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Standard Dyson’s Brownian motion construction for 
Gaussian real symmetric matrices (GOE)

with beta = 1

Independent
of M

Fixed 
number!



‘Free’ slice

‘Commuting’ 
slice

New 
Dyson 
index



FEATURES
• Rotationally invariant by construction (both the “free” and the 

“commuting” part respect the invariance)

• Based on the alternative addition of the standard Brownian 
matrix (“free”) or a matrix that commutes with the original 

one (“commuting”)

•Whether to add one or the other depends on the probability 
p

• This probability p in turn becomes the continuous Dyson 
index in [0,1] of the ensemble



HOWEVER....

The spectrum for large N is disappointingly trivial!



How to make the spectrum interesting?

The modified spectral density can be computed in two 
alternative ways

• from Ito’s calculus 
• from saddle point route





SUMMARY 
• Allez-Bouchaud-Guionnet construction: invariant Gaussian 

model with continuous beta-index 
• Based on a variation of Dyson’s Brownian motion 

construction
• Random alternation of ‘free’ and ‘commuting’ addition
• If the continuous Dyson index scales with 1/N, we get a 

family of spectral densities interpolating between a Gaussian 
and the semicircle

• This result can be established in two alternative ways
• from Ito’s calculus 
• from saddle point route



Goal: to build a diffusive matrix 
model for the Wishart ensemble 
(in analogy with Gaussian case)



Continuous beta-index



Wishart jpdf

Let’s scale p with N again....



2 Alternative routes
- Ito’s calculus

- Saddle point calculation on Dyson’s Coulomb gas



Continuum limit

Dyson’s self energy term

Jacobian



Jacobian term has the same form of Dyson’s self-energy, 
but opposite sign!

If p scales as 1/N,  the energy and the entropy 
become of the same order !

[Dean & Majumdar, PRE 2008]



Saddle point equation

New unusual term, due to the entropic contribution



Resolvent

Multiply by

and integrate over 
lambda

Eq. is no longer 
algebraic, 

but differential!



Jacopo Francesco Riccati (1676-1754)



Whittaker function



Normalization Constant A

[M.E.H. Ismail & D.H. Kelker, SIAM J. Math. Anal. 10, 884 (1979)]





FINAL SUMMARY 
• Modified Allez-Bouchaud-Guionnet construction: invariant 

Wishart model with continuous beta-index 
• Based on a variation of Dyson’s Brownian motion 

construction
• Random alternation of ‘free’ and ‘commuting’ addition
•If the continuous Dyson index scales with 1/N, we get a family 

of spectral densities interpolating between a Gamma 
distribution and the Marcenko-Pastur

• This result can be established in two alternative ways
• The free energy of the Coulomb gas is no longer dominated 

by the energetic component (energy and entropy now scale 
in the same way!)


