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Statistical approaches to condensed matter - exam

Engineering thermalization

Should be written on a separate paper. It will be graded over 10 points.
The two parts are independent from each other.

One can often proceed with a given question without having answered the previous ones.
It is well possible to start the problem with part B.

La rédaction pourra se faire en français pour ceux qui le souhaitent.

Introduction.
We study here some properties of confined Brownian objects. We start by general considera-
tions pertaining to stochastic calculus, while our interest in part B goes to the derivation of
experimentally relevant protocols allowing to speed up thermalization.

We consider the following stochastic differential equation for the evolution of the position x
of a colloid :

ẋ = −
κ(t)

mγ
x + Aξ(t) (1)

where A is a constant, κ(t) is the time-dependent stiffness of some confining harmonic potential,
for instance of optical origin, creating a force −κx on the colloid, γ is the bath friction coefficient,
andm is the mass of the colloid. We assume the bath at equilibrium with temperature T . Besides,

〈ξ(t)〉 = 0 ; 〈ξ(t)ξ(t′)〉 = 2δ(t− t′) (2)

and the brackets denote average over noise realizations.

Part A : A hint of multiplicative noise

1) What is the physical origin of the noise over which averages are taken ?

2) Can you relate A to usual quantities ?

3) Does it make a difference when equation (1) is understood in Itô or in Stratonovich sense ?

4) At long times and assuming κ constant, what is the value expected for 〈x2〉 ? Same question
for the statistics of x ?

5) Upon multiplying equation (1) by x, one may hope to obtain an evolution equation for
〈x2〉, at the expense of coming across the expression 〈x(t) ξ(t)〉 (do not compute it yet).
Does it make a difference understanding this mean value à la Itô or à la Stratonovich ?
Explain.

6) Which Itô or Stratonovich point of view is compatible with the expected long time behavior
of 〈x2〉 (assuming κ constant) ? Compute explicitly 〈x(t) ξ(t)〉. To endow this quantity with
a proper meaning, we will take

〈x(t) ξ(t)〉 = lim
∆t→0

1

∆t

∫ t+∆t

t

〈x(t′) ξ(t′)〉 dt′. (3)

7) What is then the evolution equation for the second moment 〈x2〉 ?

8) Derive the Fokker-Planck equation for the evolution of ρ(x, t), the probability distribution
function of x at time t.
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9) What is the meaning of the quantity A2 ? How is it related to thermal energy, m and γ ?
What name does this relation bear ? (and subsidiarily, is not this an injustice ?)

10) From the Fokker-Planck equation, compute d〈x2〉/dt. Do we recover the result from ques-
tion 7 ?

11) What would be the general result for 〈F (x) ξ(t)〉 where F is an arbitrary function ?

Part B : Facilitating thermalization
We present below the essential ideas behind a recently proposed protocol allowing to thermalize
a confined colloid much (and actually almost arbitrarily) faster than its natural equilibration
time.

1) Write the Fokker-Planck equation associated to Eq. (1) for the probability density ρ(x, t),
as in question 8 above. Provide minimal but nonempty explanations for the derivation.

2) We seek for Gaussian solutions of the Fokker-Planck equation, in the form

ρ(x, t) =

√

α(t)

π
exp

[

−α(t)x2
]

, (4)

where α(t) is some function of time. How should α(t) be related to κ(t), the time-dependent
stiffness of the harmonic force ?

3) At time ti = 0, we start with an equilibrated system at temperature T , with stiffness
κ = κi. We furthermore wish to be at equilibrium at time t = tf , but in a modified
energy landscape, with κ = κf . What are then the values α(ti) and α(tf ) ? What is the
simplest polynomial function of time that fulfills these two constraint, to which we add
the requirement that the time derivative of α should vanish at t = ti and t = tf ? Why the
latter requirement ?

4) Unlike α, the stiffness κ can be controlled experimentally. What should be its time depen-
dence, in order to bring the system from an equilibrium state with κi at ti to another one
with κf at tf ?

5) For comparison, we consider the alternative brutal procedure where κ is suddenly changed
from κi at t

−

i to κf at t+i ? What is the corresponding relaxation time ? How does α then
depend on time ?

6) It is possible experimentally to realize situations where the bath temperature, T , is time
dependent. How does this affect the relation obtained in question 2 ?
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