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Branching Brownian motion

· · · < Xi(t) < · · · < X2(t) < X1(t)

lim
t→∞Prob(X1(t)− X2(t),X1(t)− X3(t)...) ?
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∂tψλ = ∂2xψλ − ψλ + ψλ
2, with ψλ(x , 0) =
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Asymptotics

For λ ' 1, A(λ) = τλ − log τλ +O(1) with τλ = − log(1− λ)
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Results : average distances
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Results : distance d12 in the BBM
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Genealogies with and without selection

Asexual Reproduction

Past



Wright-Fisher model (1930-1931)

I One parent model
(asexual reproduction)

I Population of �xed size N

I Each individual i has ni
o�spring (ni random)
(neutrality)

I One chooses N survivors
among these n1 + n2 + ...
o�spring (neutrality)
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Wright-Fisher model (1930-1931)

I One parent model
(asexual reproduction)

I Population of �xed size N

I Each individual has its
parent chosen at random
in the previous generation
(neutrality)

Past

g

g+1

g+3

g+4

g+2



Coalescence times:
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Coalescence times:
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2

Tmax ∼ T2 ∼ N

Tmax and T2 are non self-averaging quantities



Evolution of Tmax and T 2

Tmax = age of the most recent common ancestor

T 2 = average over the population of T2

Tmax T2,

generation
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Serva 2005

Simon D. 2006



Coalescence times:
Age Tp Kingman theory

Tp = age of the most recent common ancestor
of p individuals chosen at random

T4
T3

T2

1 2 3 4

〈Tp〉 ' 2(p−1)
p

N



MODELS OF EVOLUTION WITH SELECTION

I Population of size N

I Each individual has 2 o�spring

at the next generation

fitness 

g + 1

g

I The �tness is transmitted up

to some small change due to

mutations

I The N right-most individuals

are selected
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Branching random walk

N ≤ 5

Branching random walk + selection



QUESTIONS

For a population of �xed size N

I Ages of the most recent common ancestors

T4
T3

T2

1 2 3 4

I Shape of the genealogical trees



Exponential model
I Population of size N
I Each individual has in�nitely many o�spring at the next

generation
I An individual at position x has an o�spring in

(x + y , x + y + dy) with probability e−ydy (Poisson process).

I The N right-most individuals are selected

Brunet D. Mueller Munier 2006-2007

〈T3〉
〈T2〉 →

5

4

〈T4〉
〈T2〉 →

25

18

〈T2〉 ' logN

spin glass trees
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I The N right-most individuals are selected

Brunet D. Mueller Munier 2006-2007

〈T3〉
〈T2〉 →

5

4

〈T4〉
〈T2〉 →

25

18

〈T2〉 ' logN

spin glass trees



Statistics of the trees

1

1

0

3
4

4

spin−glass neutral

spin-glass ≡ mean-�eld spin glasses

Parisi 79-80

Mézard-Parisi-Sourlas-

Toulouse-Virasoro 84

... Bolthausen-Sznitman 98

neutral ≡ Wright-Fisher model

Kingman 82

1

1 0

02

3
2

1 1

1 0

6

9

9

6

3

3

spin−glass neutral



Coalescence times: simulations N → 105

T4
T3

T2

1 2 3 4

Tp = age of the most common

ancestor of p individuals chosen

at random

Ratios
〈Tp〉
〈T2〉

exponential

exponential

neutral

neutral

〈T3〉
〈T2〉

〈T4〉
〈T2〉

102 103 104 105 106

1.5

1.45

1.4

1.35

1.3

1.25

N

〈T3〉
〈T2〉 →

5

4
6= 4

3

〈T4〉
〈T2〉 →

25

18
6= 3

2

selection 6= neutral



Conditionning on the speed

Brunet D. 2011
Xt position of the

population at time t

Weight the events by

e−βXt

Then

〈T3〉
〈T2〉

∣∣∣∣
β

=
5 + 4β

4 + 3β

〈T4〉
〈T2〉

∣∣∣∣
β

=
100 + 204β + 133β2 + 27β3

72 + 142β + 90β2 + 18β3

Prediction
exponential N = 100

N = 1000
N = 300
N = 100
N = 30

β/γ (generic case) or β (exponential model)

〈T3〉
〈T2〉

43210-1-2-3-4

1.35

1.30

1.25

1.20

1.15

1.10

1.05
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Coalescence rates

qp rate at which p branches coalesce into 1.

qp/q2 for p > 2

neutral 0

selection
1

p−1

e−βXt (p−2)! Γ(β+2)
Γ(β+p)



Coalescence rates

qp rate at which p branches coalesce into 1.

qp/q2 for p > 2

neutral 0

selection
1

p−1

e−βXt (p−2)! Γ(β+2)
Γ(β+p)



Fisher equation and branching random walk

The Fisher-KPP equation

dc

dt
=

d2c

dx2
+ c − c2

Fisher 1937

Kolmogorov Petrovsky Piscounov 1937

selection

Q(x , t) probability that the right-most

walker is at the right of x

dQ

dt
=

d2Q

dx2
+ Q − Q2 +Noise



Traveling wave equation + noise

dc

dt
=

d2c

dx2
+ c − c2 +

1√
N

η(x , t)
√
c(1− c)

x

t t’
c(x,t)

Brunet D. 1997

Brunet D. Mueller Munier

2006

Mueller Mytnik Quastel

2008

vN ' 2− π2

log2N
+

6π2 log logN

log3N
DN ' 2π4

3 log3N



Cut-o� approximation

Brunet Derrida 1997, 2001

Branching random walk + selection

dc

dt
=

d2c

dx2
+ c − c2 +

1√
N
η(x , t)

√
c(1− c)

x

c(x,t)
Replace the noise by
a cut-o�

dc

dt
=

d2c

dx2
+ a(c)(c − c2) where a(c) =

{
1 if Nc ≥ 1

0 if Nc � 1



Conclusion

Tip of a branching random walk 6= Poisson process

Selection ⇒ Bolthausen-Sznitman coalescent

Conditionning on the speed interpolates between
Kingman and Bolthausen-Sznitman

Steady state measure for large N

Soluble case for the measure of the tip

Shape of the noisy KPP equation conditionned on
the speed
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