colloidal charge.

Equation (30) is obtained by assuming the counterions

Figure 15. Sketch for three mean-field systems described by the
same equation: a point charge in 1D (top), a uniformly charged line
in 2D (bottom left) and a uniformly charged plate in 3D (bottom
right). In red are the colloids (point/line/plate) and in blue the
counterions which have a continuous charge distribution. At
equilibrium, exactly half of the distribution lies within a
Gouy–Chapman length from its colloid. Under the appropriate time
and length rescaling, the equations in (PB) and out of equilibrium
(PNP) are identical for these three systems. In 1D, this system is the
mean-field counterpart of the point-particle case envisioned by
figure 1, at L = 0.

have a Boltzmann distribution n0 exp(−eβφPB) and then
inserting this density into Poisson equation. The solution to
equation (30) is

nPB(x) =
Q

b(1 + x/b)2
, (31)

where b = ε/βQe2 is the Gouy–Chapman length. In 1D, this
quantity is proportional to the Bjerrum length b = lB/Q.

In order to discuss the mean-field results, we rescale the
position by the b length: x̂ = x/b and introduce the reduced
density n̂ = (b/Q)n. Figure 16 features the PB density and
three exact profiles for N = 1, 5 and 20, computed using
equation (26). The plot shows that by increasing N, the dis-
crete result approaches the PB density. Beyond a few parti-
cles (e.g. 5), the effect of increasing N mostly affects the tail
behavior.

We now turn to the mean-field dynamics. For this purpose,
we solve the dynamical generalization of the PB equation, the
Poisson–Nernst–Planck (PNP) equations [1]:

−∂2
xφPNP = −2 e nPNP/ε,

∂tnPNP = D ∂2
x nPNP − μ∂x (nPNP ∂xφPNP) ,

(32)

where D is the diffusion constant and μ the electric mobility
of the counterions. These constants are related by the Einstein
relation D = (μ/e)kBTbath. Again, we account for the colloidal
particle by fixing the electric field at the origin for all times:

∂xφPNP(0+, t) = −2Qe/ε. (33)

We proceed to use the ‘hat’ rescaling, which was already
defined for position and ionic density. The remaining time and
potential units are given by t̂ = t/(b2/D) and φ̂PNP = eβφPNP
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Figure 16. Equilibrium density profile n̂∞(x̂) (equation (26)) with
L = 0 for N = 1, 5, 20. The solid line is for the PB solution n̂PB.
Note that for as few as N = 5 counterions, the mean-field theory
(i.e. n̂PB) is a good approximation, except in the tail. The inset shows
the same plot in logarithmic scale to emphasize the tails: increasing
N (while keeping Ne fixed) augments the region of overlap between
the discrete and mean-field models.

respectively. In [38] it was shown that integrating twice the
second equality in equation (32) and assuming a symmetric
initial condition, the electrokinetic equations become

∂̂tφ̂PNP(∞, t̂) − ∂̂tφ̂PNP(x̂, t̂) = ∂2
x̂ φ̂PNP(x̂, t̂)

+
[∂x̂φ̂PNP(x̂, t̂)]2

2
(34)

In [38] a Cole–Hopf transformation was used. It amounts to
introducing W such that:

φ̂PNP(x̂, t̂) − φ̂PNP(∞, t̂) = −2 ln W(x̂, t̂), (35)

which brings interesting simplifications, see below. Note
that up to a constant, we have φ̂PNP(x̂, t̂ →∞) = φ̂PB(x̂) =
2 ln(1 + x̂). As a result, φ̂PNP(∞, t̂) is divergent for t̂ →∞.
This nevertheless does not lead to any physical difficulty nor
any ill-posedness in (35): an additive x-independent term in
the potential φPNP does not change the charge density. What
we may gather from the above remark is that

lim
x̂→∞

W(x̂, t̂) = 1 while lim
t̂→∞

W(x̂, t̂) = 0. (36)

We then substitute the Cole–Hopf transformation into
equation (34), and it doing so it becomes

∂̂tW = ∂2
x̂ W, (37)

which is equipped with the following Robin boundary condi-
tion:

∂x̂W(0+, t̂) − W(0+, t̂) = 0, (38)

as follows from equation (33).
In order to find W , we can use the reflection method where

we introduce a function W0, defined from a modification of the

IC W(x̂, 0). The idea is to restrict to x̂ � 0, and to continual-
ize W to x̃ < 0 in a convenient fashion. In order to satisfy the
Robin boundary condition, the function W0 is taken such that
∂x̂W0(x̂) − W0(x̂) is an odd function, and consequently van-
ishes at the origin. We also require W0 to coincide the IC for
x̂ > 0. The function that satisfies the previous requirements is
given by:

W0(x̂ < 0) = W0(0)ex̂ + ex̂

∫ |̂x|

0
ey

[
W ′

0(y) − W0(y)
]

dy, (39)

where W0(x̂ � 0) = W(x, 0). Then, the solution to
equation (37) reads

W(x̂, t̂) =
∫
R

dy W0(y) × 1√
4π̂t

exp

{
− (x̂ − y)2

4̂t

}
; (40)

this expression is used for x̂ > 0. Once we have computed W,
we obtain the ionic density through

n̂PNP(x̂, t̂) = ∂2
x̂

[
− ln W(x̂, t̂)

]
, (41)

which follows from the Cole–Hopf transformation and
Poisson’s equation. The asymptotic behavior as t̂ →∞ of the
PNP density profile is given by the PB solution: n̂PNP(x̂, t̂ →
∞) = n̂PB(x̂).

We now focus on an initially localized density profile
n̂PNP(x̂, 0) = δ(x̂), which leads to the following W function:

W(x̂, t̂) = erf

(
x̂

2
√

t̂

)
− êt+x̂ erf

(
2̂t + x̂

2
√

t̂

)
+ êt+x̂. (42)

The previous expression has to be handled with caution since
in general spatial and time limits cannot be exchanged, see
equation (36). We can then analyze the asymptotic time behav-
ior of equation (42) by computing the large time expansion:

W(x̂, t̂) ∼
t̂→∞

1 + x̂√
π̂t

+O(̂t−3/2). (43)

The mean-field density profile follows, as

n̂PNP(x̂, t̂) =
e−x̂2/4̂t

√
π̂t

[
erf

(
x̂

2
√

t̂

)
+ êt+x̂ erfc

(
2̂t+x̂
2
√

t̂

)]
−

êt+x̂ erf
(

x̂
2
√

t̂

)
erfc

(
2̂t+x̂
2
√

t̂

)
[
erf

(
x̂

2
√

t̂

)
+ êt+x̂ erfc

(
2̂t+x̂
2
√

t̂

)]2 ,

(44)

which admits the following expansion at large times

n̂PNP ∼
t̂→∞

1
(1 + x̂)2

[
1 +

x̂3 + 3x̂2 + 3x̂ + 3
6(x̂ + 1)̂t

+O
(

1
t̂3/2

)]
,

(45)
where the equilibrium distribution n̂PB(x̂) is ultimately
reached, as anticipated. The next leading order decays as
inverse time, and reveals that the corrections to PB are of
order∼ x̂2/̂t at large distances; this indicates that the tails take
longer to converge toward equilibrium. Furthermore, it implies
that it takes a time t̂ ∼ x̂2 for the distribution to reach equilib-
rium at distance x̂ from the colloid. Figure 17 shows how the
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Figure 17. Ionic density at times t̂ = 0.1, 0.6, 5 for the PNP
mean-field dynamics (markers) and the equilibrium PB solution
(solid). The IC is n̂PNP(x̂, 0) = δ(x̂). For t̂ = 5, the dynamical PNP
solution is close to its equilibrium counterpart. The inset shows the
same plot in linear–log scale to emphasize the tails of the
distributions, where lies the largest difference between PB and PNP
at large times.

PNP solution approaches the equilibrium distribution: starting
by the region close to the colloid and then spreading outwards.
Equation (44) also admits an expansion when x̂ →∞:

n̂PNP ∼
x̂→∞

e−x̂2/4̂t

√
π̂t

[
1 − 2̂t

x̂
+O

(
1
x̂2

)]
, (46)

which shows that for a finite time, the distribution has Gaus-
sian tails. Then, the algebraic decay is featured exclusively at
equilibrium.

We move on to compare the dynamics of the discrete coun-
terion model and the PNP solution. In figures 18 and 19, the
exact discrete results are plotted at different times. For as few
as N = 3 counterions, the mean-field theory becomes opera-
tional, if we exclude the tail. Besides, the larger N, the closer
to mean-field the tail behaves.

Finally, we discuss the characteristic relaxation time. The
absence of an exponential decay means, that the PNP dynam-
ics is ruled by an infinite characteristic time. To see how
this matches with the finite N exact results, we examine how
the characteristic time τ̂ behaves when N increases while
keeping the colloid charge Ne (2Q = N in the discrete case)
fixed. For L = 0, we have found τ̃ ∼ 4, for even and odd val-
ues of N. This means that τ̂ ∼ N2. Therefore, in the mean-
field limit N →∞ and e → 0 with fixed Ne, the characteristic
time diverges, to yield the PNP result of a diverging scale.
Figure 20 illustrates how an observable, the KLD, approaches
the mean-field as N increases while keeping Ne fixed.

5. Misfit counterion transport time

We have seen that the relaxation dynamics depends on whether
the number of ions is even or odd, with the slowest relaxation

Figure 18. Ionic density at time t̂ = 1.5, for the PNP mean-field
dynamics (dashed) and the discrete N counterion simulation with
N = 1, 3, 6 (markers). The IC for the different cases consists of all
the particles localized at x̂ = 0. The equilibrium PB mean-field
solution n̂PB (solid) is given for reference. The insets show the ionic
density in logarithmic scale to magnify the behavior on the tails,
where the discrete case departs from the PNP solution.

Figure 19. Same as figure 18 with t̂ = 5.

occurring in the odd case. In order to investigate this further,
let us revisit the case where we have an odd number of coun-
terions N = 2M − 1 with M > 1, and focus on the misfit ion.
This misfit ion already plays an important role in the thermal
equilibrium properties in 3D systems [58], therefore it is inter-
esting to understand also its role in the dynamical properties.
If we label the ions from 1 to N according to their increasing
position, the misfit ion is the middle one or Mth ion. Due to
the nature of 1D Coulomb interactions and the charge neutral-
ity of the system, there is no net drift force acting on the Mth
ion whenever it lies between the two colloids. As a result, it
undergoes free Brownian motion until it collides with either
of its neighbors.
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Figure 20. KLD for N = 1, 5, 20 (marks) and for the PNP
mean-field dynamical solution (dashdotted). The KLD is taken
between the dynamical distribution and its corresponding
equilibrium state. Note how this observable converges to the PNP
curve as the number of counterions increases.

5.1. Transport time distribution

We consider the time and distance between collisions of the
Mth ion with its neighbors as follows. Suppose that the sys-
tem is in equilibrium and that the misfit ion collides with,
say, the (M − 1)th ion (its left neighbor). We record the time
and position of this collision and let the system evolve until
the Mth ion collides with its right neighbor (the (M + 1)th
ion). We then calculate the time interval and distance between
collisions. Finally, we record the position and time of this
new collision and repeat the process for the next collision
with the (M − 1)th ion. In this manner, we record 106 sam-
ples of times and distances, obtaining the corresponding sam-
ple averages and standard deviations. Note that we do not
record data from successive collisions with the same neighbor.
For example, after recording a collision with the left neigh-
bor, we do not record any new collisions with the left neigh-
bor until a collision with the right neighbor has occurred. In
doing so, we define the transport time distribution between
double-layers.

With N = 25, the time between collisions is distributed as
shown in figure 21. We observe that for L̃ = 3 the collision
times take mostly small values, while for L̃ � 7 the distribu-
tions show noticeably longer tails, indicating that the Mth ion
requires a much longer time to go from one of its neighbors
to the other. Besides, it is seen in figure 21 that the short-time
collision probability diminishes as L̃ increases. This is due to
the minimum distance the counterion needs to find another
particle: at large L̃, all ions except the misfit are located in
the vicinity of the colloids. The misfit thus needs to travel a
distance of order L̃ to collide with a new partner (see more
details below). We then calculate the average transport time;
the results, shown in figure 22(a) do exhibit the expected
diffusive L̃2 scaling for large L̃.

Figure 21. Transport time distribution for the misfit ion (solid lines)
and fitted fixed wall model time distribution ql̃ eff

(̃t) (dashed lines),
for N = 25.

Figure 22. (a) Average transport time as a function of L̃2. The lines
are guides to the eye. (b) Difference L̃ − l̃ avg for N = 5, 9 and 15.
The lines are guides to the eye and the horizontal dashed lines show
the asymptotic value as L̃ →∞. The equivalent plot for L̃ − l̃ eff (not
shown) yields a similar behavior: a bounded monotonic increase to a
slightly different terminal value, yet reaching it nearly for the same
L̃.

5.2. Effective model for the misfit’s free space

We are interested in estimating the length of the available free
space for the misfit. This is expected to be given by L̃ minus
two double-layer sizes (one on the right, another on the left-
hand side). While we do not have the explicit form of the col-
lision time distribution as a function of L̃, we can resort to the
boxed particle model introduced in section 2.4. We then esti-
mate the transport time as a function of the distance between
walls l̃ , namely τ̃l , as given in (24). We present a derivation of
its distribution in appendix D. Using this object, we can inves-
tigate the effective size of the system between the ion clouds
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using the Mth ion as a probe. We perform a parameter fit to
find the value of l for which ql̃ (̃t), which is the transport dis-
tribution (equation (25)) for a Brownian particle in a 1D box
of length l̃ , reproduces the collision time distributions most
closely, and we denote it by l̃ eff. The result of the parameter fit
is shown in figure 21; as expected, the fixed wall model time
distribution seems to reproduce the transport time distribution
more closely as L̃ grows.

The first observation to be made about ql̃ (̃t) as expressed in
equation (25) is that it obeys the scaling relation

ql̃ (̃t) = l̃ −2 Q
(

t̃

l̃ 2

)
, (47)

where Q(t) is a scaling function. This means time scales like
l̃ 2. Indeed, ∫ ∞

0
t̃ ql̃ (̃t) d̃t =

l̃ 2

2
. (48)

For large enough L̃, this quadratic behavior is observed in
figure 22(a).

For smaller values of L̃, the boxed particle model fails to
describe the situation. The behavior of L̃ − l̃ eff as a function
of L̃, resembles the one featured for l̃ avg (figure 22(b)). After
calculating the coefficient of determination R2 of each fit, we
find that its value is quite low (less than 0.5 in several cases)
for L̃ < 5, while it lies consistently between 0.75 and 1 and
shows a monotonically increasing behavior when L̃ � 5, that
is, the fits become more reliable as L̃ grows. Moreover, with
increasing L̃, L̃ − l̃ eff tends to a value that depends only on
N, and as N grows this value converges to a limit close to 2;
this limit is roughly twice the double-layer size, which in the
non-permeable case is exactly 1 [51]. To see this, we examined
L̃ − l̃ eff as a function of N−1. The L̃ − l̃ eff behaves as a linear
function of N−1 as N →∞, which allows to extrapolate the
asymptotic behavior

lim
N→∞

(L̃ − l̃ eff) = 2.46 ± 0.01. (49)

Finally, let us analyze directly the distribution of distances
traveled by the misfit ion between collisions. In figure 23, we
show the results for a system of 25 counterions. When L̃ = 3,
a large fraction of the collisions occur at very small distances
(less than 0.5) which results in a peak at the origin. For L̃ � 7,
the distribution has no such peak. We also observe that that as
L̃ increases, the distribution shifts to the right without signifi-
cant changes in the shape. We define l̃ avg as the average of the
collision distance data, that is, the mean of the collision dis-
tance distributions depicted in figure 23. Performing a similar
analysis as for l̃ eff yields similar asymptotic results for grow-
ing L̃, see figure 22(b). By considering the difference L̃ − l̃ avg

for L̃ = 5 as a function of 1/N, we observe that l̃ avg converges
to a well-defined value, as N tends to infinity. Similar to the
behavior of L̃ − l̃ eff, we see that L̃ − l̃ avg is a linear function of
N−1 as N →∞. From the fit we obtain

lim
N→∞

[L̃ − l̃ avg(N, L̃)] = 3.05 ± 0.01. (50)

As before, we expect this value to only vary slightly and
converge as L̃ →∞ in the same way as L̃ − l̃ eff.

Figure 23. Distribution of distances traveled by the misfit ion
between the double-layers, for N = 25 and various L̃.

5.3. Misfit’s role in the relaxation time

In view of the analysis in section 2, we expect the character-
istic time to be a quadratic function of L̃ when the latter is
sufficiently large. In addition, equation (11) indicates that the
smallest discrete eigenvalue appears when L̃ � π for N = 1. In
the present case, we may expect a similar behavior, whenever
the free space available to the Mth counterion exceeds π; this
length can be estimated by l̃ avg. As can be seen in figure 24,
the behavior of τ̃ in l̃ 2

avg is well obeyed. More specifically, we
get for AICs

τ̃ (N, L̃) = A + Bl̃ avg(N, L̃)2, (51)

with A = 1.47 ± 0.18, B = 0.107 ± 0.005, and L̃ � 7. Note
that the coefficient B is very close to the value predicted by
equation (13), which is 1/π2 ≈ 0.101. The curves in figure 11
plotted as functions of l̃ avg are also shown in figure 24, and we
see that the characteristic time follows a single curve that does
not depend on the number of counterions, provided it is odd.
We observe that with the AICs, for all curves, the characteris-
tic time is close to 4 when l̃ avg � π − 1, and that τ̃ follows a
quadratic growth when l̃ avg � π + 1.

We perform the same analysis for the SIC, reaching similar
conclusions, see figure 24 [71]. Equation (51) is still obeyed,
with A = 0.89 ± 0.18 and B = 0.0252 ± 0.0012. Again, the
coefficient B is consistent with the asymptotics given by
equation (14), which indicate a value of 1/(4π2) ≈ 0.0253.
Assuming in addition that the single counterion situation
subsumes the key effects, we expect from equation (12) an
increasing behavior when l̃ avg � 3π; this is confirmed by
the figure. Moreover, when l̃ avg � 3 the characteristic times
seem to be independent of the number of ions, and very
close to the completely-continuous spectrum value of 4 found
for N = 1.

The non-monotonicity of the characteristic time shown in
figure 24 for AIC with 2 � l̃ avg � 4, and for SIC with 3 �
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Figure 24. Characteristic time for the AIC and SIC initial
conditions as a function of l̃ avg. The straight lines are guides to the
eye, and the error bars denote one standard deviation. In the inset,
we plot the characteristic time as a function of l̃ 2

avg; the dashed lines
correspond to linear fits.

l̃ avg � 9 may be the consequence of the finite number of sam-
ples taken during our simulations as well as the finite simula-
tion time. As seen in figure 6, the characteristic time estimated
from simulations is quite close to the exact curves when N = 1,
but it can be observed that τ̃ is underestimated at small L̃;
also, estimations made for N = 1 in a time interval and a noise
level close to those used for N > 1 reveal a similarly non-
monotonic behavior in the intermediate L̃ region, which we
know is nonexistent in the exact N = 1 results. We conclude
that these non-monotonicities are numerical artifacts, see also
the end of appendix C.

6. Conclusion

We have determined the relaxation time τ of an overdamped
electroneutral two-colloid system as a function of the col-
loid separation L and the number of counterion N. The parity
of N determines whether τ depends on the distance between
colloids. For N odd, we found a behavior that mirrors the
single counterion case: τ ∝ L2/D, where D is the diffusion
coefficient. From the Stokes–Einstein relation, D grows lin-
early with temperature (Tbath), so that here, τ decreases upon
increasing Tbath. On the other hand, for N even, τ ∝ l2B/D
where lB is the Bjerrum length, which provides a measure of
the extension of the equilibrium double-layer in 1D [51]. Since
lB ∝ Tbath, we conclude that τ increases when increasing Tbath:
this is due to the enhancement of the double-layer size, under
the influence of thermal agitation. The quasi-independence
of double-layer size on N—ionic charges being fixed, and
therefore at varying colloidal charge—is at the root of the
rather striking independence of τ on the number of counte-
rions, when this quantity is an even integer. The irrelevance of
N, interestingly, is also observed for N odd, stemming from

a distinct mechanism. There, what matters is the presence of
a misfit counterion, that will be, by and large, the dynam-
ical limiting factor. By symmetry, this central ion does not
experience any force, while all other ions are subject to a
non-vanishing electric field. For large L, this ion diffuses in a
domain of size L; hence the scaling in L2/D for the character-
istic time. Leaving aside the misfit ion, odd-N systems behave
much like even ones, and equilibrate over a common time
scale l2B/D.

We showed that the analytical solution for the mean-field
dynamics (namely, the PNP electrokinetic equations) provides
a reasonable approximation for a system with as few as N = 3
counterions (see figures 18 and 19). We can surmise that the
mean-field framework becomes exact in the limit N →∞.
While the exact equilibrium density profiles at finite-N fea-
ture an exponential tail at large distances, their mean-field
expressions are longer range, with an algebraic decay. This
translates into an infinite characteristic time for equilibration
at mean-field level. We have shown that the finite-N finite-τ
results did approach this limit as τ ∝ l2B/D ∝ e−2 where e is
the charge of the counterions. Since the mean-field limit, for
a colloidal object of charge Q, is met for N →∞, electroneu-
trality Q = 2Ne requires that e → 0. Thus, τ ∝ e−2 becomes
infinite in the mean-field limit.
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L Šamaj for useful discussions. This work was supported by
an ECOS-Nord/Minciencias C18P01 action of Colombian and
French cooperation. LV and GT acknowledge support from
Fondo de Investigaciones, Facultad de Ciencias, Universi-
dad de los Andes, Program INV-2019-84-1825 and Exacore
HPC Uniandes for providing high performance computing
time. LV acknowledges support from Action Doctorale Inter-
nationale (ADI 2018) de l’IDEX Université Paris-Saclay. SA
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Appendix A. Dry friction in a wedge potential

This section deals with the limit L → 0, where the system is
described by the same equation as that ruling the velocity dis-
tribution of Brownian motion with dry friction [60, 61]. The
latter describes a particle under the influence of a Langevin
force ξ(t) with Gaussian distribution characterized by 〈ξ(t)〉 =
0 and 〈ξ(t)ξ(0)〉 = m2Γδ(t). There is also a dry friction force
term of magnitude ΔF. For our purpose, we only mention the
results obtained in the ‘partly stuck’ regime, in which the fric-
tion coefficient is small enough to avoid getting stuck but large
enough to differ from free Brownian motion. The equation of
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motion in that case is given by:

mv̇ + mγv = −ΔF sgn(v) + ξ(t). (A1)

If the viscous damping is neglected (γ → 0), this equation
becomes:

v̇ = −Δ sgn(v) +
1
m
ξ(t), (A2)

where Δ = ΔF/m and sgn(x) is the sign function. The pre-
vious equation has an associated Fokker–Planck formulation,
which we write in terms of the dimensionless variables x̃ =
2Δv/Γ and t̃ = 2Δ2 t/Γ:

∂p(x̃, t̃|x̃0, 0)
∂ t̃

=
∂

∂ x̃

(
p(x̃, t̃|x̃0, 0) sgn(x̃)

)
+

∂2 p(x̃, t̃|x̃0, 0)
∂ x̃2

,

(A3)
where p(x̃, t̃|x̃0, 0) is the propagator for the velocity distri-
bution with initial dimensionless velocity x̃0 at a time t̃0 =
0. Note that the analogy with equation (3) for L̃ = 0. This
Fokker–Planck equation has been solved using an eigenfunc-
tion expansion in [61], which is the same treatment we used
for an arbitrary L̃. Simplifications ensue for L̃ = 0 and a closed
form expression is available:

p(x̃, t̃|x̃0, 0) =
1

2
√
π̃t

e−̃t/4 e−(|̃x|−|̃x0|)/2 e−(̃x−x̃0)2/4̃t

+
e−|̃x|

4

[
1 + erf

(
t̃ − |x̃| − |x̃0|

2̃t1/2

)]
,

(A4)

where erf(x) is the error function. This density distribution
explicitly shows the time scale τ = 2m2Γ/Δ2

F (or τ̃ = 4 in
dimensionless units).

The constant drift diffusion described in previous sections
is observed directly from the average position:

〈x̃(̃t)〉 = sgn(x̃0)

[(
|x̃0| − t̃

2

)
erfc

(
t̃ − |x̃0|

2̃t1/2

)
+ e|̃x0|

(
|x̃0|+ t̃

2

)
erfc

(
t̃ + |x̃0|

2̃t1/2

)]
, (A5)

where erfc(x) is the complementary error function. The pre-
vious expression can be shown to follow a ballistic behavior
〈x̃(t)〉 ≈ x̃0 − t̃ sgn(x̃0) during the period t̃ < x̃0 (t < v0/Δ).
After this, the average velocity decays exponentially to 0.

Appendix B. Fokker–Planck equation for N = 1

The eigenfunctions u of the Fokker–Planck operator follow
from solving:

d2u(x̃,λ)
dx̃2

+
d

dx̃

(
Φ̃′(x̃)u(x̃,λ)

)
+ λu(x̃,λ) = 0, (B1)

where the eigenvalue λ is real and positive. This result stems
from the fact that the 1D Fokker–Planck equation can be trans-
formed to a Schrödinger equation, which involves a Hermitian
operator and therefore a real spectrum [62, 63]. Furthermore,

the potential is confining enough to allow for a localized steady
state.

The eigenproblem equation (equation (B1)) is piece-wise in
three regions: x̃ < −L̃/2, −L̃/2 < x̃ < L̃/2 and x̃ > L̃/2. For
that reason, equation (B1) is solved for each region, with

u((L̃/2)+,λ) = u((L̃/2)−,λ), (B2)

u′((L̃/2)+,λ) + u((L̃/2)+,λ) = u′((L̃/2)−,λ), (B3)

where these equations express the continuity of the eigenfunc-
tion and of the probability current j(x̃,λ) = Φ̃′(x̃)u(x̃,λ) +
u′(x̃,λ) at x̃ = L̃/2, respectively. The interface conditions
at −L̃/2 are analogous. Equations (B2) and (B3) only have
non-trivial solutions for a discrete set of eigenvalues {λk}k in
the domain [0, 1/4). This set is L̃-dependent and non-empty
since the equilibrium distribution, given by λ0 = 0, is always
present. On the other hand, the spectrum is continuous in
[1/4,∞), independent of L̃. We use the notation uλk (x̃) and
u(x̃,λ) for the eigenfunctions of each case respectively. The
eigenfunctions of the adjoint problem v(x̃,λ) follow from
v(x̃,λ) = u(x̃,λ)eΦ̃(̃x), where the discrete case is obtained by
adding the corresponding subscripts. Due to the symmetry
of equation (B1), it is convenient to solve it using a linear
combination of odd and even functions:

uo(|x̃| < L̃/2,λ) = Ao sin(
√
λx̃) (B4a)

uo(|x̃| > L̃/2,λ) = e−
|̃x|
2 [Bo

1 sin(x̃βλ)

+ Bo
2 sgn(x̃) cos(x̃βλ) ] (B4b)

ue(|x̃| < L̃/2,λ) = Ae cos(
√
λx̃) (B4c)

ue(|x̃| > L̃/2,λ) = e−
|̃x|
2 [Be

1 sgn(x̃) sin(x̃βλ)

+ Be
2 cos(x̃βλ) ] , (B4d)

and for the discrete spectrum:

uo
k(|x̃| < L̃/2) = Co sin(x̃

√
λo

k ) (B5a)

uo
k(|x̃| > L̃/2) = Do sgn(x̃)e−|̃x|

(
1+
√

1−4λo
k

)
/2 (B5b)

ue
λe

k
(|x̃| < L̃/2) = Ce cos(x̃

√
λe

k) (B5c)

ue
k(|x̃| > L̃/2) = De e−|̃x|

(
1+
√

1−4λe
k

)
/2, (B5d)

where βλ =
√
λ− 1/4. The continuous eigenvalues are λ >

1/4 and the discrete ones are 0 � λα
k < 1/4. The superscripts

‘o’ and ‘e’ give the parity of the eigenfunctions. The con-
stants are found at the end of this appendix. The eigen-
value λα

k belongs either to an odd (α = o) or even (α = e)
eigenfunction, and it is a solution to equation (9) (if odd)
or equation (10) (if even) in the domain [0, 1/4). These
equations result from imposing a vanishing determinant of
the linear system made by equations (B2) and (B3) for the
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eigenfunctions (equations (B5a)–(B5d)). This ensures a non-
trivial solution for the discrete family of constants (Ce, Co, De

and Do).
The normalization constants Zα(λ) and Zα

k are defined by
the relations:

Zα(λ)δ(λ− λ′)δαα′ =

∫
R

dx̃ uα(x̃,λ)να
′
(x̃,λ′) (B6)

Zα
k δλαk λ

α′
k′
=

∫
R

dx̃ uα
k (x̃)να

′
k′ (x̃), (B7)

which yield the following expressions:

Zo(λ) = 2πβλ(Bo
1

2 + Bo
2

2) (B8a)

Ze(λ) = 2πβλ(Be
1

2 + Be
2

2) (B8b)

Zo
k = Co2

(
L̃
2
− sin(

√
λo

k L̃)

2
√
λo

k

)
e

L̃
2 +

Do2 e
−iβλo

k
L̃

iβλo
k

(B8c)

Ze
k = Ce2

(
L̃
2
+

sin(
√
λe

kL̃)

2
√
λe

k

)
e

L̃
2 +

De2 e
−iβλe

k
L̃

iβλe
k

(B8d)

Z∞ = (L̃ + 2)e−L̃/2, (B8e)

where iβλk =
√

1/4 − λk, and Z∞ is the partition function
for the equilibrium distribution (λ0 = 0), which is given by
equation (6).

Finally, the following constants are determined by the van-
ishing boundary conditions at infinity and equations (B2) and
(B3). Additionally, for the discrete case, the determinant for
the linear system that rules the family of constants must vanish
(equations (9) and (10))

Bo
1

Bo
2

=
2βλ + tan

(
L̃
2βλ

) [
1 − 2

√
λ cot

(
L̃
2

√
λ
)]

2βλ tan
(

L̃
2βλ

)
+ 2

√
λ cot

(
L̃
2

√
λ
)
− 1

(B9)

Be
1

Be
2

=
2βλ + tan

(
L̃
2βλ

) [
2
√
λ tan

(
L̃
2

√
λ
)
+ 1

]
2
√
λ tan

(
L̃
2

√
λ
)
− 2βλ tan

(
L̃
2βλ

)
+ 1

(B10)

Ao

Bo
2

=
2βλ e−L̃/4 csc

(
L̃
2

√
λ
)

sec
(

L̃
2βλ

)
2βλ tan

(
L̃
2βλ

)
+ 2

√
λ cot

(
L̃
2

√
λ
)
− 1

(B11)

Ae

Bo
2

=
2βλ e−L̃/4 sec

(
L̃
2

√
λ
)

sec
(

L̃
2βλ

)
2
√
λ tan

(
L̃
2

√
λ
)
+ 1 − 2βλ tan

(
L̃
2βλ

) (B12)

Do

Co
= e

(2iβλo
k
+1)̃L/4

sin
(

L̃
√
λo

k/2
)

(B13)

De

Ce
= e

(2iβλe
k
+1)̃L/4

cos
(

L̃
√
λe

k/2
)
. (B14)

Appendix C. Asymptotic Kullback–Leibler
divergence for N = 1

This appendix computes the asymptotic behavior of the KLD
when N = 1 (equation (18)). For this purpose it will be useful
to realize that δp is the sum of a term that comes from the
continuous spectrum (ελ) and another from the discrete one
(
∑

α,kελαk ):

δp(x̃, t̃, x̃0) = ελ +
∑
α,k

ελαk , (C1)

where ελ and
∑

α,kελαk are the terms of the ionic den-
sity (equation (5)) associated to the continuous (λ � 1/4)
and non-zero discrete (0 < λα

k < 1/4) parts of the spec-
trum respectively. The contribution of ελ is always non-
zero, while

∑
α,kελαk can vanish completely depending on

L̃ and x̃0.
We start by analyzing the large time behavior of the KLD

when the only contribution is due to the continuous spectrum
term ελ and therefore we have:

DKL(p‖p∞) ∼
∫
R

dx̃
(ελ)2

p∞
=

Z∞ e
L̃
2

2π
I(x̃0, L̃, t), (C2)

where I is the following integral:

I =
∫ ∞

1
4

dλ

(
4
√
λ− 2 sin

(√
λL̃

)
cos

(
2
√
λx̃0

))
e−2λ̃t

(4λ− 1)−
1
2
√
λ

(
8λ+ cos

(
2
√
λL̃

)
− 1

) .

(C3)
This term is obtained by exchanging the integration order of
λ and x̃, and then calculating the spatial integral. After some
algebra, the remaining expression is I, which unfortunately
has no closed form. However, it is possible to find lower
and upper bounds. Since I is an integral of a positive func-
tion, the integral of a function that bounds the integrand is a
bound of I. Following this reasoning we find the following
inequality

e−
t̃
2

[
1

t̃
5
2
+O

(
1

t̃
7
2

)]
�

√
8I

3
√
π
� e−

t̃
2

[
1

t̃
1
2
+O

(
1

t̃
3
2

)]
.

(C4)
This implies that the KLD is dominantly of the form exp(−̃t/2)
for asymptotically long times. This behavior is not a surprise,
since I has an integrand dominated by exp(−2λ̃t) when t̃ →
∞, which is maximum when λ takes its minimum value 1/4.
The next order correction is a power function term t̃−s, where
1/2 � s � 5/2. For L̃ = 0, the explicit calculation is possible,
which yields s = 3/2. The subdominant term t̃−s is relevant
in practice, due to the limited time domain accessible in the
simulations.

We now focus on the situation where
∑

α,kελαk is non-zero.
Discrete branches, featuring smaller eigenvalues, do domi-
nate at long times over their continuous counterpart. Which
eigenvalue it is depends on L̃ (as seen in figure 4) and also
on the symmetry of the ICs. We summarize all the possi-
ble cases, including the previous continuous result, in the
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following relation:

DKL(ρ‖p∞) ∼

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Z∞[νo
1(x̃0)]2

Zo
1

e−2λo
1̃t, L̃ > π, x̃0 = 0

Z∞[νe
1(x̃0)]2

Ze
1

e−2λe
1̃t, L̃ > 3π, x̃0 = 0

3Z∞ eL̃/2

4
√

2π
e−̃t/2̃t−s, elsewhere.

(C5)
We conclude this appendix with a note on the behavior of

these asymptotic relations when used on time domains which
do not take large enough values. In this situation it can hap-
pen that some subdominant terms are not negligible, as previ-
ously stated for the continuous spectrum term ελ. It can also
lead to problems in the scheme described in section 2.3.1, for
the cross-over regions where the dominant term in δp changes
from ελ to

∑
α,kελαk .

Appendix D. Derivation of the simplified transport
time distribution

The distribution of τ l as defined in equation (24) can be derived
following the ideas in [72, ch XII], and we summarize the
method here. The probability density function pl(t, x) for the
free Brownian motion we consider, obeys the Fokker–Planck
equation

∂

∂t
pl(t, x) =

∂2

∂x2
pl(t, x). (D1)

The boundary conditions of the problem are that of a reflecting
wall at the origin and an absorbing wall at x = l, but because
Brownian motion has left–right symmetry, we can replace the
reflecting wall by a second absorbing wall at x = −l. Then, we
have

Initial condition: pl(0, x) = δ(x),

Boundary condition: pl(t,−l) = pl(t, l) = 0.
(D2)

The total (integrated) probability is not conserved, and the rate
at which it decreases due to adsorption gives the transport time
distribution,

ql(t) = − ∂

∂x
pl(t, x)

∣∣∣x=l

x=−l
. (D3)

To solve (D1), we introduce the Laplace transforms

ϕl(s, x) =
∫ ∞

0
e−st pl(t, x)dt

φl(s) =
∫ ∞

0
e−stql(t)dt,

(D4)

with Re(s) > 0. Then, the transform of (D3) reads

φl(s) = − ∂

∂x
ϕl(t, x)

∣∣∣x=l

x=−l
. (D5)

Now, the transform of (D1) becomes an ordinary differential
equation, which is solved using (D2) to obtain

ϕl(s, x) =
tanh(

√
sl) cosh(

√
sx) − | sinh(

√
sx)|

2
√

s
, (D6)

and due to (D5) we get

φl(s) = 1/ cosh(
√

sl). (D7)

This transform is inverted using the Mittag–Leffler expansion
of cosh,

φl(s) =
∞∑

n=0

(−1)n 4π(2n + 1)
(2n + 1)2π2 + 4 sl2

, (D8)

and (25) follows from tables of Laplace transforms.
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physics ed C Holm, P Kékicheff and R Podgornik (Dordrecht:
Kluwer)

[6] Schoch R B, Han J and Renaud P 2008 Rev. Mod. Phys. 80 839
[7] Jubin L, Poggioli A, Siria A and Bocquet L 2018 Proc. Natl

Acad. Sci. USA 115 4063
[8] Kavokine N, Marbach S, Siria A and Bocquet L 2019 Nat.

Nanotechnol. 14 573
[9] Drummond T G, Hill M G and Barton J K 2003 Nat. Biotechnol.

21 1192
[10] Burt R, Birkett G and Zhao X S 2014 Phys. Chem. Chem. Phys.

16 6519
[11] Simon P and Gogotsi Y 2008 Nat. Mater. 7 845
[12] Sharma P and Bhatti T S 2010 Energy Convers. Manage. 51

2901
[13] Merlet C, Rotenberg B, Madden P A, Taberna P-L, Simon P,

Gogotsi Y and Salanne M 2012 Nat. Mater. 11 306
[14] Xu K and Fullerton-Shirey S K 2020 J. Phys. Mater. 3 032001
[15] Anderson M A, Cudero A L and Palma J 2010 Electrochim. Acta

55 3845
[16] Grahame D C 1947 Chem. Rev. 41 441
[17] Verwey E J W, Overbeek J T G and van Nes K 1948 Theory

of the Stability of Lyophobic Colloids: The Interaction of Sol
Particles Having an Electric Double Layer (The Netherlands:
Elsevier)

[18] Ohshima H 2006 Theory of Colloid and Interfacial Electric Phe-
nomena 1st edn 12 Interface science and technology (The
Netherlands: Elsevier)

[19] Helmholtz H 1879 Ann. Phys. Chem. 243 337
[20] Gouy M 1910 J. Phys. Theor. Appl. 9 457
[21] Chapman D L 1913 London, Edinburgh Dublin Phil. Mag. J.

Sci. 25 475
[22] Stern O 1924 Z. Elektrochem. Angew. Phys. Chem. 30 508
[23] Bikerman J J 1942 London, Edinburgh Dublin Phil. Mag. J. Sci.

33 384
[24] Freise V 1952 Z. Elektrochem. Ber. Bunsengesellschaft Phys.

Chem. 56 822
[25] Kralj-Iglic V and Iglic A 1996 J. Phys. II France 6 477

19

https://orcid.org/0000-0001-5929-2835
https://orcid.org/0000-0001-5929-2835
https://orcid.org/0000-0002-7828-1821
https://orcid.org/0000-0002-7828-1821
https://orcid.org/0000-0002-0166-1076
https://orcid.org/0000-0002-0166-1076
https://orcid.org/0000-0002-6357-260X
https://orcid.org/0000-0002-6357-260X
https://doi.org/10.1088/0034-4885/65/11/201
https://doi.org/10.1088/0034-4885/65/11/201
https://doi.org/10.1016/j.physa.2004.12.033
https://doi.org/10.1016/j.physa.2004.12.033
https://doi.org/10.1103/revmodphys.80.839
https://doi.org/10.1103/revmodphys.80.839
https://doi.org/10.1073/pnas.1721987115
https://doi.org/10.1073/pnas.1721987115
https://doi.org/10.1038/s41565-019-0425-y
https://doi.org/10.1038/s41565-019-0425-y
https://doi.org/10.1038/nbt873
https://doi.org/10.1038/nbt873
https://doi.org/10.1039/C3CP55186E
https://doi.org/10.1039/C3CP55186E
https://doi.org/10.1038/nmat2297
https://doi.org/10.1038/nmat2297
https://doi.org/10.1016/j.enconman.2010.06.031
https://doi.org/10.1016/j.enconman.2010.06.031
https://doi.org/10.1038/nmat3260
https://doi.org/10.1038/nmat3260
https://doi.org/10.1088/2515-7639/ab8270
https://doi.org/10.1088/2515-7639/ab8270
https://doi.org/10.1016/j.electacta.2010.02.012
https://doi.org/10.1016/j.electacta.2010.02.012
https://doi.org/10.1021/cr60130a002
https://doi.org/10.1021/cr60130a002
https://doi.org/10.1002/andp.18792430702
https://doi.org/10.1002/andp.18792430702
https://doi.org/10.1051/jphystap:019100090045700
https://doi.org/10.1051/jphystap:019100090045700
https://doi.org/10.1080/14786440408634187
https://doi.org/10.1080/14786440408634187
https://doi.org/10.1002/bbpc.192400182
https://doi.org/10.1002/bbpc.192400182
https://doi.org/10.1080/14786444208520813
https://doi.org/10.1080/14786444208520813
https://doi.org/10.1002/bbpc.19520560826
https://doi.org/10.1002/bbpc.19520560826
https://doi.org/10.1051/jp2:1996193
https://doi.org/10.1051/jp2:1996193


J. Phys.: Condens. Matter 33 (2021) 394001 L Varela et al

[26] Borukhov I, Andelman D and Orland H 1997 Phys. Rev. Lett. 79
435

[27] Kornyshev A A 2007 J. Phys. Chem. B 111 5545
[28] Frydel D and Levin Y 2012 J. Chem. Phys. 137 164703
[29] Huang Y, Liu X, Li S and Yan T 2016 Chin. Phys. B 25 016801
[30] Guldbrand L, Jönsson B, Wennerström H and Linse P 1984 J.

Chem. Phys. 80 2221
[31] Allahyarov E, D’Amico I and Löwen H 1999 Phys. Rev. E 60

3199
[32] Moreira A G and Netz R R 2002 Eur. Phys. J. E 8 33
[33] Moreira A G and Netz R R 2001 Electrostatic Effects in

Soft Matter and Biophysics ed C Holm, P Kékicheff and
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